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A new construction for abundant semigroups
with multiplicative quasi-adequate transversals

By XIANGJUN KONG (Lanzhou) and PEI WANG (Qufu)

Abstract. In any abundant semigroup with a quasi-adequate transversal, we de-
fine two sets R and L and give some properties and characterizations associated with
them. Then we give a structure theorem for abundant semigroups with multiplicative
quasi-adequate transversals by means of two quasi-adequate semigroups R and L.

1. Introduction

The concept of an inverse transversal of a regular semigroup was first intro-
duced by BLyTH and MCFADDEN in 1982 [1]. Since then, this class of regular
semigroups has attracted several authors’ attention and a series of important
results have been obtained ([1], [13] and its references). If S is a regular se-
migroup, then an inverse transversal of S is an inverse subsemigroup S° such
that S° meets V(a) precisely once for each a € S (that is, [V(a) N S°| = 1),
where V(a) = {x € S| axa = a and zax = z} denotes the set of inverses of a.
BLyTH and MCFADDEN in [1] gave a structure theorem for regular semigroups
with multiplicative inverse transversals. Orthodox transversals were introduced
by CHEN [2] as a generalization of inverse transversals, and a structure theorem
for regular semigroups with quasi-ideal orthodox transversals was given. In [§]
and [10], KONG also gave two structure theorems for this class of regular semigro-
ups by means of a formal set (B, R) and a like-spined product (R, L) respectively.
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An analogue of an inverse transversal, which is termed an adequate trans-
versal, was introduced for abundant semigroups by EL-QALLALI [4]. In [4], EL-
QALLALI constructed abundant semigroups with multiplicative type-A transvers-
als. Afterwards, KONG [11] considered some properties associated with adequate
transversals and [9] gave a construction of abundant semigroups with quasi-ideal
adequate transversals by a like-spined product (R, L). Quasi-adequate transvers-
als, as a common generalization of orthodox transversals and adequate transvers-
als, were introduced by NI in [12]. And in [12], NI gave a structure theorem for
abundant semigroups with multiplicative quasi-adequate transversals by a QA-
system. The aim of this paper is to get a construction for this class of abundant
semigroups by the method used in [9] and [10], that is by a like-spined product
(R, L). As a consequence, it will be rather difficult to describe the three relations
R*, L* and ¢ by two components K (z) and L.

In order to overcome the above difficulty we introduce a new relation K by
(a,b) € K if R} = R; and §(a) = 6(b) in quasi-adequate semigroups. By the
set (R, L) and the new defined relation K, a structure theorem for abundant
semigroups with multiplicative quasi-adequate transversals is obtained in this
paper.

On a semigroup S the relation £* is defined by the rule that a£*b if and only
if the elements a, b of S are related by Green’s relation £ in some oversemigroup
of S. The relation R* is dually defined. Evidently, £* is a right congruence
and R* is a left congruence and £ C L£*, R C R*. If a, b are regular elements
of S, then aL*b (aR*D) if and only if aLb (aRD), what is more, if S is a regular
semigroup, then £* = £ and R* = R. A semigroup in which each £*-class and
each R*-class contains at least one idempotent is called abundant. An abundant
semigroup S is called quasi — adequate if its idempotents form a subsemigroup.
An adequate semigroup is a quasi-adequate semigroup in which the idempotents
commute. We list some basic results as follows which are frequently used in this
paper. The following Lemma is due to Fountain [6] which providing an alternative
description for £*(R*).

Lemma 1.1 ([6]). Let S be a semigroup and a,b € S. Then the following
conditions are equivalent:

(1) aL*b (aR*b);
(2) For all x,y € S*, ax = ay (wa = ya) if and only if bx = by (xb = yb).
As an easy but useful consequence of (2) we have

Corollary 1.2. Let a be an element of a semigroup S and e be an idempotent
of S. Then the following conditions are equivalent:
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(1) aL*e (aR*e);
(2) a = ae (ea = a) and for all z,y € S', axr = ay (ra = ya) implies ex = ey
xe = ye).

Lemma 1.3 ([4]). Let S be an abundant semigroup with the set of idempo-
tents E and x,y € S. If there exist e, f € FE such that v = eyf and eLy™, fRy*
for some y*,y* € E, then eR*x and fL*x.

