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Characterizations of Lie-skew multiplicative maps on operator
algebras of indefinite inner product spaces

By RUNLING AN (Taiyuan) and JINCHUAN HOU (Taiyuan)

Abstract. Let H and K be indefinite inner product spaces. In this paper, we show
that a bijective map ® : B(H) — B(K) satisfies ®(AB—BA") = ®(A)®(B)—®(B)®(A)"
for every pair A,B € B(H) if and only if there exist a unitary or conjugate unitary
operator U € B(H, K) such that ®(A) = UAU ' for all A € B(H).

1. Introduction

Let R and R’ be two rings. Recall that a bijective map ® : R — R’
is called a Lie multiplicative isomorphism if ®([A, B]) = [®(A), ®(B)], where
[A, B] = AB — BA. Of course, a Lie multiplicative isomorphism need not always
be linear or additive. So, it is an interesting and challenging task to characterize
all Lie multiplicative isomorphisms of an (operator) algebra without linearity or
additivity assumption. Recently, BAI and DU showed in [1] that, if R, R’ are
prime rings with R being unital and containing a nontrivial idempotent, and if ® :
R — R'is a Lie multiplicative isomorphism, then ®(7'+5) = ®(T)+®(S)+ Z7 5
for all T, S € R, where Z. 5 is an element in the center Z’ of R’ depending on 7'
and S.

As a kind of new products in a x ring, Lie-skew product AB — BA* was
discussed in [3]. Lie skew product is found playing a more and more important

Mathematics Subject Classification: 47B49.
Key words and phrases: f-isomorphism, lie-skew product, indefinite inner product.
The first author is supported by a grant from Tianyuan Funds of China (10826065) and a

grant from Youth Funds of Shanxi (2009021002); the second author is supported by a grant
from National Natural foundation of China (10771157) and a grant from Research Grant to
Returned Scholars of Shanxi (2007-38).



102 Runling An and Jinchuan Hou

role in some research topics, and it has attracted many author’s attention recently.
For example, it is related closely to the Jordan %-derivation (see [5]). This product
was extensively studied because, by the fundamental theorem of SEMRL in [6],
maps of the form T'— T A — AT™ naturally arise in the problem of representing
quadratic functionals with sesquilinear functionals (see [6], [7]).

Because the indefinite inner product space may be useful both for the dis-
cussion of physical problems as well as for more genuine mathematical questions
(see instructions in [2]), motivated by a work of MOLNAR (see [4]), some pre-
server problems were studied and solved for operator algebras on indefinite in-
ner product spaces. Motivated by results in [1] and work of MOLNAR, In this
paper, we consider lie skew multiplicative maps ® (that is, ®(AB — BA') =
®(A)®(B) — ®(B)®(A)' for every pair A, B) on operator algebras of indefinite
inner product spaces.

Let us recall some conceptions and fix some notations. Denote by C the
complex field. An indefinite inner product space means a linear space H over C
equipped with a non-degenerate bilinear Hermite functional [-,-]. Let (H,[-,-])
be an indefinite inner product space. If there exist a positive subspace H; and a
negative subspace H_ which are orthogonal to each other such that

H=H,®H_ (1.1)
and (Hy,[-,-]) is a Hilbert space when [-,-] is restricted to Hy; (H—,—[-,-])
is a Hilbert space when —[-,-] is restricted to H_, then we say that H is a

complete indefinite inner product space and the decomposition (1.1) is called
a regular one of H (see [2] and [8]). In the sequel we always assume that the
indefinite inner product spaces over C are complete with dimension greater than 1.
If H= H @ H_ is aregular decomposition of an indefinite inner product space H,
then for any x,y € H, x and y can be uniquely represented as * = 4 + z_ and
y=vyy+ +y_, where zL,y+ € Hi. Define an inner product on H by

(:c,y} = [$+,y+] - [.’)3,7y,].

