
Publ. Math. Debrecen

53 / 3-4 (1998), 293–307

On the geometry of curves in Finsler manifolds

By AUREL BEJANCU (Iaşi) and SHARIEF DESHMUKH (Riyadh)

Abstract. By using the horizontal covariant derivative induced by the Cartan
connection of a Finlser manifold F (m+1) on a curve C, we obtain the Frenet frame
and write down the Frenet equations for C. Then we prove a fundamental theorem for
curves in Finsler manifolds and obtain theorems on the reduction of codimension of C
in F (m+1).

Introduction

In 1925, a few years after the dissertation of Finsler on generalized
Riemannian manifolds (latter called Finsler manifolds), Taylor [9] has
constructed a Frenet frame for a curve in a Finsler manifold. However,
since then the theory was not embraced by many people, in spite of the
fact that Finsler geometry was intensively studied in the last 30 years.

The purpose of the present paper is to initiate a study of geometry
of curves in Finsler manifolds based on both the modern theory of Finsler
connections (cf. Matsumoto [6]) and the theory of Finsler subspaces via
the vertical vector bundle (cf. Bejancu [2], [3]). We are dealing with
the geometry of a curve C in a Finsler manifold F (m+1) endowed with
the Cartan connection. First we show that the vertical covariant deriv-
ative along C does not provide any Frenet frame for C. Then using the
horizontal covariant derivative along C we obtain the Frenet frame and
write down the Frenet equations. The main results are presented in the
second section of the paper and they refer to the fundamental theorem for
curves in Finsler manifolds (Theorem 2.1) and theorems on the reduction
of the codimension of the imbedding of a curve in F (m+1) = (Rm+1, F )
(Theorems 2.2 and 2.3).
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1. Frenet frame for a curve in a Finsler manifold

Let F (m+1) = (M,F ) be a Finsler manifold, where M is a real (m+1)-
dimensional smooth manifold and F is the fundamental function of F (m+1)

(cf. Matsumoto [6], p. 101). Usually, F is not presumed to be smooth
on the whole tangent bundle TM but on an open subset of TM .

Suppose that C is a curve (1-dimensional submanifold) of M , locally
given by the equations

xi = xi(t), t ∈ U, i ∈ {0, . . . ,m},

where U is an open subset of R and (dx0

dt , . . . , dxm

dt ) 6= (0, . . . , 0) on U .
As it is well known (cf. Spivak [8]) the arc length parameter plays

an important role in studying the geometry of curves in a Riemannian
manifold. In our case, since F (x, y) is positive homogeneous of degree 1,
the arc length parameter s on C is defined by

s =
∫ t

t0

F

(
xi(t),

dxi

dt

)
dt.

From now on, we suppose that C is locally given by the equations

(1.1) xi = xi(s);
(

dx0

ds
, . . . ,

dxm

ds

)
6= (0, . . . , 0),

where s ∈ (−ε, ε) is the above arc length parameter.
We denote by i the imbedding of C in M and consider the differential

mapping di : TC → TM , where TC and TM are the tangent bundles of
C and M respectively. Locally, a point of TC with coordinates (s, v) is
carried by di into a point of TM with coordinates (xi(s), yi(s, v)), where
we set

(1.2) yi(s, v) = v
dxi

ds
.

Remark 1.1. As F is not presumed to be smooth on the zero section of
TM , we are dealing with geometric objects along C at points (x(s), y(s, v))
with v 6= 0. Hence without loss of generality we may suppose v > 0 for
any point of the coordinate neighbourhood in the study.
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Next, using (1.1) and (1.2) we deduce that the natural fields of frames
{ ∂

∂s , ∂
∂v} and { ∂

∂xi ,
∂

∂yi } on manifolds TC and TM respectively, are related
by

∂

∂s
=

dxi

ds

∂

∂xi
+ v

d2xi

ds2

∂

∂yi
,(1.3)

and

∂

∂v
=

dxi

ds

∂

∂yi
.(1.4)

Throughout the paper we use indices i, j, k, . . . ∈ {0, . . . ,m}. Also we
make use of Einstein convention, that is, repeated indices with one upper
and one lower index denote the summation over their range. By =(TM)
and Γ(E) we denote the algebra of smooth functions on TM and the
=(TM)-module of smooth sections of a vector bundle E over TM . By
V TM we denote the vertical vector bundle of M , that is, V TM = ker dπ,
where π is the natural projection of TM on M .

