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A degeneracy theorem for meromorphic mappings with few
hyperplanes and low truncation level of multiplicities

By TRAN VAN TAN (Hanoi)

Abstract. The purpose of this article is to give a theorem of the linear degen-
eration for meromorphic mappings of C™ into CP"™ with (2n + 2) hyperplanes and
multiplicities are truncated by (n + 1).

1. Introduction

In 1926, R. NEVANLINNA [10] showed that for two nonconstant meromorphic
functions f and g on the complex plane C, if they have the same inverse images
for five distinct values, then f = ¢, and that g is a special type of a linear
fractional transformation of f if they have the same inverse images, counted with
multiplicities, for four distinct values. In 1975, H. FUuJIMOTO [5] generalized
Nevalinna’s result to the case of meromorphic mappings of C into CP™. He
showed that for two linearly nondegenerate meromorphic mappings f and g of
C into CP™, if they have the same inverse images, counted with multiplicities
for (3n + 2) hyperplanes in CP™ in general position, then f = g, and there
exists a projective linear transformation L of CP™ to itself such that ¢ = L - f
if they have the same inverse images counted with multiplicities for (3n + 1)
hyperplanes in CP™ in general position. Since that time, this problem has been
studied intensively by H. Fujimoro, W. StoLL, L. SMILEY, S. Ji, Z. TU,
G. DETHLOFF, T. V. TaN, D. D. THAI, S. D. QUANG and others.
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Let f be a linearly nondegenerate meromorphic mapping of C™ into CP™
with reduced representation (fq : ---: f,). For each hyperplane H : aqwo + - -+ +
anw, = 0in CP™ we put (f,H) = agfo + - + anfn and denote by v(f,m) the
map of C™ into Ny such that v g)(a) (a € C™ ) is the intersection multiplicity
of the image of f and H at f(a).

Take ¢ hyperplanes Hy, ..., H, in CP" in general position, a linearly nonde-
generate meromorphic mapping f of C into CP™ such that

dim (f_l(Hi) ﬂf_l(Hj)) <m-—2, foralll <i<j<gq.

Let p be a positive integer. We consider the family F({H;}7_,, f,p) of all linearly
nondegenerate meromorphic mappings g : C™ — CP" satisfying the conditions:
(a) min {V(g’Hj),p} = min {u(f’Hj),p} for all j € {1,...,q},
(b) g=fon Ui, f~1(H;).
The uniqueness problem of meromorphic mappings of C” into CP"™ means that
we want to find conditions for ¢ (the number of hyperplanes) and p (the value
at which multiplicities are truncated) such that the set F({H, }9—1, [, p) contains
only one mapping (Uniqueness Theorem) or, more generally, we want to study the
cardinality of the set F ({H j }?zl, f,p) and find the relations among the mappings
of this set.

In 1983, L. SMILEY [11] gave the following uniqueness theorem.

Theorem 1.1. If ¢ > 3n+ 2 and p =1, then g = f for any
g S f({Hj}g:pf?p)
In 1988, S. Jr1 [9] showed that

Theorem 1.2. Assume that ¢ = 3n+ 1 and p = 1. Then for three maps
91,92, 93 € F({H;}]_, f,p), the map g1 x g2 x g3 : C™ — CP" x CP" x CP"
is algebraically degenerate, namely, {(g1(2), 92(2), g3(2)), z € C™} is included in
a proper algebraic subset of CP™ x CP™ x CP™.

In 2006, G. DETHLOFF and T. V. TAN [4] showed that the above result of
S. JI remains valid if ¢ > [5("7;1)], where we denote [z] := max{k € Z : k < z}
for a constant x.

