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On finite p-groups with cyclic characteristic series
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Dedicated to Professor Z. Daróczy on the occasion of his 70th birthday

Abstract. Let G be a finite p-group having a characteristic cyclic series (c.c.s.)

and let Φ be its Frattini subgroup. It is shown that the automorphism group of G is

either a p-group or is the semidirect product of a normal p-Sylow subgroup of G by an

elementary abelian group of exponent p− 1 and of order (p− 1)r, where 1 ≤ r ≤ s and

s = |G/Φ|. It is also shown that G has a c.c.s. containing Φ.

1. Introduction

The group G is said to have a characteristic cyclic series (c.c.s.) if there is a
chain of characteristic subgroups

G = Lk ⊆ Lk−1 ⊆ · · · ⊆ L0 = {1}, (1)

such that each Li+1/Li is cyclic. We consider finite p-groups, having cyclic char-
acteristic series. If G is a finite p-group and it has a c.c.s. (1) then it has a
characteristic composition series

G = N0 ⊆ N1 ⊆ N2 ⊆ · · · ⊆ Nn = {1} (2)

with |Ni−1/Ni| = p (i = 1, 2, . . . , n).
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Some particular classes of p-groups clearly have c.c.s.:

(a) cyclic p-groups,

(b) the p-groups whose normal subgroups are characteristic,

(c) the p-groups of maximal class.

In these cases the characteristic series (2) is the refinement of the only central
series of the group (see [3] and [4]).

As it is known the Sylow subgroup Ppm of the symmetric group Spm (p
is an arbitrary prime) is a m-fold wreath product of cyclic groups of order p.
Weir in [11] described the characteristic subgroups of Ppm . This group has
cyclic characteristic series which are refinements of the unique central series. In
the case m > 2 it is not of maximal class and it has normal subgroups which
are not characteristic. The group Ppm is generated by m elements and for odd
p the automorphism group of Ppm is a semidirect product of a p-group by an
elementary abelian group of exponent p− 1 and of order (p− 1)m (see [8]).

Let G be a finite p-group and A(G) be the group of those automorphisms
which fix every normal subgroup of G. In [3] it is shown that either A(G) is a
p-group or it is the semidirect product of a normal p-group by Cp−1, where Cp−1

denotes the cyclic group of order p− 1.
Durbin and McDonald [4] proved that Aut(G), the automorphism group

of G, is supersolvable if G has a c.c.s. For finite p-groups G they showed that
Aut(G) has a normal Sylow p-subgroup P with a p′-complement B and the ex-
ponent of Aut(G) divides pt(p− 1) for some t ≥ 0.

Baartmans and Woeppel [1] proved that if G is a p-group of maximal
class of order pn, where n ≥ 4 and p is odd, then Aut(G) has a normal Sylow p-
subgroup P and P has a p′-complement B, so that Aut(G) is a semidirect product
of P with B. Furthermore, B is isomorphic to a subgroup of Cp−1 × Cp−1.

In [1] the authors remarked that the above theorem holds for any finite p-
group G with a characteristic cyclic series. Our Theorem 1 gives the precise
formulation of that remark.

Further results on automorphism groups of finite p-groups can be found in
the survey paper [7].

2. Results

Theorem 1. Let G be a finite p-group having a c.c.s. and Φ be the Frattini

subgroup of G. Then the automorphism group Aut(G) of G is either a p-group

(for p = 2 this always holds) or it is the semidirect product of the normal p-Sylow
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subgroup P by an elementary abelian group B of exponent p − 1 and of order

(p− 1)r, where 1 ≤ r ≤ s and s = |G/Φ|.
Proof of Theorem 1. If an automorphism acts trivially on each factor

Ni−1/Ni, (1 ≤ i ≤ n) of the series (2) then we say that it stabilizes that series.
Denote by P the group of automorphism which stabilizes the series (2) and

by B the the restriction of the p′-automorphisms of G to G/Φ.
We will prove that for a finite p-group having c.c.s. there is a splitting exact

sequence:
1 7→ P 7→ Aut(G) 7→ B 7→ 1.

To complete the proof we need the following well known statements.

Lemma 1 ([10] and [6] p. 179). Let G be finite p-group. If P is a subgroup

of Aut(G) which stabilizes a normal series of G of length r then P is p-group of

class r − 1.

