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On a class of critical Riemann–Finsler metrics

By BIN CHEN (Hangzhou) and YI-BING SHEN (Hangzhou)

Abstract. A generalized Einstein–Hilbert functional in Finsler geometry is defined

and its Euler–Lagrange equation is derived, which depends on not only the Ricci scalar

but also the mean Landsberg curvature. Such critical metrics include usual Riemann–

Einstein metrics. Some non-Riemannian examples of critical metrics are given. More-

over, some rigidity theorems for a Finsler metric to be Riemannian are obtained.

0. Introduction

Finsler metrics are just the Riemannian metrics without the quadratic re-
striction [9]. Finsler manifolds are differentiable manifolds equipped with Finsler
metrics. Recently, the study of Finsler geometry has taken on a new look [4], [6],
[11], [16].

Let M be an n-dimensional compact manifold. As is well known [5], among
Riemannian metrics on M there is an important class of metrics called Einstein
metrics, which are the critical points of the normalized Einstein–Hilbert functional

1

Vol1−2/n(M)

∫

M

R dµM , (0.1)

where R is the scalar curvature of the Riemannian metric, dµM is the volume
element of M . This motivates us to consider the corresponding functional in
Finsler geometry. An attempt in this direction was tried by H. Akbar-Zadeh [1],
[2]. Unfortunately, it seems that one could not obtain the tensor characteristic on
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generalized Einstein metrics from the variation calculus in [1] (also cf. D. Bao’s
comment [8]). It encourages us to look for the Finslerian analogue of critical
metrics from the point of view of differential geometry and variational calculus.

By virtue of the Chern connection on a Finsler manifold (M,F ) with the
Finsler metric F , we can define the flag curvature and the Ricci scalar, which are
generalizations of the sectional curvature and the Ricci curvature in Riemannian
geometry, respectively, [4]. It is natural to define a similar functional in Finsler
geometry by using the Ricci scalar and the volume form induced from the pro-
jective sphere bundle over (M, F ). In fact, this functional can be defined by

E(F ) =
1

Vol1−2/n(SM)

∫

SM

Ric dµSM , (0.2)

where Ric denotes the Ricci scalar and SM is the projective sphere bundle over
M with volume element dµSM .[4] One can check easily (0.2) is just the previous
(0.1) if F is Riemannian by means of the integral trace formula (or Lemma 1.4
in [12]).

The purpose of this paper is to derive the Euler–Lagrange equation of the
functional (0.2) and to give some examples of Finsler metrics satisfying the Euler–
Lagrange equation. Moreover, some rigidity theorems for a Finsler metric to be
Riemannian are obtained. We find that the critical points of (0.2) depend on not
only the Ricci scalar but also the mean Landsberg curvature. Precisely, we have

Theorem 0.1. The Euler–Lagrange equation of the functional (0.2) is

Ric(x, y) =
2

n + 2

(
tracegR̃c + tracegJ − n− 2

2
r

)
, (0.3)

where

R̃c :=
1
2
[F 2 Ric]yiykdxi ⊗ dxk, J := (Ji|k + J̇i;k − JiJk)dxi ⊗ dxk,

r =
∫

SM
Ric dµSM/ Vol(SM) is the average of Ric on SM , J = Jidxi is the mean

Landsberg tensor, “ |” and “ ;” denote respectively the horizontal and the vertical

covariant derivatives with respect to the Chern connection, and “ ·” denotes the

covariant derivative along the Hilbert form.

Definition 0.1. A Finsler metric which is a critical point of the functional
(0.2) is called an E-critical metric.

It is easy to show that a Riemannian metric is an E-critical metric iff it is
Einstein. On the other hand, we have the following non-Riemannian examples.
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Example 0.1. Let α be a Ricci-flat Riemannian metric and β is parallel with
respect to α, then the Randers metric F = α + β is an E-critical metric. In fact,
a non-Riemannian Berwald–Randers metric F = α + β is E-critical if and only if
α is Ricci-flat. We shall discuss E-critical Randers metrics in the further paper.

Example 0.2. Let (M, g) and (N, h) be two Ricci-flat Riemannian manifolds,
then the metric

F (x, y) :=
√

φ(g(xM , yM ), h(xN , yN ))

is E-critical on the product manifold M × N , where the function φ(s, t) can be
defined as

φ(s, t) = s + t + ε
k
√

sk + tk.