Further we recall that the fundamental function F of F (m+1) induces
a Riemannian metric g on V TM , whose local components are given by
(cf. Abate–Patrizio [1, p. 26], and Bejancu [2, p. 20])

(1.5) g

(
∂

∂yi
,

∂

∂yj

)
= gij(x, y) =

1
2

∂2F 2

∂yi∂yj
.

For any Finsler vector field X, that is X ∈ Γ(V TM) we denote by ‖X‖
the norm of X given by

‖X‖ = {g(X,X)} 1
2 .

As a consequence of (1.4) we deduce that the vertical vector bundle
V TC of C (locally spanned by ∂

∂v ) is a vector subbundle of V TM|TC .
Moreover, using (1.4) and (1.5) we deduce that ∂

∂v is a unit Finsler vector
field, that is, we have

(1.6)
∥∥∥∥

∂

∂v

∥∥∥∥
2

= g

(
∂

∂v
,

∂

∂v

)
= gij

(
x(s), x′(s)

)dxi

ds

dxj

ds
= 1.

Denote by V TC⊥ the orthogonal complementary vector bundle to V TC
in V TM|TC and call it, as in the theory of Finsler submanifolds (cf. Be-
jancu [2, p. 47]), the Finsler normal bundle of the imbedding of C in
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F (m+1). Thus we have the orthogonal decomposition

V TM|TC = V TC ⊕ V TC⊥.

In the present paper we consider F (m+1) endowed with the Cartan con-
nection FC = (Ci

j , F
i
jk, Ci

jk) with local coefficients

Ci
j =

∂Gi

∂yj
, where Gi =

1
4
gih

{
∂2F 2

∂yh∂xk
yk − ∂F 2

∂xh

}
,(1.7)

F i
jk =

1
2
gih

{
δghj

δxk
+

δghk

δxj
− δgjk

δxh

}
,(1.8)

Ci
jk =

1
2
gih ∂ghj

∂yk
,(1.9)

where we use the differential operators

(1.10)
δ

δxi
=

∂

∂xi
− Cj

i

∂

∂yj
,

and gih are the elements of the inverse matrix corresponding to [gih].
Clearly, both F i

jk and Ci
jk are symmetric with respect to the pair of indices

(i, j).
As a consequence of homogeneity of F it follows that gij , gij and F i

jk

are positive homogeneous of degree zero, while Gi, Ci
j and Ci

jk are positive
homogeneous of degrees 2, 1, and −1 respectively. Thus we have:

gij(x(s), vx′(s)) = gij(x(s), x′(s)),(1.11)

x′j(s)F i
jk(x(s), vx′(s)) = x′j(s)F i

jk(x(s), x′(s))(1.12)

= Ci
k(x(s), x′(s)),

x′j(s)Ci
j(x(s), vx′(s)) = vx′j(s)Ci

j(x(s), x′(s))(1.13)

= 2vGi(x(s), x′(s)),

x′j(s)Ci
jk(x(s), x′(s)) = 0,(1.14)

and

(1.15) Ci
jk(x(s), vx′(s)) =

1
v
Ci

jk(x(s), x′(s)).



On the geometry of curves in Finsler manifolds 297

Here and in the sequel we use the vector notation x(s) and x′(s) to rep-
resent the vectors (x0(s), . . . , xm(s)) and (x′

0
(s), . . . , x′

m

(s)), respectively,
where the primes denote the derivatives with respect to s. Also if T ij...

kh...

are the components of a geometric object T at the point (x(s), x′(s)) we
denote them by T ij...

kh...(s).
In another setting, the Cartan connection is thought of as the pair

(HTM,∇), where HTM is the complementary distribution to V TM in
TTM locally represented by { δ

δx0 , . . . , δ
δxm } and ∇ is the linear connection

on V TM whose local coefficients are given by (1.8) and (1.9), that is, we
have (cf. Bejancu [2, p. 23])

∇ δ

δxk

∂

∂yj
= F i

jk

∂

∂yi
,(1.16)

and

∇ ∂

∂yk

∂

∂yj
= Ci

jk

∂

∂yi
.(1.17)