Let S be a quasi-adequate semigroup with the band of idempotents B. For
e € B, denote by E(e) the J-class of B containing e. It is known that F(e) is
a rectangular subband of B and E(e) = V(e), the set of inverses of e in B (for
detail, see [7]). Define a relation § on S by: for a,b € S,

adb <= E(a")aE(a*) = E(b")bE(b*) for some a™,a*, b, b*.

It follows from [5] that ¢ is an equivalence relation which contained in any ade-
quate congruence on S. In particular, if S is an orthodox semigroup, then § is
the least inverse congruence on S. Consequently, § N (B x B) = JP is the least
semilattice congruence on B.

Lemma 1.4 ([5]). Let S be a quasi-adequate semigroup with the band of
idempotents B and a,b € S. Then

(1) é(a) = E(a™*)aE(a");
(2) adb <= b =eaf for some e € E(a™), f € E(a*);
(3) H*Nd=1.

For any quasi-adequate semigroup S, the result in Lemma 1.3 can be gene-
ralized.

Lemma 1.5 ([12]). Let S be a quasi-adequate semigroup with the band
of idempotents E and x,y € S. If there exist e, f € E such that x = eyf and
e€ E(y"), f € E(y*) for some y*,y* € E, then eR*x and fL*x.

Let S be an abundant semigroup and U an abundant subsemigroup of .S,
U is called a *-subsemigroup of S if for any a € U, there exist an idempotent
e € L*(S)NU and an idempotent f € R:(S)NU. As pointed out in [5], an
abundant subsemigroup U of an abundant semigroup S is a *-subsemigroup of S
if and only if L*(U) = L*(S)N (U x U) and R*(U) = R*(S)N (U x U).

Let S° be an abundant #-subsemigroup of S and E° be the set of idempotents
of S°. 5° is called an abundant transversal [12] of S if for any x € S, there
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exist z° € S°, i,A € F such that x = iz°)\, where iL*x°T, \R*z°* for some
z°T,2°* € E°. In this case, let

Cso(x) = {2° € S° | z = ix°)\,iLz’", \Rx"* for some x°", 2°* € E°},
I, ={i € E| (32° € Cs0(z)) © = iz°\,iLx°T , ARz°* for some z°",z°* € E°},
A={\€ E | (F2° € Cso(x)) & = iz°\,iLx°T ARx°* for some z°F, 2°* € E°},
I=JL, A=[JA.
€S €S

Let S be an abundant semigroup with the set of idempotents E and S° a
quasi-adequate *-subsemigroup of S with the set of idempotents E°. S° is called
a quasi — adequate transversal of S if

(QAL) (Vo € 8) Cso(x) #10,
(QA2) (Vee E) (Vg € E?),
Cgso(€)Cs0o(g) C Cgo(ge) and Cgo(g)Cso(e) C Cgo(eg).

A quasi-adequate transversal S° is called a multiplicative quasi-adequate
transversal of S if the following condition is satisfied

M) (Vz,yeS) Agl, C E°.
A subsemigroup S° of S is called a quasi-ideal of S if S°SS5° C S°.
Lemma 1.6. [12] Let S be an abundant semigroup with a multiplicative
quasi-adequate transversal S°. Then
(1) IE° C T and E°A C A;
(2) I and A are subbands of S;
(3) E°I C E° and AE® C E°;
(4) If x € E, then Cgo(z) C E°.

The following theorem will be used without further mention.

Lemma 1.7. (1) Let e and f be D-equivalent idempotents of a semigroup S.
Then each element a of R. N Ly has a unique inverse a’ in Ry N L., such that
aa’ = e and a'a = f;

(2) Let a, b be elements of a semigroup S. Then ab € R, N Ly, if and only if
L, N Ry, contains an idempotent.
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2. Some properties

The objective in this section is to introduce and investigate some elementary
properties of the sets R and L and their sets of idempotents. It is known that
R and L play an important role in the study of regular semigroups with both
inverse transversals and orthodox transversals. For any result concerning R there
is a dual result for L which we list but omit its proof.