Here ε is a nonnegative real number and k is a positive integer.

We also have the following rigidity result.

Theorem 0.2. Let M be a compact closed manifold, and F be a Finsler met-

ric on M with positive constant flag curvature and almost isotropic S-curvature.

Then F is an E-critical metric if and only if it is Riemann–Einstein.

From the above theorem we have immediately the following

Corollary 0.1. Any E-critical Randers metric with positive constant flag

curvature on a compact closed manifold must be Riemannian.

The contents of this paper are arranged as follows. In §1, some necessary
notations and formulas are given. In §2, the Euler–Lagrange equation (0.3) of
the functional (0.2) is derived. In §3, some rigidity theorems are shown, and two
non-Riemannian examples of E-critical metrics are given. In the last section §4,
some results on surface are considered.

1. Preliminaries

Let M be an n-dimensional differentiable manifold with the tangent bundle
TM . The points in TM are denoted by (x, y), where x ∈ M , y ∈ TxM , and let
(xi; yi) be the local coordinates of TM with y = yi∂/∂xi. A Finsler metric on
M is a function F : TM → [0, +∞) such that (i) F is smooth in TM\{0}; (ii)
F (x, λy) = λF (x, y) for any λ > 0; and (iii) The fundamental quadratic form

g = gik(x, y)dxi ⊗ dxk, gik :=
[
1
2
F 2

]

yiyk

(1.1)



454 Bin Chen and Yi-Bing Shen

is positively definite. Here and from now on, the lower index yi always means par-
tial derivatives, Fyi := ∂F

∂yi , [F 2]yiyk := ∂2F 2

∂yi∂yk , etc. We shall use the convention
that Latin indices range from 1 to n(= dim M).

The canonical projection π : TM\{0} → M gives rise to a covector bundle
π∗T ∗M , on which there exists the Hilbert form ω = [F ]yidxi, whose dual is the
distinguished section

` = `i ∂

∂xi
, with `i :=

yi

F
. (1.2)

The Cartan tensor and the Cartan form are respectively

A = Aijkdxi ⊗ dxj ⊗ dxk, Aijk :=
F

4
[
F 2

]
yiyjyk , (1.3)

I = Iidxi, Ii := Aijkgjk, (gjk) = (gij)−1. (1.4)

The nonlinear connection coefficients are given as

N i
k = γi

kjy
j − Ci

kjγ
j
pqy

pyq, Ci
jk := gilCljk, Cijk :=

1
F

Aijk,

where γj
pq are the 2nd kind formal Christoffel symbols of gik. Define

δ

δxi
:=

∂

∂xi
−Nk

i

∂

∂yk
, δyi := dyi + N i

kdxk. (1.5)

It is well-known that there exists uniquely the Chern connection ∇ on π∗TM

∇ ∂

∂xj
= ωi

j

∂

∂xi
, ωi

j = Γi
jkdxk, Γi

jk =
1
2
gil

(
δglj

δxk
+

δglk

δxj
− δgjk

δxl

)
(1.6)

satisfying

dxj ∧ ωi
j = 0, dgij − gikωk

j − gkjω
k
i = 2Aijk

δyk

F
. (1.7)

The spray coefficients are Gi := γi
jkyjyk, and one can check that

Gi = Γi
jkyjyk,

1
2
[Gi]yj = N i

j = Γi
jkyk,

1
2
[Gi]yjyk = Γi

jk + Ȧi
jk, (1.8)

where “ ·” denotes the covariant derivative along the Hilbert form.
The curvature 2-forms of the Chern connection have the form

Ωi
j = dωi

j − ωk
j ∧ ωi

k =
1
2
Rj

i
kldxk ∧ dxl + Pj

i
kldxk ∧ δyl

F
(1.9)
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which give the hh-curvature R and the hv-curvature P . The flag curvature tensor
and the Landsberg tensor are defined by

Ri
k := `jRj

i
kl`

l, Li
kl := −`jPj

i
kl

respectively. By noting δF/δxk = 0, the following formulae are well known

Ri
k =

yj

F 2

[
δN i

j

δxk
− δN i

k

δxj

]
, Lijk := gilL

l
jk = Ȧijk. (1.10)

The mean Landsberg tensor(see §2.1 in [11] or §8 in [16]) is the contraction of L

J = Jkdxk, Jk := gijLijk = İk. (1.11)

The Ricci scalar is defined by

Ric := Ri
i = `jRj

i
il`

l =
yj

F 2

[
δN i

j

δxi
− δN i

i

δxj

]
. (1.12)

On the punctured bundle TM\{0}, there is the Sasaki type metric gikdxi ⊗
dxk + gik

δyi

F ⊗ δyk

F , which induces a Riemannian metric on the projective sphere
bundle SM

ĝ = gikdxi ⊗ dxk + F [F ]yiyk

δyi

F
⊗ δyk

F
.

