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Subordination properties of subclasses of p-valent functions
involving certain operators

By M. K. AOUF (Mansoura), T. BULBOACA (Cluj-Napoca)
and A. O. MOSTAFA (Mansoura)

Abstract. Using of the methods of differential subordinations, we investigate in-
clusion relationships among certain classes of analytic and p-valent functions, which are
defined here by means of a recently defined operator.

1. Introduction

Let A(p) denote the class of functions of the form:

f2)=2"+> apr®™ (peN={1,2,...}), (1.1)
k=1

which are analytic and p-valent in the open unit disc U={z€ C: |z| < 1}. If f
and g are analytic functions in U, we say that f is subordinate to g, written
f(2) < g(z) if there exists a Schwarz function w, which (by definition) is analytic
in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)), z € U.
Furthermore, if the function g is univalent in U, then we have the following
equivalence:

f(z) < g(z) & f(0) =g(0) and f(U) C g(U).
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Motivated essentially by JUNG et al. [JuKiSr|, SHAMS et al. [ShKulJa] intro-
duced the operator I : A(p) — A(p) as follows:

i) If(z) = (Z;;((Ba /0 (10 ;)M fB)dt, z€ U, (a>0; peN)

and

(i) If(z)=f(2), z€U, (a=0; peN).

Note that the one-parameter family of integral operator I* = I was defined
by JUNG et al. [JuKiSr].
For f € A(p) given by (1.1), it was shown that (see [ShKuJa])

oo

+1 \° ,
I Z<kip+1) st (aZ 0 peN).  (12)

Using the definition (1.2), it is easy to verify the identity (see [ShKulJa])
215 f(2) = (p+ DT (2) — T f(2). (1.3)

Definition 1.1. For fixed parameters A and B, with —1 < B < A < 1 and
p > 1, we say that the function f € A(p) is in the class Sp(n; A, B) if it satisfies
the following subordination condition:

1 (Z(Ig‘f(z))' B > - 1+ Az
p—n Io f(2) 1+ Bz’

A function f analytic in U is called to be a convex function of order a, o < 1,

if £/(0) # 0 and

(1.4)

21"(2)
f'(z)
If @ = 0, then the function f is called to be convex.
It is easy to check that, if h(z) = ﬂ'gz, then A’(0) # 0 and Re[l + Z,?,(S)]
= Rel: 1+ > 0, z € U, whenever |B] <1 and A # B, hence h is convex in the
unit dlSC

If B # —1, from the fact that h(Z) = h(2), z € U, we deduce that the image
h(U) is symmetric With respect to the real axis, and that A maps the unit disc U
onto the disc |w — . If B = —1, the function h maps the unit disc
U onto the half plane Rew > =2, hence we obtain:

Re<1+ >>a, z e U.
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Remark 1.1. The function f € A(p) is in the class Sy (n; A, B) if and only if

1 (205 f(2) 1-AB| A-B
‘p_n< T 7 (2) ) -1 T z €U, for B# -1, (1.5)
and
1 2(I2f(2)) > 1-A
Re d — > , zeU, for B=-1. (1.6
= e )5 1o
Denoting by K(n; p) the class of functions f € A(p) that satisfy the inequal-
ity

ol (Z(I;*f(Z))’
p—n\ I9f(2)

where p < 1, from (1.5) and (1.6) it follows respectively that

— n) >p, zel, (1.7)

o o 1—-A
Sp (777A7B) CKp <7771_B) )

and

o o 1-A

Let us consider the first-order differential subordination

H(p(2),2¢'(2)) < h(2).

A univalent function ¢ is called its dominant, if ¢(z) < ¢(z) for all analytic
functions ¢ that satisfy this differential subordination. A dominant ¢ is called
the best dominant, if ¢(z) < ¢(z) for all dominants gq. For the general theory of
the first-order differential subordination and its applications, we refer the reader
to [Bu] and [MiMo].

The object of the present paper is to obtain several inclusion relationships
and other interesting properties of functions belonging to the subclass .S (n; A, B)
and K'(n; p) by using the method of differential subordination.

2. Preliminaries

To establish our main results, we shall require the following lemmas. The
first one deals with the Briot-Bouquet differential subordinations.
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Lemma 2.1 ([EeMiMoRe]). Let 3, € C, and let h be a convex function
with
Re[Bh(z) +7] >0, z € U.

If p is analytic in U, with p(0) = h(0), then

') . s
PE) + iy <) = ple) < ().

