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A note on the diagonal mapping in spaces of analytic
functions in the unit polydisc

By MIROLJUB JEVTIĆ (Belgrade), MIROSLAV PAVLOVIĆ (Belgrade)
and ROMI F. SHAMOYAN (Bryansk)

Abstract. We define two spaces Kp,q,α,β and Mp,α of analytic functions in the unit

polydisc Un of Cn, closely related to the mixed norm and the Bergman spaces on Un,

and for any holomorphic function F in Kp,q,α,β or in Mp,α we consider its restriction to

the diagonal, i.e., the function in the unit disc U of C defined by DF (z) = F (z, . . . , z),

and prove that the diagonal mapping D maps Kp,q,α,β onto the mixed-norm space

H
p,q,β+ q

p
(|α|+2n−1)

(U) and the space Mp,α onto the Bergman space Ap,|α|+2n−1(U).

Introduction

Let Un be the unit polydisc in Cn and Tn be its Shilov boundary (see [R])
(U1 = U and T 1 = T ). Denote by dmn the normalized volume measure in Un,
and by dσn the normalized surface measure on Tn.

For any Lebesgue measurable function f in Un, we define

Mp(r, f) =
( ∫

T n

|f(rξ)|pdσn(ξ)
)1/p

,

where 0 < p < ∞ and rξ = (r1ξ1, . . . , rnξn).
If 0 < p < ∞, 0 < q < ∞, and α = (α1, . . . , αn), αj > −1, j = 1, . . . , n, let

‖f‖q
p,q,α =

∫

In

( n∏

j=1

(1− r2
j )αj Mp(r, f)q

)
dr,
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where In= [0, 1)n and dr = dr1 . . . drn. The mixed norm space Hp,q,α =Hp,q,α(Un)
is then defined to be the space of functions f holomorphic in Un, (f ∈ H(Un))
such that ‖f‖p,q,α < ∞.

First we give a new characterization of the mixed norm spaces Hp,q,α(U).

Theorem 1. Let 0 < p, q < ∞ and −1 < β, γ < ∞. A function f ∈ H(U)
belongs to Hp,q,β+q/p(γ+1)(U) if and only if

∫ 1

0

( ∫

|z|<r

|f(z)|p(1− |z|)γdm1(z)
)q/p

(1− r)βdr < ∞.

Motivated by this characterization we define the spaces Kp,q,α,β(Un) as fol-
lows.

The space Kp,q,α,β = Kp,q,α,β(Un) consists of all f ∈ H(Un) such that

‖f‖q
p,q,α,β =

∫ 1

0

( ∫

|z1|<r

. . .

∫

|zn|<r

|f(z)|p
n∏

j=1

(1−|zj |2)αj dmn(z)
)q/p

(1−r)βdr <∞,

where, 0 < p, q < ∞, −1 < β < ∞ and α = (α1, . . . , αn), αj > −1, j = 1, . . . , n.
We note that the spaces Kp,q,α,β(U) were studied by [AJ] and [J].
To each F ∈ H(Un), we associate a function DF , defined on the unit disc U

of C, by
DF (z) = F (z, . . . , z), z ∈ U.

The problem of description of diagonal of subspaces of H(Un) was studied
by many authors (see [DS], [MR], [HO], [RS], [Sh1], [Sh2], [S].)

Now we are ready to state the main result of this paper.

Theorem 2. Let 0 < p, q < ∞, −1 < β < ∞, α = (α1, . . . , αn), αj > −1,

j = 1, . . . , n. Then

DKp,q,α,β(Un) = Hp,q,β+q/p(|α|+2n−1)(U),

where |α| = α1 + · · ·+ αn.

Note that in [RS] it was shown that

DHp,q,α(Un) = Hp,q,|α|+(q/p+1)(n−1)(U).