A Finsler vector field X on F (m+1) along C is said to be projectible on C,
if locally at any point (x(s), vx′(s)) ∈ TC it is expressed as follows

(1.18) X(x(s), vx′(s)) = Xi(s)
∂

∂yi
(x(s), vx′(s)),

or equivalently, the local components of X at any point of TC depend
only on the arc length parameter s of C. The name is justified by the fact
that X given by (1.18) on TC defines a vector field X∗ on M at any point
of C by the formula

X∗(x(s)) = Xi(s)
∂

∂xi
(x(s)).

Thus X∗(x(s)) can be considered as the projection of the vector X(x(s),
vx′(s)) on the tangent space TMx(s) of M at x(s) ∈ C. Clearly from (1.4)
we deduce that ∂

∂v is a projectible Finsler vector field. Moreover, we shall
see in this section that a Frenet frame for a curve in a Finsler manifold
contains only projectible Finsler vector fields.

Proposition 1.1. The vertical covariant derivative of a projectible
Finsler vector field X vanishes identically on TC, that is we have

(1.19)
(
∇ ∂

∂v
X

)
(x(s), vx′(s)) = 0, s ∈ (−ε, ε).
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Proof. Indeed, using (1.18), (1.4), (1.17) and (1.15) we infer
(
∇ ∂

∂v
X

)
(x(s), vx′(s)) = Xi(s)x′j(s)Ck

ij(x(s), vx′(s))
∂

∂yk
= 0.

Thus in particular we have

(1.20) ∇ ∂
∂v

∂

∂v
= 0,

which enables us to state that the vertical covariant derivative along C
does not provide any Frenet frame for C. Hence we have to proceed with
the horizontal covariant derivative along C. To this end we consider the
induced non-linear connection HTC on TC which is locally represented
by the vector field

(1.21)
δ

δs
=

∂

∂s
− f

∂

∂v
,

where f is obtained from the general formula (3.2) in Bejancu [3] for a
Finsler manifold. More precisely, using (1.13) we obtain

(1.22) f(s, v) = vgij(s)
(
x′′i(s) + 2Gi(s)

)
x′j(s).

Then (1.20) and (1.21) yield

(1.23) ∇ δ
δs

∂

∂v
= ∇ ∂

∂s

∂

∂v
.

Next, using (1.3), (1.10) and (1.13) one obtains

(1.24)
∂

∂s
= x′i(s)

δ

δxi
+ v

(
x′′i(s) + 2Gi(s)

) ∂

∂yi
.

Replacing ∂
∂s from (1.24) in (1.23) and taking into account (1.16), (1.17)

and (1.12)–(1.14) we infer

(1.25) ∇ ∂
∂s

∂

∂v
=

(
x′′i(s) + 2Gi(s)

) ∂

∂yi
.

On the other hand, using (1.6) and taking into account that ∇ is a metric
connection we deduce

(1.26) g

(
∇ ∂

∂s

∂

∂v
,

∂

∂v

)
= 0.



On the geometry of curves in Finsler manifolds 299

Using (1.25) and (1.4) in (1.26) and comparing with (1.22) we arrive at
f = 0. Hence we may state the following proposition.

Proposition 1.2. The induced non-linear connection HTC on C is

locally spanned by ∂
∂s given by equivalent formulas (1.3) and (1.24).

From (1.26) we deduce that ∇ ∂
∂s

∂
∂v ∈ Γ(V TC⊥) and therefore we may

set

(1.27) ∇ ∂
∂s

∂

∂v
= κ1N1,

where N1 ∈ Γ(V TC⊥) is a unit Finsler vector field and

(1.28) κ1 =
∥∥∥∥∇ ∂

∂s

∂

∂v

∥∥∥∥ .

Using (1.25) in (1.28) we deduce that

(1.29) κ1(s) =
{
gij(s)

(
x′′i(s) + 2Gi(s)

) (
x′′j(s) + 2Gj(s)

)} 1
2 .

We call κ1 the geodesic curvature (first curvature) function of C. In or-
der to justify the name geodesic curvature function we recall that C is a
geodesic of F (m+1) if and only if the following differential equations are
satisfied (cf. Rund [7, p. 79])

(1.30) x′′i(s) + 2Gi(s) = 0.