For the case of fewer hyperplanes, in [3], [6]-[8], [13] the authors obtained
some other degeneracy theorems. We would like to emphasize here that in all
of them either multiplicities are not truncated or multiplicities are truncated by
a big positive integer. This point plays an essential role in their proofs. We
formulate the result of H. FusimoTo [7] in 1998 with the best truncation level

available at present.
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Theorem 1.3. Suppose that ¢ > 2n +2,p = @ + n and take arbitrary
n+2 mappings f, ..., f*** in F({H;}_,, f,p). Then, there aren+1 hyperplanes
Hj,,...,H;, among H}s such that for each pair (i,k) with 0 < i < k < n, we

have that

( Juf) ( ]nfo) (ijfQ) _ (H 0) ( Jmfn+1) (H
f

Jio f _ i fO)
( kaf) ( ]k?f)’(H 2) (H fO)""’( Jk?fn+) (ijvfo)
are linearly dependent.

In this paper we will prove the following degeneracy theorem for the case where
multiplicities are truncated by a smaller number, namely (n + 1).

Theorem 1.4. Suppose that ¢ > 2n + 2 and p = n + 1, then for each
mapping g in F({H; };1:1, f.p), there exist a constant « € C and a pair (i, j) with
1 <1< j <q, such that

(Hi, f) :a(Hiag)
(Hj’f) B (vag).

Remark. a) As a corollary of Theorem 1.4, we get that the mapping f X
g : C™ — CP™ x CP" is linearly degenerate (with the algebraic structure in
CP™ x CP™ given by the Segre embedding into (CP”2+2").

b) By the Second Main Theorem and since g = f on U?Zl F7Y(Hj), it is easy
to see that in Theorem 1.4 if n > 2 then o« = 1. But this dose not hold if n = 1,
in fact, consider two holomorphic mappings f = (e* : 1), g = (1 : €*) of C into
CP! and four points a; = (1:0), a2 =(0:1), a3 =(1:1),aq = (1: —1).

The idea of our proof is completely different from Fujimoto’s. The proof of
Fujimoto is based on using the Cartan auxiliary function. Our proof consists two
main ideas: First of all, we use the Second Main Theorem for estimating the
counting function of the set A := U?"2{z : V(sm,)(2) # 1ot v my(2) # n},
after that, we use Borel’s method. We would like to note that so far the versions
of Borel’s lemma are only for nowhere vanishing holomorphic functions (classical
version) and for meromorphic functions with very small zero and pole sets (the
version in [3] which is best available at present). When studying uniqueness
problem, so far, Borel’s method was only used for the case where multiplicities
are not truncated or truncated by a big constant. This comes from the fact that
if multiplicities are not truncated, we get immediately that the function %
is holomorphic nowhere vanishing and if multiplicities are truncated by a big
number, we estimate easily that the counting function of the set of all zero and

pole points of the meromorphic function Ef . Hj§ is small. Our new idea in this

paper is to use Borel’s method for the case where multiplicities are truncated by
a small number.
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2. Preliminaries
We set ||z]| = (|21 + - + |zm|2)l/2 for z = (z1,..., 2m) € C™ and define
B(r)y:={zeC™:|z|| <r}, Skr):={zeC™:|z|=r}forall0<r < occ.

Define d°:= Y=1(0 - 9), v:=(dd°|z|*)™ " and o :=d°log | z|?A
(dd°log ||=]|*)™*.

Let F be a nonzero holomorphic function on C™. For each a € C™, expanding
F as F =) P;(z — a) with homogeneous polynomials P; of degree i around a,
we define

vp(a) ;== min{i : P; #Z 0}.

Let ¢ be a nonzero meromorphic function on C™. We define the divisor v, as
follows: For each z € C™, we choose nonzero holomorphic functions F' and G on
a neighborhood U of z such that ¢ = £ on U and dim (F~1(0)nG~1(0)) < m—2
and then we put v, (2) := vr(z).

Let v be a divisor in C™ and k, M be positive integers or +oo. Set |v| :=

{z:v(2) # 0} and
MylEl(z) =0 ifv(z) > M and SMulFl(z) = min{v(2),k} ifv(z) <M
MyEl(z) =0 ifv(z) <M and “MulFl(z) = min{v(2),k} if v(z) > M.
The counting function is defined by

r <M t
<M ik (7‘, l/) = ‘/1 tzmn—(1)dt

and S M
>M N () ;:/ t2mn7(f) dt (1<r<+o0)
1

where

SMap(t) = / SMyIEL g for m > 2, <Mp vIFl(
lvINB(r)

(2) form =1

) for m = 1.