A special case of mixed norm spaces Hp,q,α(Un) are the Bergman spaces
Ap,α(Un), 0 < p < ∞ and α = (α1, . . . , αn), αj > −1, j = 1, . . . , n,

Ap,α = Ap,α(Un) = Hp,p,α(Un).
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J. Shapiro [S] and F. Shamoyan [Sh2] proved that

DAp,α(Un) = Ap,|α|+2n−2(U).

For example, if α′ = (α1, . . . , αj−1, αj + 1, αj+1, . . . , αn), then

DAp,α′(Un) = Ap,|α|+2n−1(U).

In this paper we define the space Mp,α(Un), 0 < p < ∞, α = (α1, . . . , αn),
αj > −1, j = 1, . . . , n, that contains Ap,α

′
(Un), for α

′
= (α1, . . . , αj−1, αj + 1,

αj+1, . . . , αn) and show that DMp,α(Un) = Ap,|α|+2n−1(U).
Let 0 < p < ∞ and α = (α1, . . . , αn), αj > −1, j = 1, . . . , n. Define

Mp,α = Mp,α(Un) as the space of all f ∈ H(Un) such that

‖f‖p
p,α =

∫

T

∫

Γt(ξ)

. . .

∫

Γt(ξ)

|f(z)|p
n∏

k=1

(1− |zk|2)αkdmn(z)dσ1(ξ) < ∞,

where Γt(ξ) = {z ∈ U : |z − ξ| < t(1− |z|)}, t > 1, ξ ∈ T is the Stolz angle with
vertex ξ.

Theorem 3. Let 0 < p < ∞, α = (α1, . . . , αn), αj > −1, j = 1, . . . , n.

Then

DMp,α(Un) = Ap,|α|+2n−1(U),

where |α| = α1 + · · ·+ αn.

1. Preliminaries

In this Section we gather several partially well-known lemmas that will be
used in the proofs of our results.

Lemma 1. Let b > a > 0, c > 0 and let g : [0, 1] → [0,∞) be measurable.

Assume either 0 < k < 1 and g is increasing or 1 ≤ k < ∞. Then

∫ 1

0

(1− r)ka−1

( ∫ 1

0

g(ρ)(1− ρ)c−1dρ

(1− rρ)b

)k

dr ≤ C

∫ 1

0

(1− r)k(a+c−b)−1gk(r)dr.

See [RS, Proposition 3.1]. See also [AJ] and [M].
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Lemma 2. Let 0 < p < ∞ and β > 0. Let (an) be a sequence of nonnegative

real numbers such that
∑∞

n=1 2−nβap
n < ∞. Then there is a constant C > 0,

depending only on p and β, such that

∞∑
n=1

2−nβap
n ≤ C

(
ap
0 +

∞∑
n=1

2−nβ |an − an−1|p
)

.

See [MP, Lemma HL].

Lemma 3. Let 0 < p < 1, β > −1 and βp+2p > 1. If f ∈ Hp,p,βp+2p−2(U),
then f ∈ H1,1,β(U). Moreover, there is a constant C > 0, depending only on p

and β, such that

‖f‖1,1,β ≤ C‖f‖p,p,βp+2p−2.

Proof. By using the standard estimate

M1(r2, f) ≤ C(1− r)1−(1/p)Mp(r, f),

(see [D]), we find that

∫

U

|f(z)|(1− |z|)βdm1(z) ≤ C

∫ 1

0

Mp(r, f)(1− r)β−(1/p)+1dr.

Let rn = 1− 2−n, n = 0, 1, 2, . . . . Then we have

‖f‖p
1,1,β ≤ C

( ∞∑
n=1

∫ rn

rn−1

Mp(r, f)(1− r)β−(1/p)+1dr

)p

≤ C

∞∑
n=1

2−np(β−(1/p)+2)Mp
p (rn, f)

≤ C

∞∑
n=0

∫ rn+1

rn

Mp
p (r, f)(1− r)p(β−(1/p)+2)−1dr

≤ C

∫

U

|f(z)|p(1− |z|)βp+2p−2dm1(z). ¤

An integration in polar coordinates shows that the following is true.