Thus (1.29) and (1.30) enable us to state the following result (compare
Rund [7, p. 152]).

Theorem 1.1. A curve C in F (m+1) is a geodesic if and only if the

geodesic curvature function vanishes identically on C.

If κ1(s) 6= 0, for all s ∈ (−ε, ε) we call

(1.31) N1 =
1

κ1(s)
(
x′′i(s) + 2Gi(s)

) ∂

∂yi
= N i

1(s)
∂

∂yi
,

the principal (first) normal of C. From (1.31) we see that N1 is a pro-
jectible Finsler vector field along C. This is also a consequence of the
following general result.
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Proposition 1.3. The horizontal covariant derivative of a projectible

Finsler vector field X with respect to ∂
∂s is a projectible Finsler vector field

too given by

(1.32) ∇ ∂
∂s

X =
(

dXi

ds
+ Xj(s)Bi

j(s)
)

∂

∂yi
,

where we set

(1.33) Bi
j(s) = Ci

j(s) +
(
x′′k(s) + 2Gk(s)

)
Ci

jk(s).

Proof. The assertion follows by direct calculations using (1.24),
(1.16), (1.17), (1.12) and (1.15).

In case m > 1 from g(N1, N1) = 1 and g( ∂
∂v , N1) = 0 we deduce that

g(∇ ∂
∂s

N1, N1) = 0 and g(∇ ∂
∂s

N1,
∂
∂v ) = −κ1. Thus we have

(1.34) ∇ ∂
∂s

N1 = −κ1
∂

∂v
+ N,

where N ∈ Γ(V TC⊥) and it is orthogonal to N1 at any point of TC. Next
we define the second curvature function κ2 by κ2 =

∥∥∥κ1(s) ∂
∂v +∇ ∂

∂s
N1

∥∥∥ .

Using (1.32), (1.33) and (1.31) we derive

κ2(s) =(1.35)
{

gij(s)
(
κ1x

′i + N ′i
1 + Nk

1 Bi
k

) (
κ1x

′j + N ′j
1 + Nh

1 Bj
h

)} 1
2

(s).

If κ2(s) 6= 0 for any s ∈ (−ε, ε) we define

N2(s) =
1

κ2(s)

(
κ1(s)

∂

∂v
+∇ ∂

∂s
N1

)
.

Hence (1.34) becomes

∇ ∂
∂s

N1 = −κ1
∂

∂v
+ κ2N2.

Now from the Proposition 1.3 it follows that N2 is a projectible Finsler
vector field along C. Finally, we suppose inductively for 1 ≤ i ≤ m, that
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there exist orthonormal projectible vector fields
{
N0 = ∂

∂v , N1, . . . , Ni

}

and nowhere zero curvature functions {κ1, . . . , κi} such that

(F1) ∇ ∂
∂s

N0 = κ1N1

(F2) ∇ ∂
∂s

N1 = − κ1N0 + κ2N1

. . . . . . . . . . . .

(Fi) ∇ ∂
∂s

Ni−1 = − κi−1Ni−2 + κiNi.

Then following the proof in case of Riemannian manifolds (cf. Spivak [8,
Vol. IV, p. 92]) and taking into account the Proposition 1.3 for any i < m

we obtain
(Fi+1) ∇ ∂

∂s
Ni = −κiNi−1 + κi+1Ni+1,

where

Ni+1 =
(
κiN

j
i + N ′j

i + Nk
i Bj

k

) ∂

∂yj
,

and
κi+1 = ‖Ni+1‖ .

Moreover, {N0, . . . , Ni, Ni+1} is an orthonormal set of projectible vector
fields along C. If i = m then {N0, . . . , Nm} is an orthonormal basis
of Γ(V TM|TC) whose elements are projectible Finsler vector fields. As
∇ ∂

∂s
Nm is orthogonal to Nm, (Fi+1) becomes

(Fm+1) ∇ ∂
∂s

Nm = −κmNm−1.

