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Conformal changes of special Finsler spaces
with a generalized Cartan connection

By BYUNG-DOO KIM (Kyungsan)

Abstract. The purpose of the present paper is to investigate conformal
changes of special Finsler spaces and to treat the Finsler spaces which are con-
formal to each other. Moreover we prove that a recurrent Finsler space (resp.
a Ch-recurrent Finsler space) is closed by any conformal change.

1. Introduction

In the paper [4], M. Hashiguchi and Y. Ichijyō treated the confor-
mal theory of generalized Berwald spaces and obtained the result:
A generalized Berwald space (esp. a Wagner space) remains to be a gen-
eralized Berwald space (esp. a Wagner space) by any conformal change.
Therefore, we can say that the set of a generalized Berwald space is closed
by any conformal change. So the notion of closed Finsler space by any con-
formal change causes the following problem: Are there any other Finsler
spaces which are conformal to each other? In Section 4, new classes of
Finsler spaces are given, which are also closed by any conformal change.
Especially S. Bácsó [3] studied a special geodesic mapping Landsberg
space into a P ∗-Finsler space.
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An interesting example of a Finsler space which is characterized by
some simple conditions imposed upon the curvature and torsion has been in
the theory of Finsler geometry. These conditions are expressed by ([1], [2])

Rh
i
jk = 0, Ph

i
jk = 0, ∇h)

mCj
i
k = 0. (1.1)

In the present paper, we consider special Finsler spaces (namely a
recurrent space, Ch-recurrent space) having weaker condition than the
above (1.1). A recurrent Finsler space was first introduced by A. Moór

[8] as a generalized conception of Riemannian cases. On the other hand,
M. Matsumoto [6] has studied a Ch-recurrent Finsler space in relation
to a h-isotropic Finsler space. According to these papers, two dimensional
Finsler space is always of recurrent curvature, and of Ch-recurrent.

2. Generalized Cartan connection
and conformal change

Let Fn = (Mn, L) be an n-dimensional Finsler space with the Finsler
connection FΓ = (Fj

i
k, N

i
k, Vj

i
k). Let L(x, y) be a Finsler metric func-

tion, whose Finsler metric tensor g is given by gij = ∂̇i∂̇j(L2/2). Then
the h-covariant and v-covariant derivative of any tensor field Xi(x, y) are
defined as respectively

∇h)
j Xi = δjX

i + XrFr
i
j ,

∇v)
j Xi = ∂̇jX

i + XrVr
i
j,

(2.1)

where δk = ∂k − N r
k∂̇r, ∂i = ∂/∂xi and ∂̇r = ∂/∂yr.

Definition 2.1 ([2]). Suppose that a skew-symmetric tensor field Tj
i
k

is given in Fn. A Finsler connection is uniquely determined in Fn which
satisfies the following five axioms:

(C1) h-metrical: ∇h)g = 0,

(C2) (h)h-torsion Tj
i
k = Fj

i
k − Fk

i
j ,

(C3) deflection D = 0,
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(C4) v-metrical: ∇v)g = 0,

(C5) v-symmetric: S1 = 0.

This connection is called a generalized Cartan connection (with respect
to T ) and denoted by CΓ(T ) = (Fj

i
k, N

i
k, Cj

i
k).

If the (h)h-torsion T is to vanish identically, then CΓ(T ) is just the
Cartan connection CΓ = (Γj

∗i
k, G

i
j , Cj

i
k). The v-connection Cj

i
k is com-

mon to CΓ(T ) and CΓ. Here we suppose that T is (0)p-homogenous as
usual. A Finsler space with a skew-symmetric tensor T of (1, 2)-type is
called a generalized Berwald space (with respect to T ), if the connection
coefficients Fj

i
k of CΓ(T ) are functions of position alone.

In the following, the symbol (j/k) denotes the interchange of indices
j and k in the previous terms. The h-curvature tensor R2 and the hv-
curvature tensor P 2 of Fn with CΓ(T ) are given by

Rh
i
jk = Kh

i
jk + Ch

i
rR

r
jk,

Ph
i
jk = ∂̇kFh

i
j + ∇h)

j Ch
i
k − Ch

i
rP

r
jk,

(2.2)

where Ri
jk = δkN

i
j − δjN

i
k, P i

jk = ∂̇kN
i
j − Fk

i
j and

Kh
i
jk = δkFh

i
j + Fh

r
jFr

i
k − (j/k).

