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On the average orders of the error term
in the circle problem

By JUN FURUYA (Yamaguchi)

Abstract. For a natural number n, let r(n) denote the number of ways
of writing n as a sum of two squares, and P(z) the remainder term in the circle
problem of Gauss, that is, P(z) = > ., 7(n)—mz. The purpose of this paper is to
study some properties of the summatory function Y, - P(n)* with an arbitrarily
fixed natural number k. In particular, we consider the cases k = 2 and 3 in detail.

1. Introduction and statement of results

Let f(n) be an arithmetical function, and E(z) the number-theoretic
error term defined by

E(x) =) f(n) - g(), (1.1)

n<x

where g(z) is a continuously differentiable function. In the previous paper
[1], the author studied the differences between the continuous mean values
[ E(u)*du and the discrete mean values Y, . E(n)*. Here k denotes a
fixed natural number. In particular, he considered the case of the Dirichlet
divisor problem in detail. In this paper, we derive similar type of formulas
in the case of the circle problem of Gauss. We especially study the dif-
ferences between the continuous and the discrete mean values of the error
term for £ = 2 and 3 in detail. For a natural number n, let r(n) denote
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the number of ways of writing n as a sum of two squares, and P(x) the
error term defined by

P(z)=> r(n)—mz. (1.2)

The problem called the “Gaussian circle problem” is to determine the best
possible estimate of P(x). Many results concerning this problem have been
obtained. For instance, we know that this function can be estimated as

P(x) — O(x131/416(10g x)18627/8320)'

This result is due to HUXLEY [7].
As for the mean value theorems of P(x), it is well-known that the
formulas
”3 1 > m
/1 P(u)du = —x — ﬁxg/‘l Z r(n)n~5/* sin (2%% + —)
n=1

Y 1)

+O(z'/*)

a,

nd
T 1 —
Pludu — | 2, -3/2 | 3/2 log> 14
/1 (u)“du <3ﬂ2 ;:11"(71) n % 4+ O(xlog” ) (1.4)

hold for x > 1 and x > 2 respectively. On the discrete mean values of
P(z), we can see by applying the general formula of SEGAL [11, Lemma]
that
T 1 > T
_ 3/4 —5/4 _:
Z P(n) = (— - 1) i / Z'r(n)n M sin (277\/713: + Z)

n<z 2 n=1 (15)

+0(a'?),

and thus we see that

ZP(n) = (% - 1) x+0 <x3/4> . (1.6)

n<x

(Note that the error term in (1.6) can be also represented by Q. (z%/4),
namely the error estimate in (1.6) is best possible. (See Section 3 be-
low.)) HARDY [6] investigated the difference between the continuous and
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the discrete mean value formulas for the mean square case, and proved

that

xr

S P(n)? = / P(u)2du + O(2+%) (1.7)

n<x 1

with a sufficiently small € > 0.
In this paper, we first study the error term in formula (1.7) more

closely, especially we improve the estimate of this error term and derive

the Q4-estimates of this error term. We obtain the following theorem.

Theorem 1. Let P(x) be the function defined by (1.2). For z > 2,
we have

> P(n)? = /j P(u)?du + @ T + { 8i } (25/%).

n<x

Next, we study the difference between the continuous and the discrete
mean value formulas in the third power case. We obtain the following
theorem.

Theorem 2. For xz > 2, we have
xr
3
Z P(n)3 = / P(u)3du + §A15L‘3/2 + O(zlog?z),
n<x 1

where A; denotes the coefficient of the main term in (1.4).