From equations (F1)–(Fm+1) we see that each Ni belongs to the sub-
space Vi = Span {ξ0, . . . , ξi} where we set ξ0 = ∂

∂v , ξ1 = ∇ ∂
∂s

ξ0, . . . ,

ξi = ∇(i)
∂

∂s

ξ0. Hence {N0, . . . , Nm} is just an orthonormal basis obtained
from {ξ0, . . . , ξm} provided all the curvature functions are nowhere zero
on (−ε, ε).

If κi = 0 on (−ε, ε) for some i < m, then we can not define Ni and
(Fi) becomes

(Fi)′ ∇ ∂
∂s

Ni−1 = −κi−1Ni−2.

Therefore, on summing up the above results, we may say that in case there
exist nowhere zero curvature functions {κ1, . . . , κi−1} as κi is everywhere
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zero on (−ε, ε), we have constructed the Frenet frame {N0, . . . , Ni−1} that
satisfying the Frenet equations (F1), . . . ,(Fi−1),(F′i).

In case M is an oriented manifold and all curvature functions are
nowhere zero on (−ε, ε), as in case of Riemannian manifolds we may choose
Nm as the cross product N0 × · · · × Nm−1 with respect to the metric g
and taking into account the orientation of M . In this case κm could be
positive, negative or zero.

Remark 1.2. As in Finsler geometry there are many Finsler connec-
tions, some of them being intensively investigated, we ask whether the
above theory applies for them. First, we have to note that ∇ should be
at least h-parallel. Therefore Rund connection is a good candidate for
the theory, while Berwald connection is not. Moreover, we remark that
the only changes in case we use Rund connection is in our Bi

j from (1.33)
which becomes Ci

j .

We close this section with a formula for calculation of geodesic cur-
vature of a curve in F (2). In this special case we define it in a slightly
different way from the other cases. First we define the Finsler vector N1

along C by

(1.36) N1 =
1√
∆

{
−(g01x

′0 + g11x
′1)

∂

∂y0
+ (g00x

′0 + g01x
′1)

∂

∂y1

}
,

where ∆ = det[gij ]. It is easy to check that N1 is a unit projectible Finsler
vector field along C orthogonal to N0 = ∂

∂v . Moreover, the basis {N0, N1}
and

{
∂

∂y0 , ∂
∂y1

}
have the same orientation since

∣∣∣∣
x′0 −g01x

′0 − g11x
′1

x′1 g00x
′0 + g01x

′1

∣∣∣∣ = 1.

As ∇ ∂
∂s

N0 is orthogonal to N0 we set

(1.37) ∇ ∂
∂s

N0 = κN1,

where κ is a differentiable function on (−ε, ε) that we name as the curvature
of C. Clearly κ could be positive, negative or zero at points of C. By direct
calculations using (1.6), (1.25), and (1.37) we obtain

(1.38) κ = g(∇ ∂
∂s

N0, N1) =
√

∆
∣∣∣∣
x′0 x′′0 + 2G0

x′1 x′′1 + 2G1

∣∣∣∣ .
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Finally the (F2)-Frenet equation becomes

(1.39) ∇ ∂
∂s

N1 = −κN0.

We are now interested to get a formula for κ in case C is given by
equations xi = xi(t), where t is an arbitrary parameter on C. First, from
the definition of arc length one obtains

(1.40) x′i =
ẋi

F
; x′′i =

1
F 2

(
ẍi − ẋi d(log F )

dt

)
,

where ẋi and ẍi denote the first and second derivative of xi with respect
to t.

Taking into account that Gi are positive homogeneous of degree 2
with respect (yi) and using (1.7) we deduce

2Gi(x(s), x′(s)) =
2

F 2
Gi(x(t), ẋ(t))

=
1

F 2
gijFẋj Fxh ẋh +

gij

F

(
Fẋjxh ẋh − Fxj

)
,

where Fxj and Fẋjxh are the partial derivatives of first order and second
order of F respectively. As we have Fẋj = 1

F gjkẋk one obtains

(1.41) 2Gi(x(s), x′(s)) =
ẋi

F 3
Fxh ẋh +

gij

F

(
Fẋjxh ẋh − Fxj

)
.

Now using (1.40) and (1.41) we derive

(1.42) κ =
√

∆
F 3

{
ẍ1ẋ0 − ẍ0ẋ1 − F (g0j ẋ1 − g1j ẋ0)

(
Fẋjxh ẋh − Fxj

)}
.