It is obvious that (H,(:,-)) is a Hilbert space. We call (-,-) the inner product
induced by the regular decomposition H = H, @& H_ (see [2]). A linear operator
T from an indefinite inner product space H into an indefinite inner product space
K is said to be bounded if T is bounded with respect to the inner products of
H and K induced by some regular decompositions. The boundedness of T' does
not depend on the choice of the regular decompositions. We still denote B(H, K)
(B(H) if H = K) the set of all bounded linear operators from H into K. For any
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T € B(H, K), the indefinite conjugate of T" with respect to the indefinite inner
products [-,-] is an operator T'T € B(K, H) defined by the equation [Tx,y] =
[,TTy] forallz € H and y € K. On the other hand, assume that H; (i = 1,2) are
Hilbert spaces with inner product (-,-) and J; € B(H;) are self-adjoint invertible
operators. Then, for each i = 1,2, (H;,[-,-]s,) is a complete indefinite inner
product space, where [-,-];, = (J;(), ), which is induced by J;. It is clear that,
with respect to [-,-],, the indefinite conjugate 7't of an operator T' € B(H;, H>)
is of the form Tt = JflT*Jg, in which T™* stands for the usual conjugate of
T related to the inner product (-,-). Sometimes we also call TT = J'T*J, the
(J1, J2)-conjugate of T'. If Hy = Hy are the same Hilbert spaces and J; = Jy = J,
the (J1, J2)-conjugate of an operator T is often called the J-conjugate of T'. Recall
that U € B(H, K) is called a unitary operator if UU T = I and U TU = Iy, where
Iy € B(H) and Ix € B(K) are identity operators.

We refer the reader to [2] and [8] for more details of indefinite inner product.

2. Results and proofs

In this section, we give a characterization of f-isomorphisms of indefinite
inner product space only by Lie-skew product. The following is our main result.

Theorem 2.1. Let H and K be complex complete indefinite inner product
spaces and let ® : B(H) — B(K) be a bijective map. Then ® satisfies

®(AB — BAT) = ®(A)®(B) — ®(B)®(A)T (2.1)
for every pair A,B € B(H) if and only if there exists a unitary or conjugate
unitary operator U € B(H, K) such that ®(A) = UAU T for all A € B(H).

The “if” part is obvious. We only check “only if” part. Now assume that
® satisfies the assumptions of Theorem 2.1. We divide the proof into several
lemmas.

Lemma 2.1. ®(0) = 0.

PROOF. Since @ is surjective, we can find an A € B(H) such that ®(A) = 0.
Therefore ®(0) = ®(A0 — 0AT) = ®(A)®(0) — ®(0)@(A)" = 0. O

Let H = Hy ® H_ be a regular decomposition of H. We may assume that
both H; and H_ are nontrivial. We denote P; € B(H) be the fixed non-trivial
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self-adjoint idempotent operator which has the matrix form

P1<I 0)
0 0

according to the regular decomposition, where I is the identity operator on H
(In the case that Hy or H_ is {0}, say H; = 0, one may take any nonzero
projection P in B(H_) with inner product (-,-) = —[-, -], and the proof is almost
the same). Let P, = I — P, and set A;; = P,B(H)P;, i,j = 1,2. Then we
have B(H) = Aj1+A12+ Az +A22. In what follows, we write A;j, Bij, ... for the
elements in A;;.

Lemma 2.2. Let S = S11+S12+S21+S522 € B(H). The following statements
are true.

(i) Let1 < j,k <2 be fixed. If T;;S;i = 0 holds for every T;; € A;; (1 <1 <2),
then S;i, = 0. Dually, let 1 < k,7 < 2 be fixed. If Sy;T;; = 0 for all T;; € A;;
(1<j<2), then Sg; =0.

(i) If T;;S — ST;} € Ay for every Ty; € Ayj(1 < i # j < 2), then Sj; = 0; if
STy — TijST € A;j for every Ty; € A;j(1 <i#j<2), then S;; =0

(iii) If T3S — STJ € A, for every T;; € Ay (i =1,2), then S;; =0 and S;; =0
(1<i#j<2).