Lemma 2.1. Let S be an abundant semigroup with a quasi-adequate trans-
versal S°. Then

(1) I={e€E:(Je* € E°) eLe*} and A={f € E:(3ft € E°) fRf"};
(2) INA = E°.

PROOF. (1). If e € I, then there exists z € S such that i, = e and i, Lz°"
for some z°" € E°. Conversely, if e € E and there exists e* € E° such that eLe*,
then e = ee*e* and this implies that ¢ = i, € I. The result for A can be proved
dually.

(2). It follows from (1) that E° C TN A. Let e € I NA, then there exist
et,e* € E° such that et ReLle*. So ete*, e*e™ € E° since S° is quasi-adequate.
It follows from Lemma 1.7 that e = ete* € E°. O

Proposition 2.2. Let S° be a quasi-adequate transversal of an abundant
semigroup S. Then D*5° = D*S N (8 x §°).

PROOF. Let a,b € S° and aD*Sb, then R N L} # (. Take ¢ € R: N L;.
Since a,b € S° and S° is quasi-adequate, there exist a™,b* € E° such that
atR*aR*cL*bL*b*. From the definition of a quasi-adequate transversal, ¢ =
1., where i.Lc°T, A\.Rc°* for some c¢°T,c°* € E° and i.R*cL*)\.. Thus
atR*cR*i.Lc°T and so by Lemma 2.1, i, € INA = E°. Similarly, c®*RA.L*cL*b
and so A, € E°. Consequently,

c=1.c°\. € E°-S°-E° C S°.
So aD*5b, and hence D*3° D D*S N (S° x S°). The reverse inclusion is obvious.
O

Proposition 2.3. Let S° be a quasi-adequate transversal of an abundant
semigroup S. Then for every regular element x of S, x has an inverse x° in S°.
In this case, Vgo(2°) C Cgo(x).

PROOF. For every regular element x, x =1i,2°\, for some i, € I, 2°€ Cgo (z),
Az € Ay, where i, Lx°t, A\, Rxz°* for some z°F,xz°* € E°. Since z, i, and )\, are
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all regular, from i, R*zL*\, we deduce that i, RxLA,, so by Lemma 1.7 = has
an inverse =’ in Ry, N L;_. Thus 2°*RA\,Ra’Li, Lx°T and so by Proposition 2.2,
' e S°. O

Proposition 2.4. Suppose that S is an abundant semigroup with a quasi-
adequate transversal S°. Let

R={zeS: (A eA) N, €E°and L={a€ S: (i, €1,) i, € E°}.
Then
R={xe€S:(3e€E° xLl}and L={a € S:(3h € E°) aR*h}.

Consequently, RNL = 5°, E(R) =1 and E(L) = A.

PROOF. It is clear that if z € R, there exists [ = A, € E° such that zL*)\,.

Conversely, for x € S if there exists [ € E° such that x£*], then A\, L*xL*].
Hence by Lemma 2.1, A\, € I. Therefore \, € INA = E°.

It is evident that if there exists A, € A, such that A\, € E° (i, € I, such
that i, € E°), then A, C E° (I, C E°). O

Proposition 2.5. Let S be an abundant semigroup with a quasi-adequate
transversal S°. If S° is a right ideal of S, then A, C E° for every © € S and
E=1.

Dually, if S° is a left ideal of S, then I, C E° for every a € S and E = A.

PrROOF. By the definition of a quasi-adequate transversal, for every z € S,
A € Ayy @ = i,2°N, for some iy, € I, ° € Cso(x) and i, L2, A\, Rz°* for some
z°T, 2% € E°. Since S° is a right ideal of S, A\, = 2°*)\, € S° and consequently
A, CS°NE=FE°.

Let h € E, then h € iph° )\, for some i, € Iy, h° € Cgo(h), A, € Ap where
An € E° and ApLh. Thus h € RN E = E(R) = I by Proposition 2.4. O

Proposition 2.6. Let S° be a quasi-adequate transversal of an abundant
semigroup S. Then the following statements are equivalent:
(1) S° is a quasi-ideal of S;
(2) AT C 5%
(3) SS°C R,5°S C L;
(4) R is a left ideal and L is a right ideal of S.