For later use, we introduce the following Proposition.

Proposition 2.1 ([4], [5]). Let CΓ(T)=(Fj
i
k, N

i
j , Cj

i
k) be given in a

space with a Finsler metric L. If for a conformal change α : L �→ L̄= eα(x)L

we put
F̄j

i
k = Fj

i
k + δi

jαk,

N̄ i
k = N i

k + yiαk,

C̄j
i
k = Cj

i
k,

(2.3)

the coefficients (F̄j
i
k, N̄

i
k, C̄j

i
k) define a generalized Cartan connection in

the space with the metric L̄, where αk = ∂kα.

Throughout the following we shall denote quantities of F̄n by putting
bar. Moreover, we assume that αk �= 0, because if αk = 0 the conformal
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change (2.3) is trivial. For a given CΓ(T ), we can see that a changed con-
nection by any conformal change is also a generalized Cartan connection,
which is denoted by CΓ̄(T̄ ).

It is well known that the C-tensor Cj
i
k is conformally invariant. For

F̄n and its generalized Cartan connection CΓ̄(T̄ ), from (2.1) and (2.3) we
have

∇̄h)
mC̄j

i
k = δ̄mC̄j

i
k − C̄r

i
kF̄j

r
m + C̄j

r
kF̄r

i
m − C̄j

i
rF̄k

r
m

= ∇h)
mCj

i
k − αmyr∂̇rCj

i
k − αmCj

i
k,

where δ̄m = ∂m − N̄ r
m∂̇r. Using the homogeneity of C, from the above we

get
∇̄h)

mC̄j
i
k = ∇h)

mCj
i
k. (2.4)

According to the paper [5], the h-curvature tensor R2 and the hv-
curvature tensor P 2 are invariant by any conformal change α, that is,

R̄2 = R2, P̄ 2 = P 2. (2.5)

Summarizing the above, we have

Proposition 2.2. By any conformal change α, the h-curvature tensor

R2, the hv-curvature tensor P 2 and ∇h)
mCj

i
k are all invariant.

3. Conformal changes of symmetric Finsler spaces

We consider a Finsler space Fn with a generalized Cartan connection
CΓ(T ). In [7] R. B. Misra discussed a symmetric Finsler space and
the existence of projective motion of the space. First we state following
definition.

Definition 3.1. A Finsler space Fn is called a symmetric space, if its
h-curvature tensor R2 satisfies the relation

∇h)
mRh

i
jk = 0, (3.1)

where ∇h) denotes the h-covariant derivative with respect to CΓ(T ).



Conformal changes of special Finsler spaces. . . 415

It is obvious that the class of symmetric Finsler spaces contain all
Finsler spaces satisfying R2 = 0. Now let us consider two different Finsler
spaces Fn = (Mn, L) and F̄n = (Mn, L̄) with the same underlying mani-
fold Mn. And we suppose that a conformal change α : L �→ L̄ = eα(x)L is
given. First we shall prove

Theorem 3.1. If a symmetric space Fn remains to be a symmetric

space F̄n by any conformal change (αi(x) �= 0), then the h-curvature tensor

R2 vanishes.

Proof. Let us assume that two Finsler metric L and L̄ are given
by any conformal change α. From (2.1), (2.3), and Proposition 2.2, the
h-covariant derivative of R̄2 in F̄n is given by

∇̄h)
mR̄h

i
jk = δ̄mR̄h

i
jk − R̄r

i
jkF̄h

r
m + R̄h

r
jkF̄r

i
m

− R̄h
i
rkF̄j

r
m − R̄h

i
jrF̄k

r
m

= ∇h)
mRh

i
jk − αmyr∂̇rRh

i
jk − 2αmRh

i
jk.

(3.2)

Using Proposition 2.2 and yr∂̇rRh
i
jk = 0, from (3.2) we get

∇̄h)
mR̄h

i
jk = ∇h)

mRh
i
jk − 2αmRh

i
jk. (3.3)

Assuming that a symmetric space Fn remains to be a symmetric space
F̄n by any conformal change α, from (3.3) we obtain Rh

i
jk = 0 because

αm �= 0. This completes the proof. �

Definition 3.2. A Finsler space Fn is called a P-symmetric space, if
its hv-curvature tensor P 2 satisfies the relation

∇h)
mPh

i
jk = 0. (3.4)

In general every Finsler space with a vanishing hv-curvature tensor
is a P -symmetric space, but the converse is not true. On a P -symmetric
Finsler space, we will prove the following theorem.