Lemma 4. Let β > −1 and γ−β > 2. Then there is a constant C, depending

only on β and γ, such that

∫

|z|<r

(1− |z|)β

|1− w̄z|γ dm1(z) ≤ C

(1− r|w|)γ−β−2
, |w| < 1, 0 < r ≤ 1.



A note on the diagonal mapping in spaces of analytic functions. . . 49

Lemma 5. Let β > −1, γ > β + 2 and t > 1. Then

∫

Γt(ξ)

(1− |z|)β

|1− z̄w|γ dm1(z) ≤ C

|1− ξw̄|γ−β−2
, ξ ∈ T, |w| < 1,

where C is a constant depending only on β, γ and t.

Lemma 6. Let β > 1. Then

∫

T

dσ1(ξ)
|1− ξz|β ≤ C

(1− |z|)β−1
, |z| < 1.

See [D].

2. On characterization of the mixed norm spaces
in the unit polydisc U

In this section we prove Theorem 1.

Proof of Theorem 1. First, assume that ‖f‖p,q,β+q/p(γ+1) < ∞. For 0 <

t < 1 define ft(z) = f(tz), z ∈ U . Let rn = 1− 2−n, n = 0, 1, . . . . Then

∫ 1

0

(1− r)β

( ∫

|z|<r

|ft(z)|p(1− |z|)γdm1(z)
)q/p

dr

=
∞∑

n=1

∫ rn

rn−1

(1− r)β

( ∫

|z|<r

|ft(z)|p(1− |z|)γdm1(z)
)q/p

dr≤C

∞∑
n=1

2−n(β+1)Aq/p
n ,

where
An =

∫

|z|<rn

|ft(z)|p(1− |z|)γdm1(z).

Now by using Lemma 2 we find that

∫ 1

0

(1− r)β

( ∫

|z|<r

|ft(z)|p(1− |z|)γdm1(z)
)q/p

dr

≤ C

∞∑
n=1

2−n(β+1)

( ∫

rn−1≤|z|<rn

|ft(z)|p(1− |z|)γdm1(z)
)q/p

≤ C

∞∑
n=1

2−n(β+1)Mp(rn, ft)q2−n(γ+1)q/p
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≤ C

∞∑
n=1

∫ rn+1

rn

Mp(r, ft)q(1− r)β+q/p(γ+1)dr

≤ C

∫ 1

0

(1− r)β+q/p(γ+1)Mp(r, ft)qdr.

Letting t → 1, we get
∫ 1

0

(1− r)β

( ∫

|z|<r

|f(z)|p(1− |z|)γdm1(z)
)q/p

dr ≤ C‖f‖q
p,q,β+q/p(γ+1).

Conversely,

‖f‖q
p,q,β+q/p(γ+1) =

∫ 1

0

(1− r)β+q/p(γ+1)Mp(r, f)qdr

=
∞∑

n=1

∫ rn

rn−1

(1− r)β+q/p(γ+1)Mp(r, f)qdr

≤ C

∞∑
n=1

2−n(β+q/p(γ+1)+1)Mp(rn, f)q

≤ C

∞∑
n=1

( ∫

rn<|z|<rn+1

|f(z)|p(1− |z|)γdm1(z)
)q/p

2−n(β+1)

≤ C

∞∑
n=1

( ∫

rn<|z|<rn+1

|f(z)|p(1− |z|)γdm1(z)
)q/p ∫ rn+2

rn+1

(1− r)βdr

≤ C

∞∑
n=1

∫ rn+2

rn+1

(1− r)β

( ∫

|z|<r

|f(z)|p(1− |z|)γdm1(z)
)q/p

dr

≤ C

∫ 1

0

(1− r)β

( ∫

|z|<r

|f(z)|p(1− |z|)γdm1(z)
)q/p

dr.

3. On the diagonal of Kp,q,α,β(Un)

In this section we prove Theorem 2.