Hence the volume form of SM can be expressed as

dµSM = Ωdη ∧ dx, Ω := det
(gik

F

)
(1.13)

where

dη :=
∑

(−1)i−1yidy1 ∧ · · · ∧ d̂yi ∧ · · · ∧ dyn, dx := dx1 ∧ · · · ∧ dxn.

The volume form of F can be defined by

dµM = σF (x)dx, σF (x) :=
1

ωn−1

∫

SxM

Ωdη, (1.14)

where ωn−1 is the volume of the (n − 1)-dimensional standard sphere. The dis-
torsion τ and S-curvature S are defined as(cf. §7.3 in [17])

τ := ln

√
det(gik)
σF (x)

, S := τ|iyi, (1.15)

where “ |” denotes the horizontal covariant derivative.
On the Riemannian manifold (SM, ĝ), we have the following divergence for-

mula
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Lemma 1.1 (see e.g. [12]). For any 1-form α = αidxi + βi
δyi

F (βi`
i = 0)

on SM , its divergence is

divĝ α = gik(αi|k − αiJk + βi;k), (1.16)

where “ |” and “ ;” denote the horizontal and the vertical covariant derivatives

respectively, and J is the mean Landsberg tensor.

Lemma 1.2 (see e.g. [12]). For any function f on SM , we have divĝ(fω) =
`Hf , where `H = `iδ/δxi is the horizontal part of `.

On each punctured tangent fibre TxM\0, we have the natural Riemannian
metric gikdyi ⊗ dyk, and this metric gives rise to a Riemannian metric r̂x =
F−1Fyiykdyi ⊗ dyk on the projective sphere fibre SxM , where {yi} should be
viewed as the homogeneous coordinates on SxM .

Lemma 1.3. Let α = αidyi (αiy
i = 0) be an 1-form on (SxM, r̂x), then its

divergence is

divr̂x α = F 2gik[αi]yk − FgikαiIk (1.17)

where I is the Cartan form.

By using (1.17), we have the following Green type formula.

Lemma 1.4. Let (M, F ) be a Finsler manifold, then the following identity

holds for any functions ψ and φ defined on SM
∫

SxM

ψgij [F 2φ]yiyj Ωdη =
∫

SxM

φgij [F 2ψ]yiyj Ωdη. (1.18)

Proof. The special case of ψ = 1 was proved in [12], and our proof is just
analogical to that. Set

√
g =

√
det(gik) and α =

√
gIi

dyi

F . Then according to the
above lemma, one can verify that

∆r̂x(
√

gφ) = gij [F 2φ]yiyj

√
g + divr̂x(φα)− 2n

√
gφ,

particularly, ∆r̂x(
√

g) = divr̂x(α). Then

ψgij [F 2φ]yiyj

√
g − φgij [F 2ψ]yiyj

√
g

= ψ∆r̂x(
√

gφ)− φ∆r̂x(
√

gψ)− 〈ψdφ, α〉+ 〈φdψ, α〉
= (ψ

√
g)∆r̂xφ− φ∆r̂x(

√
gψ) + ψφ divr̂x(α) + 〈d(ψφ), α〉.

Integrate on SxM with the volume form
√

g

F n dη, then the classical Green’s formula
and divergence theorem give the result. ¤
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At the end of this section, we recall some special classes of Finsler metrics
[16]. A Finsler metric is locally Minkowskian if and only if both its hh-curvature
and hv-curvature vanish. A Berwald metric is a Finsler metric with vanishing
hv-curvature. If the (mean) Landsberg curvature vanishes identically, then the
metric is called a (weakly) Landsberg metric.

Finally, we remark that for Finsler metrics F on compact manifold M the
functional (0.2) is homogenous with respect to F , i.e. E(λF ) = E(F ) for any
positive number λ.