As Fxh are positive homogeneous of degree 1 with respect to (ẋh) we
have

(1.43) Fxhẋj ẋ
j = Fxh .

Replace Fx0ẋ0 ẋ0 and Fx1ẋ1 ẋ1 from (1.43) in (1.42) and deduce

κ =

√
∆

F 3

(
ẍ1ẋ0 − ẍ0ẋ1

)− 1√
∆

(Fẋ0x1 − Fẋ1x0) ,
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where we used the equality gij ẋ
iẋj = F 2. As it is well known (cf. Berwald

[4, p. 196]) we have ∆ = F 3F1, where F1 = 1
(ẋ1)2 Fẋ0ẋ0 . Therefore the

curvature κ of a curve C (xi = xi(t)) in F (2) is given by

(1.44) κ =
1√

F 3F1

(
F1

(
ẍ1ẋ0 − ẍ0ẋ1

)
+ Fẋ0x1 − Fẋ1x0

)
.

If in particular, F (2) is a Minkowski plane, that is M = R2 and F depends
only on (y0, y1) we deduce

(1.45) κ =
1
F

√
F1

F

(
ẍ1ẋ0 − ẍ0ẋ1

)
.

If moreover, F =
{
(ẋ0)2 + (ẋ1)2

} 1
2 then F1 = 1

F 3 and we obtain the well
known expression for the curvature of a curve in an Euclidean plane (cf.
Spivak [8, Vol. II, p. 1–11]).

Remark 1.3. The curvature κ given by (1.44) has appeared first under
the name extremal curvature in Landsberg [5] with respect to a varia-
tional problem.

2. Main results in theory of curves in a Finsler manifold

In the present section we show that the Frenet frame we defined in
the first section is a good tool in studying the geometry of curves in a
Finsler manifold. More precisely we prove a fundamental theorem and
two theorems on the reduction of the codimension of a curve in a Finsler
manifold.

Theorem 2.1 (Fundamental theorem for curves in F (m+1)). Let

F (m+1) = (M,F ), be a Finsler manifold, (x0, y0) = (xi
0, y

i
0) be a fixed

point of TM , {V0, . . . , Vm} be an orthonormal basis of V TM(x0,y0) and

κ1, . . . , κm : (−ε, ε) → R be everywhere positive differentiable functions.

Then there exists a unique curve C on M given by the equations xi =
xi(s), s ∈ (−ε, ε), where s is the arc length parameter of C such that

xi(0) = xi
0 and κ1, . . . , κm are the curvature functions of C with respect to

the Frenet frame {N0, . . . , Nm} that satisfies Nh(0) = Vh, h ∈ {0, . . . , m}.
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Proof. Taking into account the local expressions of Frenet formulas
from previous section, we consider the system of differential equations

(F∗0) x′i(s) = N i
0(s)(2.1)

(F∗1) N ′i
0 = −2Gi(s) + κ1(s)N i

1(s)

. . . . . . . . .

(F∗h) N ′i
h−1(s) = −N j

h−1(s)B
i
j(s)− κh−1(s)N i

h−2(s)

+ κh(s)N i
h(s) (1 < h ≤ m)

. . . . . . . . .

(F∗m+1) N ′i
m(s) = −N j

m(s)Bi
j(s)− κm(s)N i

m−1(s),

where Gi(s) and Bi
j(s) are the functions from (1.7) and (1.33) calculated

at points (x(s), x′(s)) and (xi(s), N i
0(s), . . . , N

i
m(s)) are the unknown func-

tions. Then using a similar argument as in the case of Riemannian mani-
folds (see Spivak [8, Vol. IV, p. 35]) we get that there exists a unique solu-
tion (xi(s), N0(s), . . . , Nm(s)) on (−ε, ε), where we set Nh(s) = N i

h(s) ∂
∂yi

satisfying the initial conditions xi(0) = xi
0 and Nh(0) = Vh for any

h ∈ {0, . . . , m}. As Nh are projectible Finsler vector fields along C

(xi = xi(s)), by Proposition 1.3 we see that equations (F∗h) are just lo-
cal expressions of (Fh), 1 ≤ h ≤ m + 1. It remains only to prove that
{N0(s), . . . , Nm(s)} is an orthonormal basis of V TM(x(s),x′(s)). To this
end we set

g∗hr(s) = g(x(s), x′(s))(Nh(s), Nr(s)), h, r ∈ {0, . . . , m},

and taking into account that ∇ is a metric connection on V TM we infer

(2.2)
dg∗hr

ds
= g

(
∇ ∂

∂s
Nh, Nr

)
+ g

(
Nh,∇ ∂

∂s
Nr

)
.