PROOF. (1) and (2) are equivalent can be proved similarly as in [3].

(1) = (3). If (1) holds, then for any y € S, x° € S°, we have

Yz =iy - y°hy - 2O LY oM a0 = yONaC L (1PN 20)* € E°,

since y°Ayz® € S°SS° C S°. Hence SS° C R. Dually §°S C L.
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(3) = (4). If (3) holds, then for any z € S and y € R, there exists h € E°
such that yL*h, thus we have zy = zyh € S5° C R, whence SR C R; and dually
LSCL.

(4) = (2). If (4) holds, then for any f € A and e € I, there exist h,l € E°
such that AR f and [Le. So we have

fe=fele SS°CSRCR and fe=hfee S°SCLSCL.

Consequently fe € RN L = 5° and we have (2). O

Remark 1. Since both a left ideal and a right ideal are subsemigroups, if one
of the conditions in Proposition 2.6 is satisfied, then R and L are subsemigroups.
From Proposition 2.6, it is evident that if S° is a multiplicative quasi-adequate
transversal of S, then S° is a quasi-ideal of S. Obviously, if S is quasi-adequate
then the quasi-adequate transversal S° is multiplicative if and only if S is a
quasi-ideal of S.

Proposition 2.7. Suppose that S is an abundant semigroup with a multip-
licative quasi-adequate transversal S°. Let R and L be described as in Propo-
sition 2.4. Then R and L are quasi-adequate semigroups with a common quasi-
adequate transversal S° which is a right ideal of R and a left ideal of L.

PrOOF. From Remarkl it is evident that R is a subsemigroup of S.

Since S° is also a quasi-adequate transversal of R and R C S, S° is a
multiplicative quasi-adequate transversal of R. Let z € R and y° € S°, then
y°r = y°xA, € S° for some A\, € E° since S° is a quasi-ideal of S. Thus S° is
a right ideal of R. Consequently by Proposition 2.4 and Lemma 1.6, F(R) = I
is a band, and thus R is quasi-adequate. The dual results for L can be proved
similarly. O

3. The main theorem

The main objective in this section is to give a structure theorem for abundant
semigroups with multiplicative quasi-adequate transversals. In what follows R
denotes an abundant semigroup with a multiplicative quasi-adequate transversal
S° which is a right ideal of R. Then by Proposition 2.5, A, C E° for every z € S
and F(R) = I, it follows that R is a quasi-adequate semigroup with a right ideal
quasi-adequate transversal S°. For a € R, the R*-class of R containing a will be
denoted by R} and the J-class containing a will be denoted by d(a). We define
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K(a) = K(b) if R} = R} and 6(a) = 6(b) for a,b € R and define a relation K on R
by (a,b) € K if K(a) = K(b). Then K is an equivalence relation on R. L denotes
an abundant semigroup with a multiplicative quasi-adequate transversal S° which

is a left ideal of L. Then L is quasi-adequate with I, C E° for every a € S and
E(L)=A.

Theorem 3.1. Let R and L be quasi-adequate semigroups with a common
quasi-adequate transversal S°. Suppose that S° is a right ideal of R and a left
ideal of L. Let L x R — S° described by (a,x) — a x x be a mapping such
that for any x,y € R and for any a,b € L:

(1) ifx € E(R) and a € E(L), then a xx € E(S°) = E°;

(2) (a*xz)y =ax(zy) and b(a * x) = (ba) * x;

(3) if {z,a} N E° # 0, then a x x = ax;

(4) For any by, by € L', y1,y2 € R, if vy R*xo in R, then y; (by xx1) = y2(ba % 1)
if and only if y1(by * x2) = ya(bg * x2); if a;L*ag in L, then (a1 * y1)by =
(a1 *y2)be if and only if (az * y1)by = (ag * y2)ba.

Define a multiplication on the set
I'=R/K|x|L/L* ={(K(z), L)) € RIK X L/L" : Cso(x) N Cgo(a) # 0}

o (K(2), L) (K(y), Ly) = (K(iz(a % y)), Liguy)r, )-

Then T is an abundant semigroup with a multiplicative quasi-adequate transversal
which is isomorphic to S°.