2. The Euler–Lagrange equation

Let M be an n-dimensional differentiable manifold with boundary ∂M (per-
haps empty). Let F be a Finsler metric on M , and F (t) be a variation of F with
F (0) = F and F (t)|∂(SM) = F (0)∂(SM). Define the variation function V by

∂

∂t

∣∣∣∣
t=0

ln F 2 = V. (2.1)

Then V |∂(SM) = 0, and V is a function on the projective sphere bundle SM . Since
we only consider variations with compact support, then ∇V |∂(SM) = 0 and the
divergence theorem will play its role without boundary value. A moment thought
shows V may be an arbitrary function on SM with compact support. In fact,
given any V (x, y) on SM , we can define a variation of F (0) as F (t) := F (0)etV/2

which are actually Finsler metrics for small t. For simplicity, we let all derivatives
with respect to t take their values at t = 0, and omit the symbol of restriction
t = 0 after ∂/∂t.

Then the variation of the fundamental form (1.1) is

∂

∂t
gik = vik, vik =

1
2
[F 2V ]yiyk , vk0 =

1
2F

[F 2V ]yk , v00 = V. (2.2)

All through this paper, the lower index ”0” means taking contraction with the
distinguished vector `, i.e., v0k = vik`i, v00 = v0k`k. By the above setting, one
can easily obtain from (1.13) and (1.3)

∂

∂t
dµSM =

1
2

(
gik[F 2V ]yiyk − nV

)
dµSM , (2.3)

∂

∂t
gil = −gipvpqg

ql := −vil, (2.4)
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∂

∂t
Cijk =

1
2F

vij;k, v0j;k = vi0;k = vij;0 = 0. (2.5)

On putting

Hi
kj :=

1
2
gil(vlj|k + vlk|j − vjk|l), (2.6)

a direct computation shows

2Hi
kj = −vil

(
δglj

δxk
+

δglk

δxj
− δgjk

δxl

)
+ gil

(
δvlj

δxk
+

δvlk

δxj
− δvjk

δxl

)
. (2.7)

By (1.5) and (2.7), the variation of the formal Christoffel symbols then is

2
∂

∂t
γp

kq = −vpl

(
∂glq

∂xk
+

∂glk

∂xq
− ∂gkq

∂xl

)
+ gpl

(
∂vlq

∂xk
+

∂vlk

∂xq
− ∂vkq

∂xl

)

= 2Hp
kq − 2vpl(N i

kClqi + N i
qClki −N i

l Ckqi)

+
1
F

gpl(N i
kvlq;i + N i

qvlk;i −N i
l vkq;i). (2.8)

Contracting (2.8) with y twice, we can get the variation of the spray coefficients

∂

∂t
Gp =

1
2
gpl(vlk|q + vlq|k − vkq|l)yqyk = F 2Hp

00. (2.9)

If we set T p
k := 1

F
∂
∂tN

p
k , we have from (1.8) and (2.9)

T p
k =

1
F

∂

∂t
Np

k = Hp
k0 −Ap

kqH
q
00. (2.10)

Noting that [
∂

∂t
,

δ

δxi

]
= −T k

i F
∂

∂yk
,

we firstly obtain from (1.8), (2.9) and (2.10)

yj

F 2

∂

∂t

(
δN i

j

δxi

)
=

yj

F 2

δ

δxi

(
∂N i

j

∂t

)
− yj

F
T k

i

∂N i
j

∂yk
=

δHi
00

δxi
, (2.11)

yj

F 2

∂

∂t

(
δN i

i

δxj

)
= `H(T i

i )−Hk
00(Γ

i
ik + Jk). (2.12)

Setting an 1-form
θ := gikHi

00dxk − T k
k ω,
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then from (2.11), (2.12) and Lemma 1.1–1.2 we have

∂

∂t
Ric = −V Ric+ divĝ θ + 2Hi

00Ji. (2.13)

Next, let’s calculate the last term in the rhs of (2.13)

2Hi
00Ji = 2vk0|0Jig

ki − V|kJig
ki.

One can get from (2.2)

2vk0|0Jig
ki = 2[vk0Jig

ki]|0 − 2vk0J̇ig
ki = 2[vk0Jig

ki]|0 − V;kJ̇ig
ki

= divĝ(2[vk0Jig
ki]ω − V J̇iδy

i) + V divĝ(J̇iδy
i). (2.14)

Note J̇i`
i = 0, hence the 1-forms in the divergences are actually living on SM .