Here we shall give some remarks on our present theorems and the
diferences between >, _, P(n)* and [;" P(u)*du for the case k > 4.

vea P(n)* and

flx P(u)*du in higher power cases, applying the same method used in the
case of the divisor problem (cf. [1, Section 3|) and the result of the upper
bound estimates of [;" |P(u)|“du (cf. [5], [8] and [9]), we get, for x > 1,

Remark 1. Concerning the differences between )

x O (z(k+3)/44e) if 4 < k <10,
Y Pn)t = / P(u)fdu + (1.8)
1

O(l,(35k:+3)/108+a) if k> 11.

n<x

To improve these estimates, especially for k = 4, we should con-
sider the asymptotic formula for [i" ¢ (u)i(u/n1 ) (u/n2)(u/ng)du sim-
ilar to the case of the divisor problem (cf. Remark in [1, Section 5]),
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where n; are natural numbers with n; < ny < ng. Moreover, in the
case of the circle problem, we additionally need to use formulas of types
S ()b (w/na)i(u/ng)(w?)du, or [{* (w)d(u/ni)g(u'/?)?du by using
the method in this paper. It seems to be very complicated, and therefore
studies of the error term in (1.8) might be more difficult than those of the
case of the divisor problem for k = 4, and for higher power cases.

Remark 2. From Theorems 1 and 2, we can deduce the asymptotic
formula for 3 _, P(n)¥ for k = 2 and 3. For example, in the case k = 2,
from Theorem 1 and (1.4) we have obviously that the asymptotic formula

Z P(n)? = A12/% + O(z1og? x)

n<x
holds for x > 2. Similarly, by applying the asymptotic formulas for the
mean value formulas of P(z)¥ (cf. [12, Theorem 2]) and the relation in Re-
mark 1, we can obviously derive the asymptotic formulas for Y>> __ P(n)"
with 4 <k < 9.

n<x

Remark 3. Let us put

P(z) = Z/r(n) — 7z +1,

n<x

where the symbol > _ indicates that the last term is to be halved if =

is an integer. We remark that we often use the function ﬁ(:c) instead of
P(x) as the definition of the error term in the theory of the circle problem.
As for the function P(z), we show that the upper bound estimates of P(z)
and P(z) are same, since r(n) < nf for a sufficiently small & > 0. Further,
in the mean value theorem, we show that the leading orders of flx P(u)Fdu

n<x

and fl u)¥du are also same for 2 < k(< 9). However we can show that
the behav1our of the functlon Zn< . fl u)*du are different from
those of > _ P - P kdu in the cases k = 1,2 and 3. These
results will be dlscussed in the author’s paper [2].

2. Preliminaries

Throughout this paper, k denotes any fixed natural number, and the
symbols O( ), < and Q. have their usual meaning. We denote by x the
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primitive Dirichlet character (mod 4). For a real number x, ¥)(x) denotes
the periodic Bernoulli function defined by ¥ (z) = = — [z] — 1/2, where [z]
is the greatest integer not exceeding z, and 7 (z) is the function defined
by ¢1(z) = [ ¥(u)du for z > 1.

As a preparation for proving our theorems, we first consider some
identity for the average order of number-theoretic error terms in general
setting. In [1, Lemma 1], the author proved an identity for the average
order of the error term of general power cases. We present this result as
the following lemma.

Lemma 1 ([1, Lemma 1]). Let E(x) and g(x) be the functions defined
n (1.1), and assume that g(x) is continuously differentiable. For a fixed
natural number k, we have

§E<n>k=(——w 0) B+ [ Bta
+k /1 ' <% _ 1[)(u)> o (u) B (u)* = du.

Next, we prepare some integral formulas involving the y-function:

Lemma 2 ([1, Lemma 3]). For a natural number n and a real number
y > 1, we have

/flw(u)w (B)du=ry— ) + 5P (2) - S0 (2)
1 1
o1 Y W) — 15

Lemma 3 ([1, Lemma 5]). Let ny and ny be natural numbers with
ny < no. We have, for y > 1,

Y U U ng Y 2 ng
— — | d = o(1
[ w(u)w <n1> w <n2> v= 24n1 dj <n2> 96”1 + ( )
uniformly in y, ni and ns.