Replace the covariant derivative in (2.2) by their expressions from (Fh+1)
and (Fr+1) respectively, and obtain

dg∗hr

ds
= κhκrg

∗
(h−1)(r−1) − κh+1κrg

∗
(h+1)(r−1)(2.3)

− κhκr+1g
∗
(h−1)(r+1) + κh+1κr+1g

∗
(h+1)(r+1).
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By direct calculation it is easy to check that (δhr) is a solution of the
system (2.3). Since g∗hr(0) = g(x(0), x′(0))(Vh, Vr) = δhr, we conclude
that g∗hr = δhr, which concludes the proof of the theorem.

Next, we consider a curve C in F (m+1) given locally by (1.1) and a
vector subbundle D of rank p in V TM|TC . Denote by D⊥ the orthogonal
complementary vector bundle to D in V TM|TC . Then we say that D is a
parallel vector bundle along C if for any s ∈ (−ε, ε) we have

(2.4) g(x(s), x′(s))(V (s),W ) = 0, ∀V (s) ∈ D(s), W ∈ D⊥(0),

where D(s) and D⊥(0) are the fibers of D and D⊥ at the points (x(s), x′(s))
and (x(0), x′(0)) respectively.

In particular for M = Rm+1 we may state two theorems on the re-
duction of the codimension of the embedding of a curve in F (m+1).

Theorem 2.2. Let C be a curve in F (m+1) = (Rm+1, F ) and D be a

parallel vector bundle of rank p < m + 1 along C such that ∂
∂v ∈ Γ(D).

Then C lies in some p-dimensional plane of Rm+1.

Proof. Without loss of generality we may assume that D(0) =
Span

{
∂

∂y0 , . . . , ∂
∂yp−1

}
at (x(0), x′(0)). As D is parallel along C we de-

duce that D(s) = Span
{

∂
∂y0 , . . . , ∂

∂yp−1

}
at (x(s), x′(s)). Now suppose

there exists a point x(s) ∈ C such that x′k(s) = 0 for certain k > p − 1.
Then by (1.4) it follows that ∂

∂v does not lie in D(s), which is a contradic-
tion. Hence at any point of C we have x′p = · · · = x′m = 0, which means
that C lies in a p-dimensional plane of Rm+1.

Theorem 2.3. Let C be a curve in F (m+1) = (Rm+1, F ) such that

the curvature functions κ1, . . . , κp−1 are nowhere zero and κp is everywhere

zero on (−ε, ε). Then C lies in some p-dimensional plane of Rm+1.

Proof. Denote by D the vector bundle spanned by the Frenet frame{
N0 = ∂

∂v , N1, . . . , Np−1

}
along C. From Frenet equations (F1)–(Fp−1)

and (Fp)′ we obtain

(2.5) ∇ ∂
∂s

Nj(s) =
p−1∑

h=0

Ah
j (s)Nh(s), j ∈ {0, . . . , p− 1}.



On the geometry of curves in Finsler manifolds 307

Then consider an arbitrary W ∈ D⊥(0) and denote by the same letter the
constant vector field W (s) = W at any (x(s), x′(s)). Taking into account
that ∇ is a metric connection and using (2.5) we deduce

(2.6)
d

ds
(g(Nj ,W )(s)) = g(∇ ∂

∂s
Nj ,W )(s) =

p−1∑

h=0

Ah
j (s)g(Nh, W )(s).

As g(Nh, W )(0) = 0, the uniqueness of solutions of the system (2.6) implies
g(Nh, W )(s) = 0, for any s ∈ (−ε, ε). Hence D is parallel along C. As
∂
∂v ∈ Γ(D), the assertion follows from Theorem 2.2.
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