Moreover, one can immediately have

−V|kJig
ki = −divĝ(V J) + V divĝ(J). (2.15)

Define 1-forms

ξ := gikHi
00dxk + [2vk0Jig

ki − T i
i ]ω − V J̇i

δyi

F
− V J, (2.16)

κ := Jidxi + J̇i
δyi

F
. (2.17)

It is easily to see from (2.13), (2.14) and (2.15)

∂

∂t
Ric = divĝ ξ − V Ric+V divĝ κ. (2.18)

Integrating (2.18) gives

d

dt

∫

SM

Ric =
∫

SM

(
∂ Ric
∂t

)
+

∫

SM

Ric
(

∂

∂t
dµSM

)

=
∫

SM

V (−Ric+ divĝ κ) +
1
2

∫

SM

Ric
(
gik[F 2V ]yiyk − nV

)

=
1
2

∫

SM

V
(
gik[F 2 Ric]yiyk − (n + 2) Ric+2 divĝ κ

)
, (2.19)

where we use ξ|∂(SM) = 0 in the second identity and Lemma 1.4 in the last one.
On the other hand, Lemma 1.4 also gives the volume’s variation as

d

dt
Vol(SM) =

∫

SM

1
2

(
gik[F 2V ]yiyk − nV

)
=

n

2

∫

SM

V. (2.20)
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By (2.19) and (2.20), we reach

d

dt
E(F ) =

1

2Vol1−2/n (SM)

∫

SM

V
(
F 2gik[Ric]yiyk+ (n− 2)(Ric−r)+ 2 divĝ κ

)
,

where
r =

1
Vol (SM)

∫

SM

Ric dµSM . (2.21)

Thus, according to the arbitrariness of V defined by (2.1), we have proved the
following

Theorem 2.1. The Euler–Lagrange equation of E(F ) defined by (0.2) is

F 2gik[Ric]yiyk + (n− 2)(Ric−r) + 2 divĝ κ = 0, (2.22)

where κ = Jidxi + J̇i
δyi

F and r is given in (2.21).

Remark. Expressing divĝ κ explicitly by Lemma 1.1, one can show easily that
(2.22) is equivalent to

Ric(x, y) =
2

n + 2

(
tracegR̃c + tracegJ − n− 2

2
r

)
, (2.23)

where

R̃c :=
1
2
[F 2 Ric]yiykdxi ⊗ dxk, J := (Ji|k + J̇i;k − JiJk)dxi ⊗ dxk. (2.24)

Note that if F is weakly Landsberg then J = 0 and the equation becomes sim-
pler. Fortunately, many weakly Landsberg metrics have been constructed in [13]
recently. One can see easily that any weakly Landsberg metric with constant
Ricci scalar must be E-critical.

On the other hand, by Lemma 1.3, the equation (2.22) can be expressed as

∆r̂x Ric +〈∇r̂x Ric,∇r̂xτ〉r̂x + (n− 2)(Ric−r) + 2 divĝ κ = 0, (2.25)

where r̂x is the induced Riemannian metric on the projective sphere fibre SxM for
each x ∈ M , ∆r̂x denotes the Laplacian with respect to r̂x, and τ is the distorsion
of F .

From these equations we can find that the critical metrics depend on both
Ricci scalar and the mean Landsberg curvature. Taking some attentions to (2.23),
one can find the Euler–Lagrange equation is invariant under the homothetic trans-
formation of F , i.e., λF is E-critical for any positive constant λ if F is E-critical.
This is an expected result according to the normalized definition of E(F ).
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3. Some special critical metrics

Proposition 3.1. A Riemannian metric F is E-critical if and only if it is

Riemann–Einstein.

Proof. If F is Riemannian, then τ = 1, I = 0 and hence κ = 0. By (2.25),
we get

∆r̂x
(Ric−r) = −(n− 2)(Ric−r). (3.1)

In Riemannian case, (SxM, r̂x) is a standard (n− 1)-sphere with the first eigen-
value (n− 1). So, (3.1) implies that Ric−r = 0 given n ≥ 3, while it is trivial for
n = 2. ¤

Proposition 3.1 means that Riemann–Einstein metrics remain critical in the
much bigger category, i.e. the category of Finsler geometry.