Conversely, every abundant semigroup with a multiplicative quasi-adequate
transversal can be constructed in this way.

Lemma 3.2. The multiplication on I' is well-defined.
PROOF. First it is easy to see that (K(iz(a*y)), L{,.,,,) € I, since
ip(a*y) = i,2°(Ng * iy)y° Ay = iz [2°(Na * iy)] T - 22N * iy - [(Na *1y)y°]* Ay
and
(a*y)Xp = iq - °(Na * 1y )Y Ao = i [2°(Ng * iy)] T - 2°(Ng #iy)y° - [(Aa * iy )y°T N

Let iy, i, € I, where i, Lzt i/ La°F for some 2° € Cgo(x) N Cso(a). Then
R () = Bir (4ay) 20d (i (a x y)) = 6(i;,(a + y)), and hence the multiplication
on I' is not dependent on the choice of i,. There is a dual result for A;.
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We then prove that if (K(x),L%) € T, then i, -a = x - A,. In fact, if
(K(x),L}) € T, then there exists ° € Cgo(x) N Cso(a) such that = i;2°A,,
i Laot N\, Ra%* for some z°F,2°% € E° and a = i,2°\g, io L2, \gR2°*' for
some 2°7 2% € E° Thus i,a = igia2°Na = igiq - 2° - 2°* N\, and A, =
22 AgAa = i52°T 2% - Agha. It is easy to check that iyia = izz°t and 2°*\, =
Az and S0 iza = xA,.

Next we prove that if (K(x),L}) and (K ('), L?,) in I are such that
(K(x),L%) = (K(2'),L%), then iyza = iya’. From 2R*z" and zdz” we deduce that
there exists h € E(z*) such that ' = xh. Moreover, hL*x’. Thus A, = i,2° Az s
and 2'\ys = vhAy = i,2°A\ h\y . Since z € R we have A\, € E° and consequently
AzhAer € E°TIA C E°A C A and A\ N\, € E°A C A. It is easy to check that
AzhAq and Mg A, are in the same H*— class and hence A\ hA,s = Az \,. Therefore
X, = 7' \y and consequently iya = i,a’.

Finally we prove that the multiplication on I' is not dependent on the choice
of x, a, y and b. Let

(K(z),Ly) = (K(2'),Ly) and (K(y),L;) = (K(y'), L)
We have

(K (x), L) (K (y), L) = (K(ix(a*y)), Ligiy)x, )
and

(K (2'), Lo ) (K ('), L) = (K (iar(a" # Y), L{gragnya,, )-

We now prove that 6(i,(a * y)) = 0(iw(a’ x y')). Since é6(x) = §(z’) and
5(y) = 6(y'), from Lemma 1.4, we have z = kz'l for some k € E(2'"), | € E(x'*)
and y = py'q for some p € E(y'"),q € E(y'*). Again by Lemma 1.4, kR*x and
pR*y and so kR*z’ and pR*y. Thus z = 2/l and y = y'q. Consequently, similar
as the above proof, we can show that

ix(a * y) =iy (a’ * y) = ix/(a’ * y/)q =iy (a’ * y/)[iw/(a,*y,)]*q
and

[iar(a” % y")]"q € E((iar (a’ xy"))")

It follows from Lemma 1.4 that §(iz(a xy)) = 0(iw (a’ xy")).

We then show that i,(a * y)R*i, (a’ * y). From the proof of 6(i,(a * y)) =
0(iz (@’ xy')) we have iy(a x y) = iy (a’ *y')g. Similarly, we have i,/ (a’ xy') =
iz(a xy)¢' from some ¢’ € E(y*). Thus i,(a * y)R*iy (a’ *xy’). Dually, we can
show that (a * y)\pL*(a’ * ") \pr. O

Lemma 3.3. The set I is a semigroup.
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PROOF. Let e, f,g € T, where e = (K(z),L}), f = (K(21),L},), g =
(K(22),L},). Then