Proof of Theorem 2. For k = 0, 1, . . . , let

Uk = {Uk,j : j = 0, 1, . . . , 2k+1 − 1},
where

Uk,j =
{

z ∈ U : 1− 1
2k
≤ |z| < 1− 1

2k+1
,

2πj

2k+1
≤ arg z <

2π(j + 1)
2k+1

}
,
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and let
Vk = {Vk,j : j = 0, 1, . . . , 2k+1 − 1},

where

Vk,j =
{

z ∈ U : 1− 1
2k−1

≤ |z| < 1− 1
2k+2

,
2π(j − 1/2)

2k+1
≤ arg z <

2π(j + 3/2)
2k+1

}
.

To prove Theorem 2, we will use the dyadic decomposition of the polydisc
(see [DjS]):

Uk,l1,...,ln = Uk,l1 × · · · × Uk,ln ,

where k = 0, 1, . . . and Uk,lj ∈ Uk, j = 1, . . . , n.
Now, let rm = 1− 1

2m , m = 0, 1, . . . . Then by using Theorem 1 we find that

‖Df‖q
p,q,β+q/p(|α|+2n−1)

≤ C

∫ 1

0

(1− r)β

( ∫

|z|<r

|Df(z)|p(1− |z|2)|α|+2n−2dm1(z)
)q/p

dr

= C

∞∑
m=0

∫ rm+1

rm

(1− r)β

(∫

|z|<r

|Df(z)|p(1− |z|2)|α|+2n−2dm1(z)
)q/p

dr

≤ C

∞∑
m=0

2−m(β+1)

(∫

|z|<rm+1

|Df(z)|p(1− |z|2)|α|+2n−2dm1(z)
)q/p

≤ C

∞∑
m=0

2−m(β+1)

(∑

k≤m

∑

l1,...,ln

(
max

z∈Uk,l1,...,ln

|f(z)|p
)
2−k(|α|+2n−2)2−2k

)q/p

.

(1)

From the n-subharmonicity of |f(z)|p, 0 < p < ∞, it follows that

max
z∈Uk,l1,...,ln

|f(z)|p ≤ C22kn

∫

Vk,l1,...,ln

|f(w1, . . . , wn)|pdmn(w). (2)

See [DjS].
The family of enlarged sets Vk,j , k = 0, 1, . . . , j = 0, 1, . . . , 2k+1 − 1, is a

finite covering of Un. Thus,

∑

k≤m

∑

l1,...,ln

∫

Vk,l1,...,ln

|f(w1, . . . , wn)|p
n∏

j=1

(1− |wj |2)αj dmn(w)

≤ C

∫

|w1|<rm+2

· · ·
∫

|wn|<rm+2

|f(w1, . . . , wn)|p
n∏

j=1

(1− |wj |)αj dmn(w). (3)
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Combining (1), (2) and (3) we find that

‖Df‖q
β+q/p(α|+2n−1)

≤ C

∞∑
m=0

2−m(β+1)

∫

|w1|<rm+2

· · ·
∫

|wn|<rm+2

|f(w1, . . . , wn)|p

×
n∏

j=1

(1− |wj |2)αj dmn(w)

≤ C

∞∑
m=0

∫ rm+3

rm+2

(1− r)β

(∫

|w1|<r

· · ·
∫

|wn|<r

|f(w1, . . . , wn|p

×
n∏

j=1

(1− |wj |2)αj dmn(w)
)q/p

dr

≤ C

∫ 1

0

(1− r)β

(∫

|w1|<r

· · ·
∫

|wn|<r

|f(w)|p
n∏

j=1

(1− |wj |2)αj dmn(w)
)q/p

dr.

It remains to show that

D : Kp,q,α,β(Un) → Hp,q,β+q/p(|α|+2n−1)(U)
is onto.

Let f ∈ Hp,q,β+q/p(|α|+2n−1)(U). Define a function F on Un by

F (z1, · · · , zn) = s

∫

U

f(w)(1− |w|2)s−1

∏n
j=1(1− zjw̄)(s+1)/n

dm1(w),

where s is a positive real number. Then F is holomorphic in Un and it is easy to
see that

DF (z) = F (z, · · · , z) = f(z), z ∈ U.