=2 ="
|z|<t
>Mp(t) .= / MYy for m > 2, >M Z
VINB(r) =

For a nonzero meromorphic function ¢ on C™, we set

SMNLk] (r) ;= SMNF () v,) and >MN([Pk] (r) = >MNW ().
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For brevity we will omit the character [ (respectively M) in the counting func-
tion and in the divisor if k = +o0o (respectively M = +00).
We have the following Jensen’s formula:

Nor) = Ny () = [ doglelo— [ loglelon
S(r) 5(1)

©

Let f : C™ — CP™ be a meromorphic mapping. For an arbitrary fixed
homogeneous coordinate system (wq : - - : wy,) in CP™, we take a reduced repre-
sentation f = (fo:---: fn), which means that each f; is a holomorphic function
on C™ and f(z) = (fo(2) : - -+ : fu(2)) outside the analytic set {fo = -+ = f, = 0}
of codimension > 2. Set || f|| = (| fol?+--+|/fnl )1/2. The characteristic function

Ty(r) of f is defined by

() = /S( )log||f||a—/s( g, 1<r < too
r 1

For a meromorphic function ¢ on C™, the characteristic function T,(r) of ¢ is
defined by considering ¢ as a meromorphic mapping of C™ into CP*.
The proximity function m(r, ) is defined by

m(r, ) = /S o el

where log™ z = max { log x, 0} for z > 0.
We state the First and Second Main Theorems in Value Distribution Theory:
First Main Theorem.

1) For a nonzero meromorphic function ¢, on C™ we have

To(r) = N1(r) +m(r,¢) + O(1).

1
2) Let f be a meromorphic mapping of C™ into CP™, and H be a hyperplane
in CP™ such that (f,H) # 0. Then

Nig,my(r) < Ty(r)+0(1) forallr > 1.

Second Main Theorem. Let f be a linearly nondegenerate meromorphic
mapping of C™ into CP™ and Hy,...,H, (¢ > n+ 1) hyperplanes in CP™ in
general position. Then

(q—n—DTr) < DN, [j;]H) ) + o(Ty(r))

Jj=1

for all r except for a subset E of (1,+00) of finite Lebesgue measure.
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3. Proof of Theorem 1.4

In order to prove Theorem 1.4 we need the following lemma.

Let G be a torsion free abelian group and A = (z1,...,z4) be a g-tuple of
elements z; in G. Let 1 < s < r < q. We say that A has the property P, if
any r elements zp,,..., 2, in A satisfy the condition that for any subset I C

{p1,...,pr} with #I = s, there exists a subset J C {p1,...,p.}, J # L, #J = s
such that [[,.; z: = [[Jj € Jz;.

Lemma 3.1. If A has the property P, ,, then there exists a subset
{i1, ... ig—rqo} of {1,...,q} such that x;, =---=mz;,_ .

PRrROOF. We refer to [6], Lemma 2.6. O

We now begin to prove Theorem 1.4.
We introduce an equivalence relation on A := {1,...,q} as follows: i ~ j if and
only if
(f,H;) (f Hj)
det

If
e

(9, Hi) (9, Hj)

Set {A1,...,As} = A/ ~. Since f # g and {H;}J_, are in general position,
we have that .4, < n for all k € {1,...,s}. Without loss of generality, we may
assume that A := {ig_1+1,...,ix} (kK €{1,...,s}) where0 =iy < --- < is =gq.
We define the map o : {1,...,¢q} — {1,...,q} by

i+n ifi+n<g,
o(i) =

i+n—q ifi+n>q.

It is easy to see that o is bijective and |o(¢) —i| > n (note that ¢ > 2n 4+ 2). This
implies that ¢ and o(7) belong two distinct sets among Aj. s. This implies that

(fa H’L) (fa Ha(i))
det Z 0.