Lemma 4. For a real number y > 1, we have

1 1
/ S du = =y () + € - Sy )
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1 _
+ 5V Y2p(y) + O(y™/?)

uniformly in y, where C' is a certain absolute constant.

PrOOF. We can easily see that

/w 2] du = [y ().

Then from the definition of the -function, we have

[ vty = v yin) - 5 [ )

= + ;wﬂ—ﬁva<> V)
1

1
_ -3/2 3 2 —3/2 /
51 u Y(u)’du + % /1 u " Y(u)du + C

with a certain absolute constant C’, since

1

[ it = 5y G0 - 500 + 35

(2.1)

The assertion of the lemma can be proved by this formula, since the in-
tegrals floo u~329)(u)3du and floo u~3/29)(u)du are convergent absolutely,
and the partial integrals foo w321 (u)3du and foo u—g/zw( Ydu are es-

timated by O(y~3/2) by applying the estimates fl u)3du < 1 and

¥1(y) < 1 respectively. 0
Lemma 5. For a real number y > 1 and a natural number n with

n < y1/2, we have
/ w 1/2 (E) du = iyl/Zw(ylm)Z_ Lyl/g_’_c(n)_’_O(l)
n 12n 144n ’

where C'(n) is a function depending only on n, whose explicit definition is
given by equation (2.2) below.

PROOF. First, we consider the integral [/ V() (u/n)[u/?]du. We
have by using Lemma 2 that

/ W [u!/2]du
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j+1)2 " .
f/ o <g>du+w”ﬂ/[iwuw (1)

2] [ ot () du = 5l = 1) (205 4 9).

From the definition of the w-function and the above expression, we

[91/2} 1

have

[ vty (g)du:/l w2t (2)du -5 [ o
- Mot (%) ta
) / b(u )du—%/lyu_l/z/lulb(t)ﬂ) (%) dtdu

() - 1) 2+ 5).

Consider the double integral in the above formula. By using Lemma 2, we
have

[ o2

1 1 /v _ u
s L L o () a

18n 6n 2 n
L Ay 3 LY i, (U

Since [ ¢(u)*du = O(1) uniformly in y, we have [ u='/?(u)3du = O(1).
By using 1ntegrat10n by parts and Lemma 3, we have
> 2 e Y s
/1 w™ Y 2p(u) 2 <n>du— ﬁn/ //n w324y (w)du + O(1),
since 1h(u)? = 211 (u) 4+ 1/4 and n < y'/2 *. Also we have

Y y/n
A R O

“We note that in the first paragraph in this section we have defined the function 1 ()
for x > 1. But from the periodicity of this function, we can remove this condition from
the definition of this function. In fact, we see that ¢1(1/n) = (1 + 1/n) for every
natural number n.
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for n < y'/2. Hence by substituting these formulas and

L2y 1)2 1/2 L g 1 1/2
_— —1)(2 — _—
= NP =) 2l P +5) = 5=y = ooy (y' )
Loy a2 130 4
tion ¥ YW ) -y T+ 0,
and by using ¥(u)? = 211 (u) + 1/4, we have
1/2 u _ L 1/2,0.1/2\2 1 1/2 i l
/ P(u (n) du= v W v T TG
1 y/n
+ = n1/2/ w32y (u)du + O(1)
48 1n

for n < y*/2. Furthermore, since fyo;)n w3y (u)du = O(y='/*) for n <

y'/2, we obtain
[ty () du = oy o = g C 0
with n < y%/2 and
C(n) = _L niy <1> + L / h w324y (u)du. (2.2)
16 n 48 1n
The proof of the lemma is complete. ]

In order to prove our theorems, we make use of the representation of
the error term P(z) as a sum of the ¢-function. We prove the following
lemma.