Lemma 2 (Burnside (see [6] p. 174)). Let α be an automorphism of the

p-group G whose order is not divisible by p. If α induces an identity on G/Φ(G)
then α is the identity on G.

Each ϕ ∈ Aut(G) induces an automorphism on every factorgroup of the
series (2). Let ϕj (j = 1, 2, . . . n) be the restriction of ϕ to the factorgroup
Nj−1/Nj . Obviously Aut(Nj−1/Nj) is either identity or Cp−1.

It is clear that σ : ϕ 7→ (ϕ1, ϕ2, . . . , ϕn) is a homomorphism of Aut(G) into
the group

Aut(N0/N1)× · · · ×Aut(Nn−1/Nn).

Since the kernel P of σ stabilizes the series (2) by Lemma 1 P is the normal
p-Sylow group of Aut(G).

By the theorem of Schur ([6] p. 221) there exist a normal complement B of
P in Aut(G) such that Aut(G)/P ' B and Aut(G) = PB, where p - |B|. B is a
subgroup of σ(Aut(G)) therefore it is a subgroup of Cp−1 × · · · × Cp−1.
Let ρ̄ be a restriction of the map ρ : Aut(G) → Aut(G/Φ) to B ⊂ Aut(G).
By Lemma 2 the kernel of ρ̄ is identity, thus ρ̄ is an isomorphism from B into
Aut(G/Φ), and as a consequence Aut(G) is a semidirect product of P with B.

Let s = |G/Φ|. Considering G/Φ as an s-dimensional vector space over the
field Zp, the p′ group B may be represented faithfully on the B-module G/Φ. By
Maschke’s Theorem ([9] p. 467) the B-module G/Φ can be written as a direct
sum of irreducible B-modules. These irreducible B-modules have dimension 1,
thus the elements of B act on direct components of G/Φ as a “diagonal map”, i.e.
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they act on the cyclic direct components of G/Φ either trivially or it is a power
map of order p − 1. Thus, the group B of exponent p − 1 and of order (p − 1)r,
where 0 ≤ r ≤ s. ¤

Remark. Since the kernel of the homomorphism ρ fixes the cosets of G by Φ,
the subgroup Ker(ρ) defines a partition on set of minimal generators of G and
each class contains Ker(ρ) elements. Thus, |P | = |Ker(ρ)| divides |Φ|s.

If the normal subgroups of a p-group G are characteristic, then the elements
of Aut(G) induce power automorphisms on G/Φ. Since G/Φ is abelian these
induced automorphisms are universal power automorphisms on G/Φ (see [2]).
Therefore the group B is either trivial or it is a cyclic group of order p − 1. So
we have

Corollary 1. Let G be a finite p-group having a cyclic characteristic series

of subgroups. If each automorphism induces a power automorphism on G/Φ, then

the automorphism group of G is either a p-group, or it is a semidirect product of

a normal p-group with an abelian group of order p− 1.

Theorem 2. If a finite p-group G has a cyclic characteristic series then it

has a cyclic characteristic series containing Φ.

Proof. Let
G = N0 ⊇ N1 ⊇ N2 ⊇ · · · ⊇ Nn = {1}

be the characteristic series of G with |Ni−1/Ni| = p. Let Ni/Ni+1 = 〈xiNi+1〉.
Each element of g ∈ G may be written as a product of n factors, i.e.

g =
n∏

i=1

xhi
i , where 0 ≤ hi ≤ p− 1.

Let I = {i | (Φ ∩Ni)Ni+1 ⊂ Ni}. It is easy to see that

|(Φ ∩Ni) : (Φ ∩Ni+1)| =
{

1 if i ∈ I

p if i /∈ I.

The set T = {hi | hi = 0 whenever i /∈ I}, is identical to the set of coset repre-
sentatives of G/Φ, therefore |T | = |G/Φ| = s = |I| and |G/Φ| = ps.

Considering the series

Φ = N0 ∩ Φ ⊇ N1 ∩ Φ ⊇ N2 ∩ Φ ⊇ · · · ⊇ Nn ∩ Φ = 1 (3)
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we get the c.c.s. of G restricted to Φ. Ignoring those terms Ni ∩ Φ, where i /∈ I

we have an increasing characteristic series in G.
With the notation Xi = {xm

i | 0 ≤ m < p} we have

T ∩Ni = Xi(T ∩Ni+1) whenever i ∈ I.