In general, by the Euler–Lagrange equation (2.22), even Finsler metrics with
constant flag curvature are not necessarily E-critical. Let F have constant flag
curvature K. By F ’s homogeneity of the equation (2.22), we may assume K =
1, 0,−1. According to Akbar-Zadeh’s rigidity theorem on closed manifolds, we
only focus on the positive case K = 1. In such a case,

J̇ = −KI = −I and κ = Jidxi − Ii
δyi

F
. (3.2)

Moreover, the equation (2.22) becomes

divĝ κ = 0. (3.3)

Recall the distorsion and S-curvature defined in (1.15), we get([16])

dτ = τ|idxi + Ii
δyi

F
(3.4)

and
Syi = τ|i + τ|k;i`

k = τ|i + τ;i|k`k + τ;jL
j
ki`

k = τ|i + Ji. (3.5)

Combining (3.2),(3.4) and (3.5), we drive directly

κ + dτ = (Ji + τ|i)dxi = Syidxi. (3.6)

From (3.3) and (3.6) we see that F is E-critical if and only if

∆ĝτ = divĝ(Syidxi). (3.7)

Definition 3.1 (cf. (5.6) in [11]). A Finsler metric F is said to have almost
isotropic S-curvature if S = λF +df(y), where λ and f are two functions defined
on M . Particularly, when λ is constant, we say F has almost constant S-curvature.
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Now if F has constant flag curvature K = 1 and almost constant S-curvature,
then by Lemma 1.2, we have

∆ĝτ = divĝ(λω + df) = ∆ĝf. (3.8)

Then Hopf’s maximum principal implies τ(x, y)−f(x) is constant if M is compact.
Thus, τ is independent of y and F is Riemannian.

On the other hand, we have the following

Lemma 3.1. If F has constant flag curvature and almost isotropic S-cur-

vature, then it has almost constant S-curvature.

Proof. It is a direct corollary of Theorem 1.1 in [10]. ¤

By Lemma 3.1 and (3.8), we have proved the following

Proposition 3.2. Let M be a compact closed manifold, and F be a Finsler

metric with positive constant flag curvature and almost isotropic S-curvature.

Then F is E-critical if and only if F is Riemannian.

Some rigidity theorems on S-curvature can be found in [14], [18]. Since
any Randers metric with constant flag curvature must have almost constant S-
curvature(see [19] or §11 of [16]), we have the following

Corollary 3.1. Any E-critical Randers metric with positive constant flag

curvature on a compact closed manifold must be Riemannian.

Similarly, one can see the following

Proposition 3.3. A Finsler metric with zero flag curvature is E-critical if

and only if its mean Landsberg tensor is divergence free.

The above results imply that it is not easy to look for examples of non-
Riemannian E-critical metrics. In the following, we give two examples of non-
Riemannian E-critical metrics.

Example 1. Berwald–Randers metrics.

A Randers metric

F (x, y) = α + β =
√

aij(x)yiyj + bi(x)yi

is a Berwald metric if and only if b = bidxi is parallel with respect to the back-
ground Riemannian metric a = aijdxi⊗dxj , and hence the norm of b with respect
to a is constant.
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For a Berwald metric we have κ = 0. Thus, (2.22) becomes

(n− 2)r = gik[F 2 Ric]yiyk − (n + 2)Ric . (3.9)

Denote the Ricci curvature tensor of a by Rca = Rikdxi ⊗ dxk, then by the
parallelism of b and §2.1.3 of [6], we have

Rca(b, y) = 0, Ric(x, y) = Rikyiyk/F 2. (3.10)

Substituting (3.10) and the expression of gik into (3.9), one can obtain

(n− 2)rF 3 = 2αF 2Ra + (2α‖b‖2 − (n + 2)α− nβ)Rikyiyk, (3.11)

where Ra is the scalar curvature of a.
Since α(−y) = α(y) and β(−y) = −β(y), the equation (3.11) is equivalent

to the system





(n− 2)r(α2 + 3β2) = 2(α2 + β2)Ra + (2‖b‖2 − n− 2)Rikyiyk,

(n− 2)r(3α2β + β3) = 4α2βRa − nβRikyiyk.
(3.12)

Setting y = b in (3.12), one will reach r = Ra = 0 by noting 0 < ‖b‖ < 1.
Then, using (3.12) again, we have Ric(x, y) = Rikyiyk/F 2 = 0. Therefore, we
have the following

Proposition 3.4. A non-Riemannian Berwald–Randers metric F = α + β

is E-critical if and only if α is Ricci-flat.