The class of starlike (and normalized) functions of order a in U, o < 1, is

2f'(2)
f(2)

In particular, the class S*(0) = S* is the class of starlike (normalized) func-
tions.

S*(a):{feA(l):Re >a,zEU}.

For complex numbers a, b and ¢, the Gauss hypergeometric function is defined
by

a-bz ala+1)-bb+1)22
Fi(abez) =14+ 222 z
2Fi(a,b,¢;2) PRI cle+1) 2!

:i (az’cc)(,l:)kjj’ a,beC, ccC\{0,-1,-2,...}, (2.1)

where (d)y = d(d+1)...(d+ k — 1) and (d)o = 1. The series (2.1) converges

absolutely for z € U, hence it represents an analytic function in U (see [WhWa,
Chapter 14]).

Lemma 2.2 ([MoRiSe]). Let 8 > 0, 8+ v > 0 and consider the integral
operator Jg , defined by

(N6 = |20 [ et g

where the powers are the principal ones.

Ifoe |- 3 1) then the order of starlikeness of the class Jg(5*(c)), i.e. the
largest number 6(o; 3,7) such that Jz ,(S*(o)) C S*(9), is given by the number
d(o; B,7) = inf{Req(z) : z € U}, where

B 1 ~ B L/q_, 25(1—0)6 B
Q(Z)_ﬁQ(Z)_B and Q(z)—/o (1—tz> P14t
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Moreover, if o € |00, 1), where oy = max{ﬂ?gl ; —%} and g = Jg (f) with

f e S*(o), then

zg'(2) ,
Re g(Z) > 6(0’,ﬁ7"}/), z e Ua

where 3
1 +
6 0;677 =5 -7 -
=5 LRE a0 -Gt T D

Lemma 2.3 ([ObOw]). Let ¢ be analytic in U with ¢(0) = 1 and ¢(z) # 0
for 0 < |z| < 1, and let A,B € C with A # B, |B| < 1.

(i) Let B # 0 and v € C\ {0} satisfy either ’@ —1| <1lor ’@ +
1| < 1. If ¢ satisfies

z2¢'(2) - 1+ Az
vo(z) 1+ Bz

1+

then
Y(A—B)

o(z2) < (1+Bz)" B,

and this is the best dominant.
(ii) Let B =0 and v € C\ {0} be such that |yA| < m, and if ¢ satisfies

2¢'(2) 1+ Az
v9(2) 14 Bz’

1+

then
¢(z) < e

and this is the best dominant.

3. Inclusion relationships for the classes S‘;(n; A, B) and K> (n3 p)

Unless otherwise mentioned, we assume throughout this paper that
—1<B<A<l,p>n,a>0andpeN.

Theorem 3.1. Let p—n > 0, and
(p=n)(1—=A)+ (1 +n)(1-B)=0. (3.1)
1. Supposing that 17 f(2) # 0 for all 2z € U ="U\ {0}, then

So~'(n; A, B) C S5 (n; A, B).
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2. Moreover, if we suppose in addition that

1-B 2 4+ 2 —
A<1+ min{ 2 p;n+1}, (3.2)
p—n 2

then
So~H(n; A, B) € Ky (n; p(A, B)),

where the bound
1 [ p+1
p—n L2F1(1,2(p —n)(A - B)/(1 - B),p+2;3)

p(A,B) = —m+n} (3.3)

is the best possible.

PRrROOF. Let f € S2~'(n; A, B), and put

_Z<I%f<z>)“", v 54

9(2) = o
where the power is the principal one. Since I f(z) # 0 for all z € U, the func-
tion ¢ is analytic in U, with g(0) = 0 and ¢’(0) = 1. Taking the logarithmic
differentiation in (3.4), we have

) _ 1 (A Y
¢@”‘g@>‘p—n( 7 (2) ”)’ €U (3.5)
then, using the identity (1.3) in (3.5), we obtain
I f(z)
(p+ UW =(p—m¢(z) + (1 +n). (3.6)

Logarithmical differentiating in both sides of (3.6), and multiplying by z, we
have
1 215 f(2)) 2¢' (2
p )=o)
p=n\ Iy f(2) (P—mo(z) +1+n

Combining (3.7) together with f € Sg’l(n; A, B), we obtain that the func-
tion ¢ satisfies the Briot—Bouquet differential subordination

(3.7)