(gsz) (g7HU(i))
Let ip be an arbitrary fixed index, ig € {1,...,q}. Set

(f, Hio) . (g’Hio)

0.
G o) @ o) ”

0=
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Let 2z¢ be an arbitrary zero point of (f, H;,) (if there exist any), then we have that
zo is also a zero point of ¢ with multiplicity > min{v(; m, )(20),n + 1} (outside

an analytic set of codimension > 2).

For any j € {1,...,q}\{io,0(i0)}, since f = g on f~'(H;) we have that a zero
point of (f, H;) is also a zero point of ¢ (outside an analytic set of codimension

> 9).

On the other hand dim (f~'(H;) N f~1(H;)) < m—2forall 1 <i < j <gq.

Hence, we have

n+1 1
No(r) = NGab o+ 30 Ny (o).
Jj=1,j#i0,0(io)

By the First Main Theorem we have

(f7 H?,o) )
m\r, =T yuny ()= Nauun,,,(r)+0(1
( (f7 Ho(lo)) (f(,;f<?0))) ( ) (f(:HiOO;) ( ) ( )

<Ty(r) = N

Hence, we have

m(r,¢) <m (r, m> +m (r, m> +0(1)

)(T) + O(].)

a(ig)

Similarly,

IA

TQ(T) - N(gvHo(io))(T) + O(1).

ST(r) +Tg(r) = Negor, i) (1) = Nig,t, 0 (1) + O(1).

Set v = max{”(fﬂa(io))’ V(Q,Ha(m))}‘

Since min{v g n+ 1} = min{yy g n+ 1}, we have

o (ig))? o(ig))?

[n+1]

v+ Vit Hy ) — YU Hoig)) — Y(9:Ho(ig)) <0.

o(ig

This implies that

n+1
N(f,Ha(io))(T) + N(gchr(o))(T) z N(T’ V) + N([f}_l’j(io))(r)'

Combining with (3.2) we have

mm@gﬂm+nm—Nmm—Mﬁ&wm+mn

(3.1)
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On the other hand, it is clear that

N(r,v) > Ni(r).

1
%
Hence, we get

m(r, @) < Ty(r) + Ty(r) = Ny (r) = N(3) () + O(1).

Then, by the First Main Theorem we have

Ny (r) < Ty(r) + O(1) = m(r, 6) + Ny (r) + O(1)
< Ty(r) + Ty(r) = NG ) (1) +0(1). (3.4)

By (3.1) and (3.4) we have
q
N([?lelll]o)( )+ Z N([JlgHj)(r) < Tf(r) + TQ(T) - N([;”L;Ilj(io))(r) +0(1).

J=1,j#i0,0(io)

This gives

q
3 . z)v([f]H 1)+ NG )+ NG ) ST ) + Ty(r) + 0(1). (3.5)
J=1,j7#i0,0(io

for all ip € {1,...,q}.
Taking the sum of both sides of the inequality (3.5) over all iy € {1,...,q}, we
have

q
n+1 n+1
~2)Y_ N{ig,)) Z (NG O+ NG ) < a(Tr(r)+ Ty () +0(1).

Jj=1

This gives
1 [n+1]
ZN[f]H) +2ZNfH> ) < a(Ty(r) + T,() +O(1),

(note that o is bijective).
Similarly,

(¢ —2) ZN[QH) +2ZN("+1 ) < q(T5(r) + Ty(r)) + O(1).
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Therefore, we get

q
(1] [n+1] [n+1]
(a=2) 3 (Nl () + Niglyy ) () +2 30 (NG g () + NG ()
j=1 i
< 2q(Ty(r) + Ty(r)) + O(1). (3.6)
By the Second Main Theorem, we have

(¢ =n = )(T5(r) + Ty(r) <

q
Jj=

N () + NI (1)) + 0T () + Ty ().
1

Hence, by (3.6) we get

q q
] L ] 1] L ]
(¢-2) 2 Nigiay () = =Ny (1) + (0 =2) ) (N () = —Nig (1)
iz

Jj=1 j=1
9 q
<(a=2) > (Va0 + Ny ) +23 (N3 0+ N3 ()
Jj=1 j=1
_(g—2+2n)(¢g—n-—-1)

(3.6) — oy —
<2q— (g—24+2n)(¢g—n—-1)
n

< o(T¢(r)+Ty(r)) (note that ¢ > 2n+ 2).