Since for ij ∈ I we have T ∩ Nij
⊃ T ∩ Nij+1 , we obtain that Xij

= {xm
ij
|

0 ≤ m < p} ⊆ T ∩Nij and

T ∩Nij
= Xij

(T ∩Nij+1).

Clearly for 1 ≤ ij ≤ n and ij ∈ I we have

0 < i1 < i2 < . . . is−1 < is < n

and xij ∈ T ∩Nij while xij /∈ T ∩Nij+1 .
Since G/Φ is a faithful B-module, the image of α ∈ B at the map

ρ̄ : B 7→ Aut(G/Φ)

is ρ̄(α) = A, where A is a diagonal matrix




αi1 0 0 0
0 αi1 0 0
...

...
. . .

...
0 0 0 αis



∈ GL(s, Zp).

Consequently, there exist a characteristic series

G = 〈xi1 , xi2 , . . . xis , Φ〉 ⊃ 〈xi2 , xi3 , . . . xis ,Φ〉 ⊃ · · · ⊃ 〈xis ,Φ〉 ⊃ Φ. ¤

3. Examples

We give examples for p-groups having c.c.s. which are not in the above classes
(a), (b), (c).

1. Metacyclic p-group with cyclic maximal subgroup.

Let
G = 〈a, b | apn

= 1, bp = 1, ba = apn−1+1〉.



192 Piroska Lakatos

Then G is a finite p-group of order pn+1 which is finite extension over a cyclic
maximal subgroup of order pn.

We have Φ = [G,G] = 〈ap〉 and

G ⊃ 〈b, ap〉 ⊃ 〈ap〉 ⊃ 〈ap2〉 ⊃ . . . 〈apn−1〉 ⊃ 〈1〉

is a cyclic characteristic series. The subgroup 〈a〉 is normal but not characteristic
subgroup in G. With some calculation it is easy to see that the elements ϕ ∈
Aut(G) are

ϕ :

{
a 7→ aibj where i ∈ U(Zpn), j ∈ Zp

b 7→ akb where k ∈ Zpn/Zpn−1

.

The p′-automorphisms on G/Φ are of the form

β :

{
aΦ 7→ aiΦ where 1 ≤ i < p

bΦ 7→ bΦ
.

The order of Aut(G) is pn+1(p− 1). This group is the semidirect product of
a p-group by Cp−1.

If G is in the above classes (a), (b) and (c) then it has unique central series.
Next we give an example for a group with cyclic characteristic series and with
not trivial p′-automorphism having different upper and lower central series.

2. Cp o Cpm .

Let G be a standard wreath product of a cyclic group Cp = 〈a〉 of order p (p is
prime) with a cyclic group Cpm = 〈b〉 of order pm (m ≥ 1), i.e. G = Cp oCpm . The
group G is generated by 2 elements and its order is ppm+m and it is a semidirect
product of K = 〈a1〉 × 〈a2〉 · · · × 〈apm〉 by Cpm . Here K is an elementary abelian
group of exponent p and of rank pm. Denote by

G = Γ0 ⊃ Γ1 ⊃ · · · ⊃ Γc = {1}

the lower central series of G. Here Γ1 = [G, G] = [K, B] and the nilpotency index
of G is pm.

Let α1 = a1 and for j = 2, 3, . . . , pm let αj = [b, αj−1]. Then K =
〈α1, α2, . . . , αm〉 and Γk(G) = 〈αk+1, αk+2, . . . , αpm〉, where k = 1, 2, . . . pm − 1
and c = pm. By some calculation for the upper central series

G = Zpm ⊃ Zpm−1 ⊃ · · · ⊃ Z1 ⊃ Z0 = {1}
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we have
Zpm−pk+l = 〈bpk

, αpk+l+1, αpk+l+2, . . . , αpm〉 = 〈ppk

,Γpk+l(G)〉,
for 0 < k ≤ m, 1 ≤ l ≤ pk − pk−1.

The group G has a series of characteristic subgroups with factor group of order
p, for example

G ⊃ 〈bp, K〉 ⊃ 〈bp2
,K〉 ⊃ . . . K ⊃ Γ1 ⊃ Γ2 ⊃ Γpm .

It is known (see [8]) that Aut(G) contains subgroups isomorphic to Aut(A) and
Aut(B), thus in this case |Aut(G)| = pt(p− 1)2 for some t > 1.

Question. In all mentioned cases (a)–(c) and Examples 1. and 2. the c.c.s.
are refinements of the lower central series. Is it always so?
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