Let 0 < p ≤ 1. We may assume that p(s + 1) − n max1≤j≤n αj − 2n >

(β + 1)p/q. Then using Lemma 3 and Lemma 4 we find that

‖F‖q
p,q,α,β =

∫ 1

0

( ∫

|z1|<r

· · ·
∫

|zn|<r

|F (z)|p
n∏

j=1

(1− |zj |2)αj dmn(z)
)q/p

(1− r)βdr

≤ C

∫ 1

0

( ∫

|z1|<r

· · ·
∫

|zn|<r

( ∫

U

|f(w)|p(1− |w|)p(s−1)+2p−2dm1(w)∏n
j=1 |1− zjw̄|(s+1)p/n

)

×
n∏

j=1

(1− |zj |)αj dmn(z)
)q/p

(1− r)βdr
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≤ C

∫ 1

0

( ∫ 1

0

Mp
p (ρ, f)

(1− ρ)p(s−1)+2p−2

(1− rρ)p(s+1)−|α|−2n
dρ

)q/p

(1− r)βdr.

An application of Lemma 1 gives

‖F‖q
p,q,α,β ≤ C

∫ 1

0

(1− r)β+q/p(|α|+2n−1)Mp(r, f)qdr

= C‖f‖q
p,q,β+q/p(|α|+2n−1).

Thus, F ∈ Kp,q,α,β(Un) and DF = f .
Assume now that 1 < p < ∞ and (s + 1) > n max1≤k≤n(αk + 2). Let γ1

and γ2 be positive real numbers such that γ1 + γ2 = (s + 1)/n, and

s + 1
pn

− min1≤k≤n αk + 1
p

< γ1 <
s + 1
pn

.

Let q denote the conjugate of p, i.e. 1/p + 1/q = 1. Then we have

‖F‖q
p,q,α,β ≤ C

∫ 1

0

( ∫

|z1|<r

· · ·
∫

|zn|<r

( ∫

U

|f(w)|(1− |w|2)s−1dm1(w)∏n
j=1 |1− zjw̄|(s+1)/n

)p

×
n∏

j=1

(1− |zj |2)αj dmn(z)
)q/p

(1− r)βdr.

(4)

By using Hölder’s inequality we find that
( ∫

U

|f(w)|(1− |w|2)s−1dm1(w)∏n
j=1 |1− zjw̄|(s+1)/n

)p

≤
∫

U

|f(w)|p(1− |w|2)s−1dm1(w)∏n
j=1 |1− zjw̄|γ1p

×
( ∫

U

(1− |w|2)s−1dm1(w)∏n
j=1 |1− zjw̄|γ2q

)p/q

.

(5)

Using the Hölder’s inequality and Lemma 4 we see that

( ∫

U

(1− |w|2)s−1dm1(w)∏n
j=1 |1− zjw̄|γ2q

)p/q

≤
n∏

j=1

( ∫

U

(1− |w|2)s−1dm1(w)
|1− zjw̄|nγ2q

)p/(qn)

≤
n∏

j=1

1
(1− |zj |)(s+1)/n−pγ1

.

(6)

Thus, from (4), (5) and (6) it follows that

‖F‖q
p,q,α,β ≤ C

∫ 1

0

( ∫

|z1|<r

· · ·
∫

|zn|<r

∫

U

|f(w)|p(1− |w|2)s−1dm1(w)∏n
j=1 |1− zjw̄|γ1p
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×
n∏

j=1

(1− |zj |2)αj−(s+1)/n+γ1pdmn(z)
)q/p

(1− r)βdr

≤ C

∫ 1

0

( ∫

U

|f(w)|p(1− |w|2)s−1

×
( n∏

j=1

∫

|zj |<r

(1− |zj |)αj−(s+1)/n + γ1pdm1(zj)
|1− zjw̄|γ1p

)
dm1(w)

)q/p

(1−r)βdr.