Theorem 3.2. If a P -symmetric space Fn remains to be a P -symmet-

ric space F̄n by any conformal change (αi(x) �= 0), then the hv-curvature

tensor P 2 vanishes.
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Proof. From (2.1), (2.3) and Proposition 2.2, we have directly

∇̄h)
m P̄h

i
jk = ∇h)

mPh
i
jk − αmPh

i
jk. (3.5)

If a P -symmetric space Fn remains to be a P -symmetric space F̄n by any
conformal change α, from (3.5) we obtain Ph

i
jk = 0 because αm �= 0. This

completes the proof. �

From (2.4) we easily obtain the following theorem.

Theorem 3.3. Let Fn(C) be a Finsler space satisfying ∇h)
mCj

i
k = 0.

Then the space Fn(C) is closed by any conformal change α.

4. Conformal changes of recurrent Finsler spaces

In this section we shall deal with a recurrent Finsler space, which was
first introduced by A. Moór [8]. By this paper F 2 is always of recur-
rent curvature, and F 3 is also of recurrent one if there exists an absolute
parallelism of the line elements.

Definition 4.1. A Finsler space Fn is called recurrent, if the h-curvature
tensor R2 satisfies the relation

∇h)
mRh

i
jk = φmRh

i
jk,

where φm = φm(x, y) is a covariant vector field.

Now if we assume that F̄n is recurrent with a recurrence vector φ̄m,
where Fn is arbitrary, that is, ∇̄h)

mR̄h
i
jk = φ̄mR̄h

i
jk. From (2.5) and (3.3)

we have
∇h)

mRh
i
jk = (φ̄m + 2αm)Rh

i
jk. (4.1)

From this equation, we obtain ∇h)
mRh

i
jk = φmRh

i
jk by putting

φm = φ̄m + 2αm,

which means that the set of the recurrent Finsler space is closed by any
conformal change. Thus we have
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Theorem 4.1. A recurrent Finsler space with a recurrent vector φm

remains to be a recurrent Finsler space with a recurrent vector φm − 2αm

by any conformal change α.

Definition 4.2. A Finsler space Fn is called P h-recurrent, if the hv-
curvature tensor P 2 satisfies the relation

∇h)
mPh

i
jk = φmPh

i
jk,

where φm = φm(x, y) is a covariant vector field.

Next, we are concerned with a conformal change α, where Fn is an
arbitrary but F̄n is a P h-recurrent Finsler space, that is, ∇̄h)

m P̄h
i
jk =

φ̄mP̄h
i
jk. From (3.5) we obtain

∇h)
mPh

i
jk = (φ̄m + αm)Ph

i
jk, (4.2)

which easily leads to ∇h)
mPh

i
jk = φmPh

i
jk by putting

φm = φ̄m + αm.

Consequently we have

Theorem 4.2. A P h-recurrent Finsler space with a recurrent vector

φm remains to be a P h-recurrent Finsler space with a recurrent vector

φm − αm by any conformal change α.

Definition 4.3. A Finsler space Fn is called Ch-it recurrent, if the
C-tensor satisfies the relation

∇h)
mCj

i
k = φmCj

i
k,

where φm = φm(x, y) is a covariant vector field.

In the previous paper [6] M. Matsumoto treated a Ch-recurrent
Finsler space. According to this paper, the Ch-recurrent space is reason-
able only, because if a Finsler space Fn is Cv-recurrent (or C0-recurrent),
then Fn is essentially Riemannian. The author gave two notes. One is
that any essentially Riemannian Fn is Ch-recurrent, other is that F 2 is
also Ch-recurrent.
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Now we assume that F̄n is Ch-recurrent with a recurrent vector φ̄m

by any conformal change α, where Fn is arbitrary. Since C-tensor is
conformally invariant, from (2.4) we have

∇h)
mCj

i
k = φ̄mCj

i
k,

so that we get ∇h)
mCj

i
k = φmCj

i
k by putting φm = φ̄m. Thus we have

Theorem 4.3. A Ch-recurrent Finsler space remains to be a Ch-

recurrent Finsler space by any conformal change α.
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[2] S. Bácsó, M. Hashiguchi and M. Matsumoto, Generalized Berwald spaces and
Wagner spaces, Analele Stiintfice Ale Univerzitätii “AL. I. CUZA” Iaşi Tomul XLIII,
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