)’ L)(ka*ml))\al )(K(xQ)’ L:.g)
(

On the other hand,

e(fg) = (K(x), L) (K(ix, (a1 % 22)), L{a, uzy)r,,)
— (K (52 (i1 (01 % 22)))s Lipu(e, (ormm)yin,)
(K (ia (@ * (21 (Aay * 2))); L{as(zy (ra, 522))Aay)  (fe1@1 = T1)a,)
= (K(iz(a*z1)(Aa, * 22)), L(a*:rl)()\ L*T2)Aa )
Therefore (ef)g = e(fg). O
Lemma 3.4. Let (K(x),L%) € . Then (K(z),L%) € E(T') if and only if
a*xx =1i,x(=adg).
PROOF. Since (K (z), L3)(K(x), L7) = (K(iz(a * x)), L{,.,)\ ) it is easy to
check that if axz =i, - = a - Ay, then
(K (iz(a*2)), L{gsayn,) = (K(ia o - @), Lgy,5,) = (K(2), Lg).

Thus (K (x),L}) € E(T"). Conversely, if (K(x),L}) € E(T'), then K(iz(ax*z)) =
K(z) and so i, (a * z)dz. Consequently, i, (a * x) = kzl for some k € F(x) and
l € E(z*). It follows that

+

= (K

r=a" igla*xz) 2" =iz(a*xzx™) =iz(a*x).
Hence a x z = i,x. O

Lemma 3.5. Suppose that (K(x),L}) € I, denote u = (K (iy),L},.) and
v = (K(x°*), Lj{a), where x = i,2°)\g, @ = i42°\q and i, Lx°T, \yRx%* for some
z°%, 2°* € E°. Then u,v € E(T') and uR*(K (z), L) L*v.

PrROOF. By Lemma 3.4, u,v € E(I‘) is clear. Computing

(K(iz), Lyor )(K(2), L) = (K(%z( #2)), Ligot sayn,)
= (K(ig2°Tx), Loy ,y,) (since 2°F € E°)
= (K(LE :v")\ )
= (K(x),L}). (since z°AL%i,2°N\q = a).
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Suppose that (K (y), L;), (K(z),L}) € I'! are such that
(K (y), Ly) (K (z), Ly) = (K(2), L) (K(x), Lg).
This implies that
(K (i (b # ), Lparyn,) = (K(iz(c* @), Licaayn, )
That is
iy(b*x 2)R i (cxx), iy(bxx)diy(cxx) and (bx )AL (c* x)A,.
From (bxx) Ao L*(cxx) Ay, we have (bxz) A\ L* (cx2) Mg A, and thus (bkxx)L*(cxx).
Consequently, i, (b * x)L*i,(c * ) since ipiyiy = 1 and ici,i. = i.. Hence
(iy(bxx),is(cxx) e R*NL Nd=H" NS =1

That is 4y (b * ) = i,(c * ). From 2R*i, and (4) we deduce that iy(b * i) =
i,(c*ig). Thus

bxiy =ap(bxig) L yip(bxiy) = izic(c*ig)LMc(C*iy) = C* iy
Therefore
(K (y), Ly ) (K (i), Lyo+ ) = (K (iy (b % i2)), Lipa, yzotr ) = (K (iz(¢ % i2)), Ligui,)oot)
= (K(2), L) (K (ix), Lo+ )

By Corollary 1.2, uR*(K(x), L}). O

Dually, we may show that vL*(K (x), L}).

Lemma 3.6. I' is an abundant semigroup.

PrOOF. It follows from Lemma 3.5 immediately. (]

Lemma 3.7. Let W = {(K(s),L%) : s € S°}. Then W is isomorphic to S°
and W is a quasi-adequate x-subsemigroup of T' with E(W)={(K(s), L%):s € E°}.

ProoF. Clearly W C I'. Let (K (s),L¥),(K(t),L;) € W. It is easy to see
that
(K (s), L) (K (1), Ly) = (K(isst), Ly, ) = (K(st), L) € W,

Therefore W is a subsemigroup. For any s € S°, define sp = (K (s),L¥), it is
evident that ¢ is an isomorphism. Thus S° = W.