Lemma 6. Let x be the primitive Dirichlet character (mod 4). We

have
x):—4ZX(n)w< )+2ZX —2+0(zh).

n<x n<x
We also have that the function P(x) can be written down alternatively as

D) =—4 Y xmy (T) + 4@ Y xn)

ngxl/Q ngxl/Q

+4 Z Z x(m) — /oo 2ZX )du + O(z™h).

n<zl/2m<z/n
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PROOF. It is easy to see that

(2) = 4z Y x(n~" =43 x(m) (=) =23 x(n)

n>x n<x n<z
==Y e () 42 ) —t [0 Y x(wd
n<x n<x z n<u

Consider the integral in the above formula. We apply the fact
3
St =5 - (1) +o (L) (2.3
n<y
(see [3, Lemma 4.7]) to this formula to obtain
[ Emdu= a7+ 06,
n<u

This completes the proof of the first assertion of the lemma.
Next we prove the second assertion of this lemma. We see that

Sxmu(T)= 3 xme(T)+ Y xme ()

n<z n<gl/2 xl/2<n<z

-y x(nw(%)*%Zx(n)—w(xW) >

n<zl/2 n<z n<zl/2

- > D> xm)+5 +a:/oo —ZZX )du 4 O(z™1)

n<zl/2m<z/n

by (2.3). By substituting this formula into the first formula of this lemma,
the second formula can be proved, and the proof of this lemma is complete.
O

We will use the first formula in Lemma 6 to prove Theorem 1, and use
the second one to prove Theorem 2.
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3. Proof of Theorem 1

Here we prove Theorem 1. In Lemma 1, we put & = 2, f(n) = r(n),
namely g(x) = 7z and E(x) = P(x). Then we have

/ P(u T — 3/42 4gin (277%—1— )

—27r/ Y(u)P(u)du + O(z?) (3.1)

n<x

by formula (1.3). Now we consider the integral [;" v (u)P(u)du in (3.1). By
substituting the first formula in Lemma 6, and then by using Lemma 2, the
PélyaVinogradov inequality, the estimate P(z) = O(z'/?) and Lemma 6
once again, we have

/lx () P(u)du = —4/ Y)Y x(n) (%) du + O(log )

n<u

gt

n<x n<z

1
+O(logz) = —pTEt O(z'/3).

Therefore we obtain

m(m —6)
> P(n) / P(u )Qdu—i—Ta:

n<x

_1 3/42 4sin (277%—1— ) O(z*?).

The O-estimate of the error term in Theorem 1 can be followed easily
from this formula. Thus, to complete the proof of Theorem 1, it suffices
to show that

ifr 4gin (277\/% + ) +(1). (3.2)
n=1

To prove these estimates, we apply the methods used in [4, Section 6] and
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[10, Section 4]. Let J(u) be the function defined by

o0
J(u) =— rnn_5/4sin<u n+z>.
()= =3l VO

We first prove the Q-estimate in (3.2). For this purpose, it suffices to
show that

limsup J(u) > 0. (3.3)

uUu—0o0

Let M be a sufficiently large positive integer, and § > 0 a given number
satisfying & < M~1/2. We write the integer n with n < M as n = v%q
with a square-free integer q. Then by using Kronecker’s approximation
theorem, there exist arbitrarily large numbers u satisfying

1 1
97V 5 =M

< dq

for certain integers m, and a positive real number ¢, with 6, < § (cf. [10,
p. 408]). Hence we deduce that, for n < M,

sin (u\/ﬁ + %) =\ sin% + O(6v/n)

with A, = 1if n = 0 (mod 4) and A\, = —1 otherwise. Therefore we
obtain
1 o
limsup J(u) > —— Z Anr(n)n 24+ O(M™4. (3.4)

U—00 \/5

Now we consider the value of the infinite series 3°°° ; A, 7(n)n=/%. Since
r(4n) = r(n) for any natural number n, we have

o oo
> Aar(mn =t = (2172 1)) " r(n)n (3.5)
n=1 n=1
for Rs > 1. Hence by substituting s = 5/4 into (3.5), we see that the
value of the infinite series on the right-hand side of (3.4) is negative, and
therefore we obtain (3.3). The proof of the Q2 -estimate is complete.
Next we prove the Q_-estimate of J(u), namely we show that

liminf J(u) < 0. (3.6)

uU— 00
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Similarly to the above, we apply Kronecker’s theorem to find u such that

< dq

1

‘gu\/c_] — My
with the same notation as above, so that
. 7 T

sin (u\/ﬁ+ Z) =sin + O0(6v/n).