2¢'(2) 1+ Az
p—né(z)+n+1 1+ Bz

¢(2) +

h(z).
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Now we will use Lemma 2.1 for the special case § = p —n and v =n+ 1.
Since h is a convex function in U, a simple computation shows that

Re[(p —n)h(z)+n+1] >0, zeU,

whenever (3.1) holds, then we have ¢(z) < h(z), ie. f € Sp(n; A, B). 1If, in
addition, we suppose that the inequality (3.2) holds, then all the assumptions of
Lemma 2.2 are verified for the above values of 3, and o = %. Then it follows
the inclusion S3~!(n; A, B) C K2 (n; p(A, B)), where the bound p(A, B) given by
(3.3) is the best possible. O

From the above Theorem, according to the definitions (1.4) and (1.7), we
deduce the next inclusions:

Corollary 3.1. Let p > n such that (3.1)) holds.
L. Suppose that 15 f(z) # 0 for all z € U, then

a— e - 1—A
Sy '(n;A,B) C Sy (n; A, B) C K, (773 1—B> )

2. If we suppose in addition that (3.2) holds, then
a—1/, . ol Q.
Sy (n; A, B) C Sy (n; A, B) C K (n; p(A, B)),

where p(A, B) is given by (3.3). As a consequence of the last inclusion, we have
p(A,B) > =%

1-B"
For the special case B = —1, Theorem 3.1 reduces to:
Corollary 3.2. Let p > n and a > —%.

1. Suppose that 15 f(z) # 0 for all z € U, then
a—1 . o .
K5~ (n;0) € K7 (n: a).
2. If we suppose in addition that

2+217—p._77+1}
2p0—mn) " p-nJ’

a>max{—

then
Ky~ (n;a) € Ky (n;p(a)),

where the bound

1

P

p+1
21 (1L,2(p—n) (1 —a),p+2; 5

p(a) ,

)_(77+1)

is the best possible.
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Theorem 3.2. If f € K3 (n; p), where p < 1 and p >, then f € K3~ (n; p)
for |z| < R(p, o, m; p), where

R(p,a,n;p) = min{r > 0:0(r) = 0} (3.8)

and
o(r) = 2r .
(L=r)p=m |1 =)= = o+ 2 1+

PROOF. Since f € K (n; p), the function u given by

1 (20 f(=) )

u(z) = -nl, 3.9)
=) p—n( I3 f(2) (

is analytic in U with «(0) = 1 and Reu(z) > p. Using the identity (1.3) in (3.9)

and taking the logarithmic differentiation in the resulting equation, we obtain

1 2(I571f(2)) N 2u'(2)
p—n( /) ”)‘ B D+ - mae)

(3.10)

If we denote k(z) = "(%;p, then k£(0) = 1 and Rek(z) > 0, z € U, and
substituting in (3.10) we obtain

1 (2(1;‘5‘1f(2))’ >
—n|-p

p—n\ L'f(2)

N (2)
“U {k( )" (p—n)(l—p)k(Z)+p(p—n)+n+1] ’
hence
(a0 )
Rep_ ; ( If,‘_lf(z) 77) P
> (1-p) |Rek(z) — 240 ] . (3.11)
(b= |(1= k(=) = |p+ 21|
By using the well-known results [McGr]
|2k ()] < - 3TT2Rek(z) and Rek(z) > 1;:7 lz| =r < 1,
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together with the inequality (3.11), we get

1 <Z(1§‘1f(2))'

Re
p=n\ L7'f(2)

- 77) —p=(1=p)[l=0(r)Rek(z), [z|=r. (3.12)

Since the right hand side term of the inequality (3.12) is nonnegative when-
ever |z| < R(p,,n;p), where R(p, a,n;p) is given by (3.8), using the fact that
the real part of an analytic function is harmonic, we deduce that f € Kg‘_l(n; )
for |z| < R(p, o, m; p). O

For a function f € A(p), let the integral operator Fs,, : A(p) — A(p) defined
by [ChSaSr]

=2PF1(L,d+p;0 +p+1;2) % f(2), z€U, (6§ >—p), (3.13)

"
44*

where the symbol represents the well-known Hadamard convolution product

of the power series.
From (1.2) and (3.13), we have

2 (I8F5,,(f(2))) = (6 + P)ISf(2) — 619Fs,(f(2)), 2 € U, (3.14)

and
LFsp(f(2) =Fop(I;f(2)), f€AD).