PROOF. (i) It is an easy consequence of the fact that B(H) is prime in the
sense that SB(H)T = 0 implies either S =0 or T = 0.

(ii) Since Tj;S — ST, € Ayj, we have P;(T;;S — ST;}) = —S;;T,1 = 0. By (i),
we see that S;; = 0. Similarly, ST;; — TijST € A;;j implies (ST;; — TZ-jST)PZ- =0.
Hence TijS;; =0, by (i) we get S;; =0.

(iii) Since T;;S — ST, € Ay, we have P;(Ty;S — ST,}) = 0. Tt follows
SjiTiI =0 for all T}; € A;;, hence S;; =0 by (i). Using T;;S — STZ»;-r € A;; again,
we see that (73,5 — STJ)Pi =0, that is T3;S;; — SiiTJ = 0 since Sj; = 0. Taking

The main technique we will use in Lemmas 2.3-2.9 is the following argument
which will be termed as a “standard argument”. Suppose A, B,S € B(H) are
such that ®(S) = ®(A) + ®(B). Multiplying this equality by ®(T) and —®(T) T
(T € B(H)) from the left and from the right, respectively, we get ®(T)®(S) =
O(TYD(A) + &(T)®(B) and —@(S)®(T) T = —d(A)(T) T — &(B)®(T)t. Sum-
ming them, we get

B(T)D(S) — ®(S)B(T) T = &(T)®(A) — D(A)D(T) T + &(T)®(B) — ®(B)®(T) .
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It follows from equation (2.1) that
O(TS — ST = ®(TA— AT") + ®(TB — BTT).

Similarly, by multiplying ®(S) = ®(A) + ®(B) and —®(S)T = —®(A)t — &(B) T
by ®(T) from the right and from the left respectively, we get

O(ST —TST) = ®(AT — TA") + ®(BT — TBY).

Lemma 2.3. For every A;; € A;; and Aij € Aij, @(A” + AU) = (P(A“) +
B(Ay) (1<i#j<2)

PROOF. Let S = S11 + S12 4+ So1 + Soo € B(H) be such that
P(9) = ©(Ai;) + (4i5). (2.2)
For T};, applying standard argument to equation (2.2), we have

®(T;;8 — ST)) = (AT},
which implies that
Tj;S — ST]‘E = _AijTj§~ (2.3)

The lemma 2.2(iii) entails that S;; = 0 and Sj; = 0. Multiplying P; from the
left in equation (2.3), we have S;; = A;;. For T};, applying standard argument to
equation (2.2) again, we have

®(STy; — T3S 1) = (A Ty — TuAb),
So (Si — Ay)T = S — Ay and there exists a real number fp,(A) such that
Sii = Ay + fpi (A)Pz Thus for any A;; and Aij

Next we show that fp,(A) = 0. For T;;, applying standard argument to equation
(2.4), and from equation (2.4) there is a scalar a such that