Now by using Lemma 4 and Lemma 1 we get

‖F‖q
p,q,α,β ≤ C

∫ 1

0

( ∫

U

|f(w)|p(1− |w|2)s−1dm1(w)
(1− r|w|)s+1−|α|−2n

)q/p

(1− r)βdr

≤ C

∫ 1

0

Mp(r, f)q(1− r)β+q/p(|α|+2n−1)dr

= C‖f‖q
p,q,β+q/p(|α|+2n−1).

This finishes the proof of Theorem 2.

4. On the diagonal of Mp,α(Un)

Proof of Theorem 3. Let f ∈ Hp,α(Un). To show that

‖f‖p
p,α ≥ C

∫

U

|Df(z)|p(1− |z|2)|α|+2n−1dm1(z) (7)

we will use the following inequality
∫

U

|Df(z)|p(1− |z|2)|α|+2n−1dm1(z)

=
∑

k,j

∫

Uk,j

|Df(z)|p(1− |z|2)|α|+2n−1dm1(z)

≤ C
∑

k,j

2−k(|α|+2n)

∫ 2π(j+1)/2k+1

2πj/2k+1
sup

1−2−k≤ρ<1−2−(k+1)
|f(ρeiθ, . . . , ρeiθ)|pdθ

≤ C
∑

k

2−k(|α|+2n)

∫ 2π

0

sup
1−2−k≤ρ<1−2−(k+1)

|f(ρeiθ, . . . , ρeiθ)|pdθ

≤ C
∑

k1,...,kn

∫ 1−2−(k1+2)

1−2−(k1+1)
(1− ρ2

1)
α1+1dρ1 · · ·

∫ 1−2−(kn+2)

1−2−(kn+1)
(1− ρ2

n)αn+1dρn
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×
∫ 2π

0

|f(ρ1e
iθ, · · · , ρneiθ)|pdθ

≤ C

∫

T

(∫ 1

0

· · ·
∫ 1

0

|f(ρ1ξ, . . . , ρnξ)|p
n∏

j=1

(1− ρ2
j )

αj+1dρ1 · · · , dρn

)
dσ1(ξ). (8)

If u is a function defined on U , and 0 < α, p < ∞, than as a special case of
the following known asymptotic relation (see [C])

∫

U

|g(z)|pdµ(z) ∼=
∫

T

( ∫

Γt(ξ)

|g(z)|p
1− |z|dµ(z)

)
dσ1(ξ),

where dµ is a positive Borel measure on U , we have

∫ 1

0

|u(reiθ)|p(1− r)αdr ≤ C

∫

Γt(eiθ)

|u(z)|p(1− |z|2)α−1dm1(z).

Using this inequality, by each variable, we get the following

∫ 1

0

· · ·
∫ 1

0

|f(ρ1e
iθ, . . . , ρneiθ)|p

n∏

j=1

(1− ρ2
j )

αj+1dρ1 · · · dρn

≤ C

∫

Γt(eiθ)

· · ·
∫

Γt(eiθ)

|f(z)|p
n∏

j=1

(1− |zj |2)αj dmn(z).

Integrating bothe sides by T and using (8) we get (7). The argument given here
is taken from [LS].

The inequality (7) shows that the diagonal mapping D maps Mp,α(Un) into
Ap,|α|+2n−1(U). That D is onto follows from the following two facts:

Ap,α
′
(Un) ⊂ Mp,α(Un) and DAp,α

′
(Un) = Ap,|α|+2n−1(U),

where α = (α1, · · · , αn) and α
′
= (α1, · · · , αj−1, αj + 1, αj+1, · · · , αn).

For a reader convenience, we show that an extension operator, the right
inverse of the diagonal operator, is bounded from Ap,|α|+2n−1(U) into Mp,α and
consequently D : Mp,α(Un) → Ap,|α|+2n−1(U) is onto.