Example 2. Product manifolds.

Let (M, g) and (N, h) be two Riemannian manifolds, where

g = gi1j1y
i1yj1 , h = hi2j2y

i2yj2 .

Consider the product manifold L = M ×N . Let φ : [0,∞)× [0,∞) → [0,∞) be
a smooth function satisfying

(a) φ(λs, λt) = λφ(s, t), (λ > 0) and φ(s, t) = 0 ⇔ (s, t) = 0;

(b) φs > 0, φt > 0, φs + 2sφss > 0, φt + 2tφtt > 0;

(c) φsφt − 2φφst + 4st[φssφtt − φstφst] > 0.
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A typical example is φε,k = s+t+ε k
√

sk + tk where ε is a nonnegative real number
and k is a positive integer.

Now set
F (x, y) :=

√
φ(g(x1, y1), h(x2, y2)), (3.13)

where x = (x1, x2) ∈ L and y = y1 ⊕ y2 ∈ TxL. Then F is a Berwald metric (see
§5 and §14 in [16]) on L with

Ric(F ) =
g

F 2
Ric(g) +

h

F 2
Ric(h). (3.14)

If M and N be two Ricci-flat Riemannian manifolds, then F defined as above
is E-critical. As is well known, Calabi–Yau manifolds are Ricci-flat. So, we can
construct many non-Riemannian E-critical Finsler metrics.

Before the end of this section, let’s define a new quantity ρ(x)

ρ(x) :=

∫
SxM

Ric Ωdη∫
SxM

Ωdη
. (3.15)

For Riemannian metric it is just the scalar curvature R up to a constant. In fact,
by Lemma 1.4, one can easily drive ρ = 1

nR. So, we give the following

Definition 3.2. The function ρ defined by (3.15) is called the normalized Ricci
curvature of the Finsler metric F .

We now have the following

Proposition 3.5. For n ≥ 3, any weakly Landsberg E-critical metric must

has constant normalized Ricci curvature.

Proof. Since J = 0, then (2.22) becomes

gik[F 2 Ric]yiyk − 2n Ric+(n− 2)(Ric−r) = 0. (3.16)

Integrating on SxM with Ωdη, Lemma 1.4 gives the result. ¤

4. Critical metrics on surfaces

Now let M be a connected orientable surface. By Z. Szabó’s rigidity theorem
for surfaces, any Berwald surface is E-critical. A Finsler metric F is said to have
isotropic flag curvature if its flag curvature depends only on x. On surfaces, the
flag curvature is just the Ricci scalar. Then it is equivalent to saying to have
isotropic Ricci scalar. Theorem 7.2.4 in [11] implies
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Proposition 4.1. Any compact closed surface with nonpositive isotropic

flag curvature is E-critical.

Proof. In this case, the flag curvature K = K(x) ≤ 0, then Theorem 7.2.4
in [11] means F is weakly Landsberg (J = 0). Therefore, we can get the result
from Ric(x, y) = K(x), κ = 0 and (2.22). ¤

Now, we want to know under what conditions an E-critical metric is of
isotropic flag curvature or even Riemannian. It is well-known that there is the
Berwald frames on p∗TM where p is the canonical projection p : SM → M , and
hence on SM we have

e1 =
Fy2√

g

δ

δx1
− Fy1√

g

δ

δx2
, e2 = `1

δ

δx1
+ `2

δ

δx2
, e3 =

Fy2√
g

F
∂

∂y1
− Fy1√

g
F

∂

∂y2
,

where g = det(gik). The first two are horizontal, while the third is vertical. The
dual frames are denoted by ω1, ω2, ω3.

It can be easily found that the Cartan form has only one component

I = Iω1, (4.1)

where the left I is the Cartan form while the right one is called the Cartan scalar.
Since there is no confusion, we use the same latter I.

The Chern connection 1-forms are given by (see [4])

ω1

1 ω2
1

ω1
2 ω2

2


 =

(
−Iω3 −ω3

ω3 0

)
.

By using the connection 1-forms, one can have the mean Landsberg tensor

J = ∇e2(Iω1) = Jω1, (4.2)

where again we use the same latter, and the right J = I2 := e2(I) is called the
Landsberg scalar. There is an elegant formula for I, J and the flag curvature K,
which reads

K3 + KI + J2 = 0, (4.3)

where K3 := e3(K) and J2 := e2(J). So, using the connection 1-forms, we can
express the Euler–Lagrange equation in another way.