(AT + fr(A)Ti; — T Al = ®(AuTy) + (=T Af)
= O(aP; + AyTij — TiinTj)7

and thus fp,(A) = 0. As desired. O
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Lemma 2.4. ® is additive on Ajs.
PrROOF. Note that
Ao+ Bia — Ang — Bl2A1T2 = (A12 + P1)(Py + B1a) — (P + Bi2) (A + Py) 7.
We have by Lemma 2.3
®(A12 + Bz — A1T2 - BlZAsz)
= ®[(A1g+ P1) (P + B12) — (Py + Bia)(A12 + P1) ]
= ®(A1z + P)®(P2 + Bia) — ®(Py + Bi2)®(Ap + Py) 7
= (®(A12) + B(P))(D(P,) + ®(B12)) — (®(P2) + ®(Bi12))(®(Ar2) + ®(P1)) |
= O(A12)D(Py) — B(P2)®(A1) T + ®(A12)P(Bia) — ®(B12)®(Aro) T
+ ®(P)D(Py) — D(P2)®(Py) T + ®(P)®(Bia) — ®(Br2)®(P1) T
= ®(Ayy — Aly) + ®(Bia — BiaAly). (2.5)
Applying standard argument with P, to equation (2.5), we see that
®(A1p+ By — A, — BJY)
= ®((A12 + B12 — Afg - Blefz)Pz — Py(A12 4+ Bya — Afg — B12A1Tg) D)
= ®((A1z — AL P2 — Po(A1z — Aly)T) + @(B12 P2 — P2BYy)
= ®(Ayp — Aly) + ®(Bia — Bj). (2.6)
Let S = 511 + S12 + So1 + S99 € B(H) such that
®(S) = ®(A12) + @(B12). (2.7)
For P, applying standard argument to equation (2.7), we have
= ®(A12) + (B12) = 2(5).

Thus S11 = S21 = S22 = 0. For P, by using standard argument in equation (2.7)
and by equation (2.6), we have

O(S1s — Sy) = D(S12P2 — PyS)
= ®(A19Py — PyA]y) + ®(B1aPy — PyB)l,) = ®(Ays + Bia — Ay — BYy).

Thus Si2 — SlTQ = A+ Bya — AlT2 — BlT27 by multiplying P; from the left, we get
Si2 = A12 + Bio. O
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Similarly, we have:
Lemma 2.5. ® is additive on As;.

Lemma 2.6. For every A, B € Aj, ‘I)(A” + Bii) = (I)(Aii) + (I)(Bii),
1 =1,2.

PROOF. Without loss of generality, assume i = 1. Let S = S11 + S12+ 521 +
Sao € B(H) such that
®(5) = ©(A11) + (B1). (2.8)

For Py, applying standard argument to equation (2.8), we have
<I>(P15 — SP1> = (P(PlAll — A11P1) + @(PlBll — Bllpl) =0,

hence S12 = So1 = 0. For any The € Asgs, applying standard argument to equation
(2.8), we have ®(T53522 — SQQTQE) = 0, thus S22 = 0 from Lemma 2.2 (iii). For
any T12 € Aj2, applying standard argument to equation (2.8) and by Lemma 2.4,
we have

@(Sle — TlgsT) = @(A11T12 — T12A1Tl) + CD(BllTlg — T12B1T1)
= O(A11Th2) + ®(B11T12) = ®(A11T12 + Bi1Th2).

Thus S11T12 = (411 + B11)T12 and from Lemma 2.2 (i), we get S11 = A1 + Bis.
As desired. O

Lemma 2.7. ‘I)(All + Agg) = ‘I)(All) + @(AQQ)

PROOF. Let S = S11 + S12 + Sa21 + Se2 € B(H) be such that

O(S) = P(A11) + P(Aga2). (2.9)
For Ty1, by using standard argument in equation (2.9), we have
(TS — ST}h) = ®(T11 Ay — ATy,

This implies that 7715 — STlT1 =T A1 — AuTlTl. Multiplying P, from the left
and the right in the above equality, we get that S12 = Se; = 0 by Lemma 2.2 (i).

Moreover from Lemma 2.2 (iii) T11(S11 — A11) = (S11 — Au)TlTl implies that
S11 = A1;. Similarly using standard argument with Tho, we get Soo = Ago. O

Lemma 2.8. (I)(Alz + Agl) = (I)(Alg) + @(Agl)
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PROOF. Let S = Sy1 + Si2 + So1 + So2 € B(H) be such that
®(S) = ®(A12) + P(A2n). (2.10)

Just like preceding lemmas, we need only to check that S;; = Soo =0, S12 = A12
and Sgl = A21.
Using standard argument in equation (2.10), we have

<I>(PlS — SPl) = (I)(P1A12 — A12P1) + (I)(PlAgl — A21P1) = @(Alg) + (I)(—Agl).
For P;, applying standard argument in the above equality again, we see