By using this inequality, we obtain (3.6). The proof of the Q_-estimate is
complete, and therefore (3.2) is established. This completes the proof of
Theorem 1.

We note that the error term in (1.6) can be replaced by Qi (z%/4),
that is, the error estimate in (1.6) is best possible. This result is a direct
consequence of formulas (1.5) and (3.2).

4. Proof of Theorem 2

By Lemma 1 and (1.4), we have
Y P(n)* = / P(u)3du + gﬂA1x3/2 - 371'/ Y(u)P(u)?du + O(xlog? x),
n<x 1 1

where A is the coefficient of the main term in formula (1.4). Now we treat
the second integral on the right-hand side of the above formula. We see
from the second formula in Lemma 6 that

Pu?=16 > > x(mima)y (%) ¥ (%)

my,ma<ul/2

= 320(?) YN x(mny (=)

m,n<ul/2
2
+16( > o x(m)> =32 33 xmw (=) D x(ng)
n<ul/?2 m<u/n m,ni<ul/2 na<u/ni

320 SO x(m) YD x(ng) = 32ul(wpe(u?) Y x(n)

m,nq <ul/2 n2<u/ni n<ul/2
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—32ul(u) Y > x(n) +32ul(w) Y x(n)e (%)

n<ul/2 m<u/n n<ul/2
9
+ 16u>I (u Z

say, where

And we see that

€T 9 T
u UQ’U,: u Slu)au xT).
/1w<>P<>d j;/lwucg]()d +0(x)

It is easy to see that [ ¥ (u)Qq(u)du = O(x) by Lemma 3, and

fl u)du = O(x) by Lemmas 4 and 5, integration by parts, the

Polya—VmogradOV inequality and the formula I(u) = u=1/2/2 4+ O(u™1).
Consider the case j = 2. We have

[xw(U)QQ (u)du

=32 /1 xww)w(ulﬂ){ PP }x(mn)w (=) du

m<n<ul/2  n<m<ul/2

+32/ Y)Y x(m)*y (%)du

mgul/Q

= —32{Q21 + Q22 — Q23},

say. We have by Lemma 5 and the Pélya—Vinogradov inequality that

Q21 = Z /¢ (ul/?) ( )du

n<zl/2 m<n
1
= % ) X xlm) (a2 - )+ 0la)
n<gl/2 m<n

= O(z),
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since 3, x(m)m™! = O(1). Similarly we have Q22 = O(x) and Qa3 =
O(x/?log x). Therefore we obtain [ ¥(u)Q2(w)du = O(x).
Consider the case j = 9. Since (2.1) can be rewritten as

(/wl u=—y+0()

uniformly in y > 1, we have

1 /2 _q 1/2 _ 3
I(u) = 5fu_1/2 + 4u~ ey (u 1 ) — 4y (u 1 +O(u™%?).