Let f ∈ Ap,|α|+2n−1(U). Define a function F on Un by

F (z1, . . . , zn) = s

∫

U

f(w)(1− |w|2)s−1

∏n
j=1(1− zjw̄)(s+1)/n

dm1(w),
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where s is a positive real number. Obviously, DF = f , by the known Bergman
representation formulas.

First, assume that 0 <p≤ 1. We may assume that p(s+1) >n max1≤j≤n αj +
2n + 1. By using Lemma 3, Lemma 5 and Lemma 6 we obtain

‖F‖p
p,α ≤ C

∫

T

( ∫

Γt(ξ)

· · ·
∫

Γt(ξ)

∫

U

|f(w)|p(1− |w|2)p(s−1)+2p−2dm1(w)∏n
j=1 |1− zjw̄|(s+1)p/n

×
n∏

j=1

(1− |zj |2)αj dm1(zj)
)

dσ1(ξ)

≤ C

∫

T

( ∫

U

|f(w)|p(1− |w|2)p(s−1)+2p−2

×
n∏

j=1

∫

Γt(ξ)

(1− |zj |2)αj dm1(zj)
|1− zjw̄|(s+1)p/n

)
dm1(w)

)
dσ1(ξ)

≤ C

∫

T

( ∫

U

|f(w)|p(1− |w|2)p(s−1)+2p−2

|1− ξw̄|p(s+1)−|α|−2n
dm1(w)

)
dσ1(ξ)

≤ C

∫

U

|f(w)|p(1− |w|2)|α|+2n−1dm1(w).

Case 1 < p < ∞. We may assume that s > nmax1≤j≤n αj + 2n.
Let q be the conjugate of p and let γ1 and γ2 be positive numbers such that

γ1 + γ2 = (s + 1)/n. and

s + 1
pn

− αj + 1
p

< γ1 <
s + 1
pn

, for j = 1, · · · , n.

By using Hölder’s inequality we find that

‖F‖p
p,α ≤ C

∫

T

( ∫

Γt(ξ)

· · ·
∫

Γt(ξ)

( ∫

U

|f(w)|p(1− |w|2)s−1

∏n
j=1 |1− zjw̄|γ1p

dm1(w)

×
( ∫

U

(1− |w|2)s−1dm1(w)∏n
j=1 |1− zjw̄|γ2q

)p/q) n∏

j=1

(1− |zj |2)αj dm1(zj)
)

dσ1(ξ). (9)

An application of Hölders inequality and Lemma 4 gives

( ∫

U

(1− |w|2)s−1dm1(w)∏n
j=1 |1− zjw̄|γ2q

)p/q

≤
n∏

j=1

( ∫

U

(1− |w|2)s−1dm1(w)
|1− zjw̄|nγ2q

)p/(qn)

≤ C

n∏

j=1

(1− |zj |)γ1p−(s+1)/n. (10)
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By using (9), (10) and Lemma 6 we see that

‖F‖p
p,α ≤ C

∫

T

( ∫

Γt(ξ)

· · ·
∫

Γt(ξ)

∫

U

|f(w)|p(1− |w|2)s−1dm1(w)∏n
j=1 |1− zjw̄|γ1p

×
n∏

j=1

(1− |zj |2)αj+γ1p−(s+1)/ndm1(zj)
)

dσ1(ξ)

= C

∫

T

( ∫

U

|f(w)|p(1− |w|2)s−1dm1(w)

×
n∏

j=1

∫

Γt(ξ)

(1− |zj |2)αj+γ1p−(s+1)/n

|1− zjw̄|γ1p
dm1(zj)

)
dσ1(ξ)

≤ C

∫

T

( ∫

U

|f(w)|p(1− |w|2)s−1

|1− ξw̄|s+1−|α|−2n
dm1(w)

)
dσ1(ξ)

= C

∫

U

|f(w)|p(1− |w|2)s−1

( ∫

T

dσ1(ξ)
|1− ξw̄|s+1−|α|−2n

)
dm1(w)

≤ C

∫

U

|f(w)|p(1− |w|2)|α|+2n−1dm1(w).
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