To show that W is a x-subsemigroup, let (K(s),L%) € W. By Lemma 3.4
and Lemma 3.5, u = (K(s1),L*,) € E(W) and «R*(K(s),L}). Similarly, v =
(K(s*),L%) € E(W) and vL*(K(s),L%). That E(W) = {(K(s),L%) : s € E°} is
obvious. O
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Lemma 3.8. Let (
(1) (K(z1), L3, )R (K(
(2) (K(x1), L} )L*(K(x2),L},) if and only if a1 L*as.

K(x1),L;,), (K(x2),L},) € T. Then
x2), L} ) if and only if 21 R*x5.

PROOF. To prove (1), by Lemma 3.5, it is equivalent to show that
(K (ig,), Ly ot )R* (K (i,), L}, 0+ ) if and only if z;R*z5.

Now uy = (K(ix,), L} o JR* (K (ix,), L} ov) = u2

<= wjuz = uz and uguy = wuy, that is (K(ixlzl"*im),L;lo+i12120+) =
(Ki22), L) and (K (iay27% 0, Lo por) = (K (i,). L0

— (K(iwliI2>’L;10+im2) = (K(izz)7L;20+) and (K<im2im1)7[’;20+iml) =
(K (iz,), L o4 ) since ig, Lo1°7 i, Lao°F and 21T iy, , 227 iy, € E°.

= iy, gy R iy s iy imy R i,

= 11 R*xy since £1R iy, T2 R¥ 1, .

(2) can be proved similarly. O
Lemma 3.9. Let g = (K(x),L}) € I'. Then

Cw(g) = {(K(y), L,) € W :y € Cso(x) N Cs0(a)}.

PrROOF. Let V={(K(y),L;)€W :y€Cse(x)NCs0(a)} and (K (y),L;) € V.
Since y € Cgo(x) N Cgo(a), there exist e, f € E(R) and i,4, A\, € E(R) such that
z =eyf and a = i,yA,, where eLy™, fRy* for some yT,y* € E°. It follows that

(K(x), Lg) = (K(€), Ly+ ) (K (y), Ly) (K(y"), L3,)-
Furthermore, by Lemma 3.8 we have
(K(e), Ly+ )L(K(y"), Ly )R™ (K (y), Ly)

and

(K(y"), LY, )R(K(y), Ly ) L7 (K(y), Ly).

Hence (K (y), L) € Cw(g) and so V' C Cyw (g).
Conversely, let (K(y), L;) € Cw(g). Then there exist
(K(y1), Ly,), (K (y2), L§,) € E(T) such that

(K(z),La) = (K(y1), Ly, ) (K(y), L) (K (y2), Ly,)
and

(K(yl)’ Lzl)‘c(K(y)a LZ)+ for some (K(y)a LZ)+ € E(W)>
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(K(y2), Ly, )R(K (y), Ly,)"  for some (K(y), Ly)" € E(W).

By Lemma 1.3, (K(y1), L, )R*gL*(K(y2), L},). Hence by Lemma 3.7, y1R*z
and al*bs.
On the other hand, by Lemma 3.7 there exist 2/, 2" € E° such that

(K(y), LX)t = (K ('), L%)  with 2'R*y

y
and
(K(y),Ly)" = (K(z"),Ly) with 2" L*y.

It follows that

(K (2'), Ly ) (K (x), L) (K («"), L) = (K(y), L),

a

and consequently, 'z, 2" (R* N )y and 2’z 2" L*y. Thus y = 2’ - x - \,2” since
R*NL* NS =1

First since (K (y1), Ly, ) L(K (y), L;)" = (K (2'), L},), we have by L*z’. Hence
(K(y1),Ly) = (K(y1),Ly,) € E(I') and so there exists z € Cso(y1) N Cso(z').
And from (K (y1),L%) € E(T') by Lemma 3.4, 2’ x y; = 2'y1 = o'\, € E°, and
so y12'y1 = Y1 since y1 L*¥x'y; = 2’ Ay, R*2’. Thus y; is regular. It is evident that
y1 =iy, -2'\y, € IE°E° C I = E(R) and 2'Liy, 2Ry R*x.