Hence by applying this formula and integration by parts, we have

' ) /2 _
/ () Qo (u)du = 64 / w4 () (“124 1) du
! 1
’ 12 _
_64/1 W2 () <u ' 3) O

As for the first integral on the right-hand side in the above, by using the
definition of ¢ (y) and by interchanging the integrations we have

T 12 u1/2_1 _ x 12 (ul/2-1)/4
/1u w(uﬁm( 1 du /1u w(u)/l Y(t)dtdu

(z'/2-1)/4 (4t+1)2
- / W) / W2 (w)dudt + O(x2) = O(x).
1 1

Similarly, we can see that second one can be also estimated by O(x), and
we have [["¥(u)Qo(u)du = O(z).
For j = 7, we have

/1x1[)(u)Q7(u)du _ —32{/ ) 33 x(

mn<ul/2

—i—/lqu(u)w(u) > > X(m)du}. (4.1)

n<ul/2 yl/2<m<u/n

Since 11 (m) = 0 for any natural number m, we have by using the Pdlya—
Vinogradov inequality and the similar method used in the estimate of the
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case j = 9 that the first part on the right-hand side in (4.1) is estimated
by O(z). In the second one, we see that this part is equal to

4 W2 ul/3 _
=4 Z X(m)z /w(u){iﬁl(Tl)—wl( 1 3>}du
m<gl/2 n<m .
r w2 wl/3_
+4 ) x(m) ) /WU){%( 14 1) —M( I 3>}du+0(x)

zl/2<m<x n<m .

by partial summation, (2.1) and the Pdélya—Vinogradov inequality. Now
2

we treat the part ngxm x(m) anm f;:?n w(u)wl((ul/Q —1)/4)du. By

substituting the definition of 11 (u) and by interchanging the summations

and integrations, we see that this part equal to

(m—1)/4
- Z Z X(m)/ D)1 ((4t 4 1)?)dt + O(x)
n<zl/? n<m<gl/2 (m1/2n1/2-1)/4
(x1/2 1)/
=2 / s AU+ Y X(m)dt+O(x)
n<azl/2 /241/4-1)/ s
= O(z).

We also see that the other three part can be estimated by O(z) by applying
the same argument. Hence we have [;" ¢ (u)Q7(u)du = O(xlogz).
Consider the case j = 3. We divide this function as

/¢ )Qs(u)du =32 > Z/ Do xtm) > x(mo)du

TL2<ZE1/2 ni1<ng n2 mlgu/nl mQSU/nQ
ny
2
-16 Y /w(u)( > x(m)> du
n<zgl/2 n2 m<u/n

= 32Q31 — 16Q32,

say. By interchanging the summations and integration and by using the
Pélya—Vinogradov inequality, we can see easily that Q32 = O(zlogx).
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As for @31, we have

Qai= Y. Y. > X(mz)/x d(u) D x(mi)du

no<zl/2 n1<nz na<mo<z/na mi1<u/n1

=i(z) > Z( > X(m2)>< > x(m1)>

712§$1/2 ni1<ng na<ma<z/no mi1<xz/n1
= O(JZ),

since the third and the fourth sums are independent of each other and
both of them can be estimated by O(1). By collecting these two estimates
we obtain [;" ¥(u)Qs(u)du = O(xlog z).

Consider the case j = 4. We have

/1 " () Qi (w)du

:_32/ { Y + 3% } P() S xna)du

m<ni<ul/2  n3<m<ul/? no<u/ni

v [Co) X xtme(2) X anadu

m<ul/2 na<u/m

= —32{Qu + Q2 — Qu3},

say. We have by Lemma 2, partial summation and the Pélya—Vinogradov
inequality that Q43 = O(xlogx). As for QQ41, we have

Qu= Y. > x( Z/w

ni le/Q m<ni na<ni

r u
+ > Ym Y x(m) @z}(u)w(a)du
nlgxl/Qmﬁnl ni<n2<z/ni ninz

1 2
= Qi + Q5

say. In Qill), substituting the explicit formula in Lemma 2, we have

TR ( > x(m)m_l>< 2. x<n2>>

ni<zl/2 \m<n na2<ni
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NS n%< ) x(m)m_1>( ) x(n2)> +0(a).

ny<al/2 m<ni na<ni

Also we have

QY =5r Y xmmt Y xm)

n1<zl/2m<ny n1<nz<z/ni
1 _
kT Yoo Y xtmm™ Y x(n2)ng + O(x)
ny<zl/2 m<ny ni<n2<z/ni

z/n1
= —Qflll) + % Z ny Z X(m)m_l/n Z X(n2)du + O(z).