®(P,S — 2P,SP, + SP) = ®(P,(PS — SP,) — (P.S — SP,)P})
=O(P1A1g — A1oP1) + ®(Pi(—A21) — (—A21)P1) = D(A12) + P(A21) = 2(9),

hence PiS — 2P SP; + SP; = S11 + S12 + So1 + S92 and S11 = S22 = 0. Note
that ®(SP; — PLST) = ®(A1p P — PLAL,) + ®(An Py — PLAJ) = ®(421 — AJ),
thus So1 — S;l = Ay — Agl and Sy; = Asy. Using the same argument with P,
we have 512 = A12. O

Lemma 2.9. ®(A;;+ A2+ As1+Ag) = P(A11)+P(A12)+P(A21)+P(A22).
PROOF. Let S = 511 + S12 + Sa1 + Soe € B(H) be such that

O(S) = ®(A11) + D(A12) + P(A21) + P(Ag2). (2.11)

For Py, applying standard argument to equation (2.11), by Lemma 2.3, and we
have (I)(Slg - 521) = <I>(P15 - S.Pl) = (I)(PlAlg - A12P1) + (I)(P1A21 — A21P1) =
(I)(Alg — Agl), thus 512 — 521 = A12 — A21 and 512 = Alg, 521 = A21. FOI‘ any
T12 € Ay2, applying standard argument to equation (2.11) again, we have

B(T12S — ST)) = ®(— ATy, 4+ TioAsy) + ®(TyoAss — AeTh).  (2.12)
For Py, applying standard argument to equation (2.12), we get
D(T12S22+ Sa2T1h)= ®(Py(T12S — ST}h) — (T125—ST1h) Pi)= ®(Ti2 Ao+ AzeT1h),

thus Soo = Ags. For any To; € Ajp and P, using similar computations we get
S11 = Aq1. As desired. O

Now by Lemmas 2.4-2.7 and Lemma 2.9, we get the additivity of ®. Next
we show ® is multiplicative.
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Lemma 2.10. For any non-trivial self adjoint idempotent P, ®(P) is a non-
trivial self adjoint idempotent.

PROOF. First we show ®(I) = I and ®(il) = +il. Suppose P satisfies
equation (2.1), that is ®(AB — BA!) = ®(A4)®(B) — ®(B)®(A)', thus

AB = BA' & ®(A)®(B) = ®(B)®(A)". (2.13)

Taking A = I in equation (2.13), one get ®(I)®(B) = ®(B)®(I)T for all B €
B(H) which implies that ®(I) = al for some a € R since ® is surjective. Taking
B = I in equation (2.13), we get A = At & ®(A) = ®(A)T, that is, ® preserves
self adjoint operators in both directions. Now for any a € C and self-adjoint
operator A € B(H), ®(A)®(al) = ®(al)P(A) implies that there is b € C such
that ®(al) = bI. From the equality

Ol =P ((u) (;I) — @I) (u)f) =o>I)P <;I> - (;) o(iD T,

we get
1
2
Thus by the additivity of ®, ®(I) = I and ®(al) = al for every integer number a.
For ®(iI), from equation (2.14) and

o) = —®(I) and @( 1) = %I (2.14)

—2I = &(=21) = ®((I)(id) — GI)(iD) V) = @) — (D P(i) T = 20(iI)?,
we have ®(il) = +il. Without loss of generality, we assume in the sequel that
O(il) =il.