This implies that

> (N - *N<[}L]H )(r)) < o(Ty(r) +Ty(r))  and

j=1

S (N ) = Ny () < olTy () + Ty,

S (N () = TN (1) < ofTy(r) + Ty(r)  and
=1

SO ) = NI () < o(Ty(r) + Ty ().
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This implies that for all j € {1,...,q}, we have
<n—1psll]
Nipay)

Snle[l]

(r) < oTy(r) + Ty(r)) and “"Nyil, (r) < oTy(r) + Ty (r)),
1]
(9,Hj;) g

(r) < o(Tf(r) + Ty(r)) and >”N([ ,HJ)(T) <o(Ty(r)+ Ty(r)). (3.7)

Define functions

h; = , je{l,...,q}
’ (977Hj)
We choose an arbitrary subset Q = {j1,...,jont2} of the index set A :=
{1,...,q}. Assume that H, : ajowo + -+ ajow, =0 (j € {1,...,¢}).
We have,

{ajofo + -+ ajnfn = hi(ajogo + -+ + ajngn)

jeQ
= ajofo+ -+ ajnfn — hja;090 = = hj 5,90 =0
1<s<2n+2

Therefore
det(ajso, cee s Qjony hjsajso, RN hjsajsn, 1<s<2n+ 2) =0.
For each I = {jsg,---, 75,1 € Q9,1 <89 < -+ < 8y <2n+ 2, we define
n(n ) . .
A =(-1) S so s ~det(ay,, 0 < k,i <n)-det(a;, i, 0<k, i<n)
k

where {s{,...,sh} = {1,...,2n 4+ 2} \ {so,...,Sn}, sS4 < -+ < sl,. We have
A;p € C*. Set L:={I C Q,#I =n+ 1}, then #L = (%ﬁf). By the Laplace
expansion Theorem, we have

> Arhy=0. (3.8)

IeL

where hy := []hs.
i€l
We introduce an equivalence relation I ~ J on L as follows: I ~ J if and only

if #2 € C (then £ € C* since hy # 0 for all I € £). Set {Ly,...,Ls} = L/ ~
(s < (347))-
For each k € {1,...,s} we choose I}, € Ly, and define ay, € C by

Z A[h[ = Oékh]k.

Iely,
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Then (3.8) can be written as
Z aihr, =0. (3.9)
k=1

Case 1. There exists some ay # 0.

Without loss of generality, we may assume that «; # 0 for all i € {1,...,¢}
and ap =0forallie {{+1,...,s} (1 <<s).
Denote by P the set of all positive integers k < ¢ such that there exist a subset
P, Cc{1,...,4},#P; = k and nonzero constants ¢; (i € P) with

Z Cth,i =0.

1€ Py

It follows from (3.9) that P # @. Let ¢ be the smallest integer in P. Without
loss of generality, we may assume that P, = {1,...,t}. Then there exist nonzero
constants ¢; (1 <14 <) such that

t
> cihr, = 0. (3.10)
i=1

Zi ¢ Cand hy, #0 for all 1 <4 # j <t, we have t > 3.

J
Without loss of generality, we may assume that

Since

Teyny, (1) = max{Tein; (1), Tegny, (1), Tegny, (1)} for allr € R, (3.11)

02}1]2 02h12 03}1]3 ClhII

where R is a subset of [1,+00) with infinite Lebesgue measure.

We define a meromorphic mapping ¢ of C™ into CP*~2 by ¢ := (cihy, : -+ :
¢t—1hr1,_,). Since t = min P, we have that ¢ is linearly nondegenerate.