ny<zl/2 m<ny na<u

As for the innermost part of the final formula in the above, we get from
(2.3) that

z/n1 1 1
/ Z x(ng)du = —x — —ny + O(1).
ni no<u 2ny 2
By using this formula and
> xmm =240,
m<y

we have

1 1
Q4(121) = —Q4(111) + Z ny {—ZL‘ - —nl} + O(xlog x)

48 nleI/Q 2711 2
1 T 3/2
= —Qil) +Ta® 2 4 O(zlog z).

Hence we obtain Qg = m2%/2/144 4+ O(z log x). Similarly, we have

Q=Y xtm) 3 3 xtm) [ vt (&) du

m<zxl/2 n1<mmny<m?2/ni

u
£ xm Y Y x| v (=) du
m<zl/2 n1<mm2/ny<ne<z/nq ninz
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by partial summation Thus by applying (2.3), we obtain Q4o = O(z),
and therefore [} ¢(u)Q4(u)du = —2m2%/2 /9 4+ O(zlog z).
Consider the case j = 8. We have

/ b Qs(wdu =16 3 / a2y (L) du

n<gl/?

b1 3 / " {wl (u1/24—1> o <u1/24—3>}du

n§x1/2

+ O(z). (4.2)

By using Lemma 2 and partial summation, we can see that the first part on
the right-hand side in (4.2) is equal to 2r23/2/9+O(x). As for the second
one, we have by applying the similar method used in the case j = 9 that
this part can be estimated by O(z). Therefore we have [}" 1(u)Qs(u)du =
2123/2 /9 + O(x).

Finally, we treat the case j = 5. We have

“w Y o) [l 1/2(z+ 5 ) S i

nm<m  m<ni<ul/2/ na<u/ni

=32 ) x(m){z > an/ W(u)ip(u'/?)d

mgxl/Q

£ Y [ v

n1<m m2/ni1<n2<z/ni

FY Y ) [ vt

m<ni<gl/2 n2<ni
X X xm) w(uw(u“?)d“}' (43)
m<ni<zl/2 n1<nza<z/ni ninz

We substitute the asymptotic formula in Lemma 4 into the integrals in
(4.3). Then we see that the contribution of the error term in Lemma 4 is
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O(xlog ), which is admissible. The part coming from the explicit terms
of the formula in Lemma 4 in the above (4.3) is

:—g Z X(m){m Z Z (n2) +Z nl/2 Z X(ng)n;/2

m<zl/2 n1<m nay<m?/ny ni<m  m?2/ny<nz2<z/ni
1/2 1/2
+ Z ny Z x(n2) + Z nl/ Z X(?’LQ)NQ/ }—I—O(:B)
m<ny <zl/2 ng<nj m<n1<a:1/2 ni<n2<z/ni
4 1/2 w2
R " S
m<al/2 n1<m m?/n na<u
1/2 w/m —1/2
+ ) w2 N " x(ng)du p + O(x) (4.4)
m<n<zl/2 n1 na<u

by the Pdlya-Vinogradov inequality and partial summation. As for the
first integral on the right-hand side of (4.4), we apply (2.3) to obtain

& /n1 2\ 12 2\ 1/2 s
/ w2 Z (ng)du = <—> — <—> +0(m™'n?).
m?/m na<u " 1
Also we have
2\ 1/2 s
/ 1/22 ngdu—<n—> /—i-O( /)
ni 1
no<u

Hence we obtain that the final member of (4.4) can be estimated by O(x).
Therefore we obtain [}" ¢ (u)Qs(u)du = O().

Hence, by combining all the above estimates of flx P(u)Q;(u)du we
obtain

/193 Y(u)P(u)?du = O(xlog ).

This completes the proof of Theorem 2.
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