For any A € B(H), we have
B(2iA) = O(GIA — AGIT) = (1) P(A) — (A)DEI) T = 20D(A).  (2.15)

This implies that
Al = —A o oA = -d(A). (2.16)

Thus for A = A, we get from equation (2.15)-(2.16) and

2iD(2A%) = ®(4iA%) = (2IAA — A(2iA)T)
= ®(2iA)P(A) — D(A)D(2iA)T = 4id(A)>. (2.17)

Hence we get ®(P)? = ®(P) for every self adjoint idempotent P in B(H). O



110 Runling An and Jinchuan Hou
Now we get when AT = —A, then by equation (2.16)
B(24) = O(AI — TAT) = D(A)D(I) — d(1)P(A)T = 2d(A); (2.18)
further for any B € B(H),
®(AB + BA) = ®(AB — BA") = ®(A)®(B) + &(B)®(A). (2.19)
Let P,@Q € B(H) be two idempotents, recall that P and @ are orthogonal if
PQ=QP=0; P<Qif PQ=QP=P.

Lemma 2.11. ® preserves the order, and the orthogonality of self-adjoint
idempotents in both directions.

PRrROOF. Let P,Q € B(H) be two orthogonal self-adjoint idempotents. Then
from equation (2.15) and equation (2.19) we obtain

0=2(iPQ - Q(iP)") = ®(iP)2(Q) + P(Q)2(iP) = i(P(P)2(Q) + P(Q)P(P))

which implies that ®(P)®(Q) + ®(Q)®(P) = 0. Multiplying this equality by
®(Q) from the right and from the left respectively, we have ®(Q)®(P)®(Q) =
—P(P)?(Q) and (Q)P(P)P(Q) = —P(Q)P(P). Hence

and @ preserves the orthogonality of self-adjoint idempotents. In the same way
we see that ® preserves orthogonality also in the other direction. We assert that ®
preserves the partial order relation < between self-adjoint idempotents. If P, Q €
B(H) are self-adjoint idempotents and P < @, then by equation (2.18-2.19) we
obtain

2i®(P) = ®(2iP) = ®(iPQ — Q(iP) 1) = ®(iP)®(Q) + ®(Q)P(iP)
= 1®(P)2(Q) +12(Q)2(P).

Hence 2®(P) = ®(P)?(Q) + ¢(Q)®(P), multiplying this equality by ®(Q) from
both sides, we get that ®(P)®(Q) = ®(Q)P(P) = ®(P). Thus ® preserves the
partial order. Similarly, we get ® preserves the partial order in the other direction.
As desired. O

In the next Lemma, let ®(P;) = Q;, 1 = 1,2. Set B;; = Q;B(K)Qj,,j = 1,2.
Then, B(K) = Bi1 + Biz + Ba1 + Bas.
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Lemma 2.12. (I’(A”) = Bij, i,j = 1,2.

ProoF. If i # j, without loss of generality, assume ¢ = 1,5 = 2. Let A5 €
A12 and set @(Alg) = S. Since A12 = P1A12 — A12P1T, we obtain S = q)(Alg) =
(P A5 — A12P1T) = O(P)P(A2) — <I)(A12)<I>(P1)T = ®(P)S — SO(P,), thus
S11 + Si2 + S21 + S22 = S12 — S21 and S11 = Sa2 = So1 = 0, $(A12) € Bia.
Considering @1, we get ®(A12) = Bio.

If + = j, without loss of generality, assume i = j = 1. Let A7 € Ay and set
®(A11) = S. Note that 0 = ®(PyAy; — Ay Py) = ®(Po)®(Ayy) — B(A11)B(P2) T,
hence Sy; —S12 = 0 and S12 = Sa; = 0. For any B € A12, from 0 = (I)(BlgAH —
A11B1T2) = (I)(Blz)q)(All) - @(A11)®(312)T, we have @(312)522 = SQQ@(BlQ)T
and S = 0. Thus (b(All) € By Considering q)—l’ we get (I)(All) = Bi1. As
desired. [l

i#je{1,2}.