Proposition 4.2. A Finsler metric F on the surface M is E-critical if and

only if

K33 + IK3 + 2IJ2 + 2J23 + 2J1 = 2J2, (4.4)

where K33 := e3e3(K), etc.
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Corollary 4.1. Let F be an E-critical metric. If J is horizontal constant,

then F is a Landsberg metric with isotropic flag curvature.

Proof. Since J is horizontal constant, then J1 = J2 = 0, hence

K33 + IK3 = 2J2 ≥ 0. (4.5)

The maximum principal on SxM shows K3 = 0, then K = K(x) and J = 0. ¤

Remark. If M is closed, then ∇J = 0 ⇔ ∇horizJ = 0 ⇔ J = 0. In fact, since
divSM (J) = trace∇horizJ − ‖J‖2ĝ, the integration on SM gives the result.

Similarly, we have

Corollary 4.2. Let M be an oriented closed surface and F be an E-critical

metric. If J is vertical constant, then F is a Landsberg metric with isotropic flag

curvature.

Proof. Now write J = J(x). Let J(x1) = max J , J(x2) = min J . There-
fore, at xi (i = 1, 2), we have

K33(xi, y) + I(xi, y)K3(xi, y) = 2J2(xi) ≥ 0, (4.6)

and hence K3(xi, y) = 0, J(xi) = 0, and then J = 0, K3 = 0, K = K(x). ¤

By (4.3), Corollary 4.1 and Deicke’s theorem , we immediately have

Corollary 4.3. Let F be an E-critical metric with nonzero flag curvature.

If its Landsberg scalar is horizontal constant, then F must be Riemannian.

Definition 4.1 (see e.g. [16]). A Finsler metric F is said to have relatively
constant Landsberg curvature if the Landsberg curvature L satisfies L = λA where
λ is a constant and A denotes the Cartan tensor.

For surfaces, it reduces to J = λI.

Lemma 4.1 (see e.g. [10]). Let M2 be a surface, and F be a Finsler metric

with relatively constant Landsberg curvature, ie. J = λI for some constant λ.

Then the flag curvature has the form

K(x, y) = −λ2 + σ(x)e−τ(x,y) (4.7)

where σ(x) is a function on M , τ is the distorsion.

The theorem in [10] is more general, and we only consider the case of surfaces.
By this lemma, we have
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Proposition 4.3. Let F be an E-critical metric with constant relative Lands-

berg curvature λ 6= 0. If I1 = 0, then F is Riemannian.

Proof. By (5.3) and Lemma 5.1, we have

K3 = −λ2I −KI = −σe−τI,

K33 = λ2I2 + KI2 − λ2I3 −KI3 = σe−τI2 − σe−τI3.

Substituted into the Euler–Lagrange equation, it turns out

2I3λ
2 + 2I1λ− σe−τI3 = 0.

Note τ3 = I, then

2((Ieτ )3 − I2eτ )λ2 + 2eτI1λ− σI3 = 0.

Integrating on SxM , we obtain ∫

SxM

I2eτ = 0,

where we use
∫

SxM
I3 =

∫
SxM

(Ieτ )3 = 0, I1 = 0 and λ 6= 0. Now, I2eτ = 0
means F is Riemannian. ¤

Before finishing this section, we give two non-Riemannian examples with E-
critical metrics. However, the metrics given below may be not globally smooth,
ie. they have singular directions.

Example 3. Berwald–Rund surface.

The Berwald–Rund surface is a Finsler surface with I = 3/
√

2 and J = 0,
but is only y-local(see §10.3 of [4]). Since its Gaussian curvature is not smooth,
we change (5.4) into another form. By (5.3), (5.4) can be rewritten as −KI3 +
2IJ2 + J23 + 2J1 = 2J2. Then we see that the Berwald–Rund surface satisfies
this equation.

Example 4. Asanov metric.

In [3], G. S. Asanov defined FFPD
g -spaces which are certain almost reg-

ular Finsler manifolds. When the parameter g is not zero, the metric is non-
Riemannian with Cartan scalar I = |g|. Then for any nonzero number g, the
FFPD

g metric satisfies the equation −KI3 + 2IJ2 + J23 + 2J1 = 2J2. Under
this condition, its curvature doesn’t vanish, and hence the metric is not locally
Minkwski. The details can be found in §5 of [3].
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