We now prove the next result:

Theorem 3.3. Let p>1n, p+ 9 >0 and
(1=B)(0+n)+1-A)p-n) =0. (3.15)
(i) Supposing that Fs,(f(z)) # 0 for all z € U, then
Fsp(Sy (m; A, B)) C Sy (n; A, B).

(ii) Moreover, if we suppose in addition that

1-B 0+ 2n— 1
A< 1+p_nmin{+n2p+;6+n}, (3.16)
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then
Fsp(Sy(n A, B)) C K (m;7(A, B)),
where the bound
1 d+p
P=1 |,k (17W’5+p+1;%

r(A,B) = ) -+, (3.17)

is the best possible.
Proor. Let f € S5(n; A, B), and suppose that Fs ,(f(2)) # 0 for all 2z € U.

Let
g(2) ==z <W> T ozew, (3.18)

zP
where the power is the principal one, then g is analytic in U, with ¢g(0) = 0 and
¢'(0) = 1. Differentiating (3.18) logarithmically with respect to z, we have

_2g(m) 1 [(2(BFs ()
P(z) = o) p=n ( [ Fsp (7)) n) , zeU. (3.19)
Now, by using the differential formula (3.14) in (3.19), we obtain
L=
(p+ 5)m = (p—=n)¢(2) + (0 +n). (3.20)

Differentiating logarithmically the relation (3.20) and multiplying by z, we
have

1 (z (18 f(2))’ 2¢'(2) (3.21)

p—=n\ Igf(2) p=mo(z) + (5 +n)

Since f € Sp'(n; A, B), from (3.21), we obtain that the function ¢ satisfies the
Briot—Bouquet differential subordination

29/ (2) 1+ Az

= h(z).

b-me) +0rm 1+B: ")

The function A is convex in U, and it is easy to check that

Re[(p—mh(z) + (0 +n)] >0, zeU,

¢(z) +

whenever (3.15) holds, then from Lemma 2.1, with § = p—n and v = § + 7,
we have ¢(z) < h(z), that is, that F5, € S;(n; A, B). If we suppose in addition
that the inequality (3.16) holds, then all the assumptions of the Lemma 2.2 are
satisfied for 3, and o = %, hence it follows the inclusion Fs ,(Sy (n; 4, B)) C
Ky (n;7(A, B)), and the bound r(A, B) given by (3.17) is the best possible. [
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Taking B = —1 in Theorem 3.3, we obtain the next Corollary:

Corollary 3.3. Let p>n,p+6 >0 and a > —gf—z.

(i) Supposing that Fs,, f(z) # 0 for all z € U, then
Fsp(Ky (n;0)) € Ky (n;a).

(ii) If we suppose in addition that

{5+277—p+1 6+n}
a > maxq — 5 — ,

2p-m) T p—n
then
Fsp(K, (n;a)) C K (n;7(a)),

where the bound

1
p—n

d+p
2P (L2(p—n)(1—a),6+p+1;3)

r(a) =

is the best possible.

—(6+n)

)

411

Theorem 3.4. Let « > 0, v € C\ {0} and let A,B € C with A # B and

|B| < 1. Suppose that

v(p+1)(A - B)
B

v(p+1)(A—DB)

-1/ <1
<1 o [

v| <

p+1’

If f € A(p) with I f(z) # 0 for all z € U, then

I f(2) 1+ Az
<
I f(2) 1+ Bz

(W)V < q1(2),

zP

implies

where
» 1+ Bz)l’(ZDH)(A*B)/B7 if B # 0,
q1(z) =
er(pth Az if B=0,

is the best dominant. (All the powers are the principal ones).

+1’§1, if B0,

if B=0.
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PROOF. Let us put

o(z) = (E?f(z))i 2 e, (3.22)

VA4

where the power is the principal one. Then ¢ is analytic in U, ¢(0) = 1 and
@(z) # 0 for all z € U. Taking the logarithmic derivatives in both sides of (3.22)
and using the identity (1.3) we have

2'(2)  I3TNf(2) 1+ Az

Yot 0e) T BiG) “1+Bs

Now the assertions of Theorem 3.4 follows by using Lemma 2.3 for the special
case vy =v(p+1). O

Putting B=—-1and A =1-2p, 0 < p < 1, in Theorem 3.4, we obtain the
following result:

Corollary 3.4. Assume that o > 0 and v € C\ {0} satisfies either
2vip+1)(1—p)—1]<1 or PRuip+1)(1-p)+1<1.
If f € A(p) with I3 f(2) # 0 for z € U, then

R 5 (2) > eU
67 b z b
ofz) 7

(Igf(z))y < QQ(Z) _ (1 o Z)f2u(p+1)(1fp)’

zP

implies

and ¢y is the best dominant. (The power is the principal one).