PROOF. Since (I)(AUBJJ) — (I)(B]JAZTJ) = (D(Aiijj — BJJAJJ) =
(I)(Al])q)(B]) - (D(BJ)‘I)(AU)T, we get (I)(AUB]]) = (I)(AU)(I)(B_”) fI‘OHl Lem-

O(Ay)®(P)) — B(Py)D(Aij) T = ®(Ayj) — B(Aij) T, we get D(Af) = B(A;;)T. For
any Bj; there exists B;; € A;; such that B;;- = Bj;. Hence

—®(Ai;Bji) = ®(—Ai;B}}) = ®(Bi; Aij — Ai; BY)

= ®(Bij)®(Aij) — ®(Aij)®(Bij) T = —®(Aij)®(Bij) T = —(Ai;)(Bji)
implies ®(A;;B;;) = ®(A;;)P(Bj;). As desired. O

Proor. For any Tj; € A;j, from Lemma 2.13, we get
(AiiBii)®(Ti;) = ©(Aii BiiTi;) = ©(Aii)2(BiiTij) = ®(Aii)2(Bis)2(Ti;).

It follows from Lemma 2.12 and Lemma 2.2 (i) that ®(A4;;B;;) = ®(A;)P(Bi;).
U

Lemma 2.16. ®(AB) = ®(A)®(B) for all A, B € B(H).



112 Runling An and Jinchuan Hou

PROOF. Set A = Ay; + Ao + Ay + Agy and B = Byy + B + Boy + Bao.
Then

®(AB) = ((A11 + A12 + Ao1 + Agz)(B11 + B12 + Ba1 + Baa))
= ®(A11 B + A1 Biz + A12B21 + A12Bas + A1 By
+ Ag1 Big + A2 Bay + Az Baa)
=®(A11)P(B11) + (A11)P(B12) + P(A12)P(B21) + P(A12)P(Bas)
+ ®(As1)P(B11) + P(A21)P(Bi2) + P(A22)P(Ba1) + P(Az2)P(Ba2)
= ®(A)2(B) 0

PROOF OF THEOREM 2.1. From Lemmas 2.3-2.16, It remains to prove that
O(AT) = ®(A)f for all A € B(H) and that @ is a linear or conjugate linear map.

For B = I € B(H), from Lemmas 2.16-2.17 and the equality ®(A)®(B) —
®(B)P(AT) = ®(AB) — ®(BAT) = ®(AB — BAT) = ®(A)®(B) — ®(B)®(A)T, it
is easy to check that ®(A") = ®(A4)F.

Next we show @ is a linear or conjugate linear map. From Lemma 2.10, we get
®(CI) C CI, denote ®(AI) = f(A)I. It follows that f is a ring homomorphism of
the real numbers and f(r) = r for every rational number r. Since f sends squares
to squares and it preserves order. It follows that for rational number r and real
numbers x,y such that —r < x —y < r, we have —r < f(z) — f(y) < r. Hence, f
is continuous and so must be identity map on the real number. Since f(i) =i or
—1i, f must fix all complex number or send each complex number to its conjugate.
So @ is linear or conjugate linear.

Therefore ® is a t isomorphism or conjugate t isomorphism. Thus there exists
a linear or conjugate linear bounded invertible operator U € B(H, K) such that
®(A) =UAU ! for all A€ B(H) or ®(A) = UATU! for all A € B(H). Because
® preserves the t operation and ®(I) = I, we see that UTU = Iy, UUT = I
and U is a unitary operator. Therefore, ®(A) = UAU! = UAU' or ®(A) =
UATU=' = UATU T for all A € B(H). When ®(A) = UATUT, it is easy to check
that it dose not satisfy equation (2.1). Thus ®(A) = UAU ' for all A € B(H). As
desired. ]

In particular, we have:

Corollary 2.2. Let H and K be Hilbert spaces over the the complex field
and let ® : B(H) — B(K) be a bijective map. Then, ® satisfies

B(AB — BA*) = B(A)B(B) — 3(B)B(A)*
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for every pair A, B € B(H) if and only if there exists a unitary or a conjugate
unitary operator U € B(H, K) such that ®(A) = UAU* for all A € B(H) .

(1]

(2]
3

(4]

(5]
[6]

[7]
(8]
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