Since t > 3 and by (3.11) we have

1
Ty(r)>Teyny, (1) 2 g(Tclhll (1) +Teany, (1) +Tegn, (T)) forallreR. (3.12)

Y cahy, cshy, cihr,

It is easy to see that
(L UI)\(I1N12)) N (L2 U I3)\(2N13)) N (I3 U I)\(sN 1)) = 2.

SO, Xlg UX23 UX31 = {1, ey q}, where Xuv = {17 [N ,q}\ ((Iu U Jv)\(lu n Jv))
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On the other hand, since f = g on {Ji_, f~"(H;) and dim (f~*(H;)N f~'(H;)) <
m — 2 for all 0 < i # j < g we have

Nup, Z N

F
o JEXuw

Hence, by the Second Main Theorem we have

Nhi_ (T)+NI112 ()—f—N}LIS E NfHJ
hry hIs hry j=1
q—n—1
> — Ty(r) — o(Ty(r)). (3.13)

Similarly,

—n—1
Nh,l 1( )+Nh12 1(T)+Nh13 71(7‘) > qi

R, - hIB k1,

Ty (r) — o(Ty(r)). (3.14)

n

By (3.12), (3.13), (3.14) and by the First Main Theorem, we have

T(r) > = (Terns, () + Teanyy (1) T, (1)

3 YN c3hiy cihr,

_ é(ﬂi () + Ty (1) 4 Ty (1)) + O(1)

hIS h[l

> h
> 3(N by 1)+ Ny, () N )

q—n—1

2 T(TN‘) +Ty(r)) —o(Ts(r) + Ty(r)) — O(1), r € R.  (3.15)

Sincedim(f YH)NfF~YH )) <m-—2,forall 1 <i<j<g, it is easy to see
that for each I € L there exists an analytic subset S of C™ with codimension at
least 2 such that vs, =0 =1 on Uiz {2 vipmy) = n = vgm) P\S.

Then by (3.7) we get

q
S )+ 3 N 0) < O 32 (57 Ny )+ N )
j=1

IeL IeL

(Z (5" NG ) () 7Ny () < ol Ty (1) + Ty ().
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Combining with (3.15) we have
DN (1) + Y N (r) < o(Ty(r), reR. (3.16)

IeL IeL

cihr,ul

Let (up : -+ :ug—1) be a reduced representation of . Set u; = T
1

By (3.10) we have

> ui=0. (3.17)

It is easy to see that a zero of w;(i = 1,...,t) is a zero or a pole of some hy,
(jeA{1,...,t}). Thus
t

SN <> (NI )+ Ng (r)). (3.18)

i

By (3.17), (3.18) and by the Second Main Theorem we have

t—1
Ty(r) < S ONE2G) + NIZH L () + o(Ty(r)
=1

(3.17) L t
< Y NI < (t-2))  NU@E) + o(Ty(r))
=1 =1
t

<t(t—2) Y (VL (1) + NUL () + o(T,(r)

i=1 "
<t(t=2) ) (Nu, () + Na (1)) + o(T(r))-
IeL
Combining with (3.16) we have T,,(r) < o(T,,(r)),r € R. This is a contradiction.

Case 2. oy, # 0 for all k € {1,...,s}. Then > ; ., Arh; =0 for all k €
{1,...,s}. On the other hand A;h; # 0. Hence, #Ly > 2 for all k € {1,...,s}.
So, for each I € L there exists J € L, J # I such that

hr e C*. (3.19)
h,y
Let M* be the abelian multiplication group of all nonzero meromorphic functions
on C™. It is clear that the multiplication group G := M*_ /C* is a torsion free
abelian group. We denote by [h] the class in G containing h € M*.
By (3.19) we get that A := ([h1],..., [hq]) has the property Pa,y2,+1 . Then by
Lemma 3.1 there exist ¢, € {1,...,q}, @ # j such that [h;] = [h;]. This means
that there exists constant o # 0 such that Eg;]g = aéﬁ;i% This completes the
proof of Theorem 1.4. O
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