4. Properties involving the operator Ig‘
Theorem 4.1. If f € Sy(n; A, B), then, for all s,t € C with |s| <1, [¢| <1,

and s # t, the next subordination holds:

tPI f(2s)
sPIo f (1)

1+ B (p—m)(A-B)/B
- <+ ZS) , for B #0,

1+ Bzt
exp[(p —n)Az(s —t)], for B = 0.
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Proor. If f € Sp(n; A, B), from (1.4) it follows that

20 /(2)"  p+[pB+(A=B)p—n)=
I f(2) 1+ Bz

= k(z2). (4.2)

Moreover, the function k defined by (4.2) and the function h given by

h(z) = h(z; s,t) :/OZ (185u - 1ttu> du

are convex in U. By combining a general subordination theorem [RuShSm, The-

orem 4] with (4.2), we get

2 f(2)) (p—n)(A-B)z
For every analytic function ¢ in U with ¢(0) = 0, we have
d(z) x h(z) = @du, (4.4)

tz

and thus, from (4.3) and (4.4), we deduce

. G =) esommia-n [

This last subordination implies

oo ([ (S8 2)) <o (5 ).

and by simplification, we get the assertion of Theorem 4.1. (I

Corollary 4.1. If f € S;(n; A, B), then for [2| = r < 1, the next inequalities
hold:

Tp(l + Br)(P_7I)(A_B)/B7 for B 3& O’

8 £(2)] < (4.5)
rP exp|(p — n) Ar], for B =0,
X rP(1 — Br)e=mA=B)/B " for B -,
|Ipf(z)| > (4.6)
P exp[—(p — 1) Ar], for B=0,
and
(p—mA-B) .
1o -_ . S8In B r), fOI‘ B 0,
argLﬁz) < |B| (1517) 7 (4.7)
% (p —n)Ar, for B = 0.

All of the estimates asserted here are sharp.
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PROOF. Taking s =1 and ¢t = 0 in (4.1), and using the definition of subor-
dination, we obtain
19 f(2) (1 + Bw(z))P=mMA=B)/B " for B #£0,

et (4.8)
@ el — m)Aw(2), for B =0,

where w is analytic function in U with w(0) = 0 and |w(z)| < 1 for z € U.
According to the well-known Schwarz’s Theorem, we have |w(z)| < |z| for all
z e U.

(i) If B > 0, then we find from (4.8) that

/() (p—n)(A - B)
p —
| = exp { B log |1 + Bw(z)|
(p=m)(A=B) —n)(A—
:|1—|—Bw(z)| BA B S(l—I—BT‘)(p %A B).
(ii) If B < 0, we can easily obtain
IS f(= (p=m)(A=B) (p=m)(A=B) o)A
pfp()‘ — 1+ Buw(x)| T <[A+Bn)7] P = (1+Brn)
z

This proves the inequality (4.5) for B # 0. Similarly, we can prove the other
inequalities in (4.5) and (4.6). Now, for |z| = r and B # 0, we observe from (4.8)
that
I f(2)

zP

_(p=n(A-B)
= ] larg(1 + Bw(z))| <

(p—n)(A— B)

-
sin” " (|B]| r),
Bl

arg

and, for B =0, (4.7) is a direct consequence of (4.8).
It is easy to see that all of the estimates in Corollary 4.1 are sharp, being
attained by the function fy defined by

2P(1+ Bz)p=mA=B)/B " for B £ 0,
I fo(z) = (4.9)
2Pexp[(p —n)Az], for B =0.

(]

Corollary 4.2. If f € Sy (n; A, B), then, for all |z| = r < 1, the next
inequalities hold:

|G f ()|
(p*n)l(BA*B) 1

P Y p+mB+(p—-nAlr}(1+Br)" 5 ' for B#0, (4.10)
7~ p + (p — ) Ar] exp((p — n) Ar), for B =0,
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|5 f(2))]
P~ {p—[mB+ (p—n)AJr} (1 - Br)w_l, for B # 0, (4.11)
P~ [p— (p — n)Ar]exp(—(p — n) Ar), for B=0,
and
v (181
(L f(2)) - (p—n)(A-B)r -
S e [p —B+(p- n)A]BTQ] ) forB#0, (412
(p— n)Ar +sin™* [A(pp—n)r} , for B =0.

All of the estimates asserted here are sharp.

PROOF. If we let

_ AL
9(2)—7Igf(z) , z€U, (4.13)

then g is analytic in U with ¢(0) = p, and

Pt [PB+(A-B)(p—n)lz

9(2) 1+ Bz

It is known from [Ao] that the function g satisfies the following sharp in-
equalities:

p—[MmB+(p—n)Alr p+ B+ (p—n)Alr

< < - '
& <lg(2)| < T Br ;o lel=r<1, (414)
p—[MmB+(p—nA]Br*| _(A-B)(p—n)r
- < — .
9(2) T 522 < per o Bl=r<l (415)
and

(A-B)(p—mn)r ] ’

< i _1 = . .
larg g(z)| < sin [p By R |z] =r<1. (4.16)

Using (4.14), (4.15) and (4.16), in conjunction with the estimates given by
Corollary 4.2, in (4.13), we deduce the estimates (4.10), (4.11) and (4.12) of
Corollary 4.2. All of the estimates are sharp for the function fy defined by (4.9).

O



416 M. K. Aouf et al. : Subordination properties of subclasses of p-valent. ..

References

[Ao] M. K. AouF, On a subclass of p-valent starlike functions of order «, Internat. J. Math.
Math. Sci. 10(4) (1987), 733-744.

[Bu] T. BULBOACA, Differential Subordinations and Superordinations, Recent Results, House
of Scientific Book Publ., Cluj-Napoca, 2005.

[ChSaSr| J. H. CHOI, M. SAIGO and H. M. SRIVASTAVA, Some inclusion properties of a certain
family of integral operators, J. Math. Anal. Appl. 276 (2002), 432-445.

[EeMiMoRe] P. J. EENIGENBURG, S. S. MILLER, P. T. MocANU and M. O. READE, On a
Briot-Bouquet differential subordination, General Inequalities 3, Vol. 64, International
Series of Numerical Mathematics, Birkhduser Verlag, Basel, 1983, 339—-348.

[JuKiSr] I. B. Jung, Y. C. Kim and H. M. SrivasTava, The Hardy space of analytic functions
associated with certain one parameter families of integeral operators, J. Math. Anal.
Appl. 176 (1993), 138-147.

[McGr] T. H. MACGREGOR, Radius of univalence of certain analytic functions, Proc. Amer.
Math. Soc. 14 (1963), 514-520.

[MiMo] S.S. MILLER and P. T. MocaNu, Differential Subordinations, Theory and Applications,
Marcel Dekker Inc., New York, Basel, 2000.

[MoRiSe] P. T. Mocanu, D. RiPEANU and I. SERB, The order of starlikeness of certain integral
operators, Mathematica (Cluj) 23(46)(2) (1981), 225-230.

[ShKuJa] S. Suams, S. R. KULKARNI and J. M. JAHANGIRI, Subordination properties of p-valent
functions defined by integral operators, Internat. J. Math. Math. Sci. (2006), 1-3, Article
ID 94572.

[ObOw] M. OBRADOVIC and S. OWA, On certain properties for some classes of starlike functions,
J. Math. Anal. Appl. 145 (1990), 357-364.

[RuShSm] S. RUSCHEWEYH and T. SHEIL-SMALL, Hadamard products of schlicht functions of
the Polya-Schoenberg conjecture, Comment. Math. Helv. 48 (1973), 119-135.

[WhWa] E. T. WHITTAKER and G. N. WATSON, A Course of Modern Analysis: An Introduction
to the General Theory of Infinite Processes and of Analytic Functions; With an Account
of the Principal Transcendental Functions, Fourth Edition, Cambridge University Press,
Cambridge, 1927.

MOHAMED KAMAL AOUF TEODOR BULBOACA

DEPARTMENT OF MATHEMATICS FACULTY OF MATHEMATICS AND
FACULTY OF SCIENCE COMPUTER SCIENCE

MANSOURA UNIVERSITY BABES-BOLYAI UNIVERSITY
MANSOURA 35516 400084 CLUJ-NAPOCA

EGYPT ROMANIAA

E-mail: mkaouf127@yahoo.com E-mazil: bulboaca@math.ubbcluj.ro

A. O. MOSTAFA

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE
MANSOURA UNIVERSITY
MANSOURA 35516

EGYPT

E-mail: adelaeg@yahoo.com

(Received May 5, 2008)