Next since (K(y2), Lj,)R(K(y), Ly)* = (K(z"), L}/), we have yoR*z" and

(K(l‘”), L;”)(K<y2)7 ng) = (K(y2)’ LZQ)

That is M . .
(K(2"y2), Ly, ) = (K(y2), Ly, )-
From yoR*x” we have yo = 2”yo € S° and so boL*z"ysNp, = yaXp,. Consequ-
ently,
Y2 b, Y2 = (Y2Ab,) * Y2 = Y2 Ao, Ay, = Y2

Thus yo is regular and yo = yap, - Y5* Ay, € AE® C E°, where y§ € Cso(y2) N
Cso(b2),y2 = iy, Y5 Ay, and Ay, Rys* for some y3* € E°. Therefore A\gRA,z" La”
since A, and z” are in the same rectangular band and \,z”" € AE° C E°.

Finally, since (K (z),L%) € T, there exists 2° € Cgo(z) N Cgo(a) such that
T =1,2%\z, @ = 1,2°N\g and i, Lx°T, A\gR2°* for some z°T, 2°* € E°. Thus

TL NG LEO N RT* RAGRNe” L2 L.
Consequently,
(AR TRE A WS I R N R W U A WIS I AR R A W

moreover, iy, &' L&'R*y and z°*A\;RA 2" L*y. Therefore y € Cgo(x). Similarly,
we have y € Cgo(a) and hence Cy (g) C V. O
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Corollary 3.10. W is an abundant transversal of T'.
ProoF. It follows from Lemma 3.7 and Lemma 3.9 immediately. (]

Lemma 3.11. For any g € E(T") and h € E(W),
Cw(h)Cw(g) € Cw(gh) and Cw(g)Cw(h) € Cw(hg).

Proor. Let g = (K (), L;) € E(T') and h = (K (p), L;) € E(W) with
p € E°. Then
gh = (K(izap), Ly,s,) = (K(izap), Ly,).

By Lemma 3.9, for any ¢° € Cw(g),h° € Cw(h), there exist y € Cgo(x) N
Cso(a),q € Cso(p) such that g° = (K (y), L;) and h® = (K(q), L;), furthermore,
it is obvious that ¢ € E°. Thus

h°g” = (K(q), Lg)(K(y), Ly,) = (K(qy), Ly, )-

Since y € Cgo(x) N Cgo(a), there exist iy, Ay € E(R) and iq, Aq € E(R) such
that © = izy\s, @ = iqyAa, Where iz LyT, A\, Ry* and i Ly, \gRy*’ for some
vttty € B

Also, g = (K (z), L)) € E(T') gives

A*x =1g X

= a* Uy = lgly (since zR* i, and (4))

= iy(a*xiy) = lyigly

= iztqY(Aa * €2) = iy

= i,y g *ip) = iy (since iyiqy = iziqy Ty and i, Ligy™ € 1)

= yty(\g xi,) = y" (since i, Ly™)

= yMaxiz)y=yTy=uy.

From y(\, * i)y = y we deduce that y*' (A, * i)y = y*'. Hence (A, *i,)y = y*’
since 3*'R\, and consequently

(Mg *iz)y( g xip) = y*/()\a *0g) = g * g

It follows that y is an inverse in S° of (A, * i) and thus y € E° since A, *
i, € B° and S° is quasi-adequate. Therefore a = izyA, € E°E°A C A. From
condition (QA2) we have qy € Cso(p)Cgo(a) C Cgo(ap). Since iy iy € IE°E° C
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I, igiq yLly* and A\, * i, € E° N\, % i, Ry*’, from i, = iia2° - y* - (\g *iz) We
deduce that y*' € Cso(i,). Thus

9y = qyy"" € Cso(ap)Cse(iz) C Cse(izap)
and consequently qy € Cso(ap) N Cgo(izap). Hence from Lemma 3.9 we have
h°g® € Cw(gh). Dually we may show that g°h° € Cw (hg). O
Lemma 3.12. W is a multiplicative quasi-adequate transversal of T.
PROOF. Let g = (K(x),L}),h = (K(y),L;) € I'. For any (K (x1),L} ) € I,
and (K (y1), Ly, ) € Ap, by the proof of Lemma 3.9 we have z; € E(R) = I and
y1 € E°. Consequently from the proof of Lemma 3.11 we have a1,b; € E(L) = A.

Furthermore, there exists g° € Cy (g) such that (K (1), L} )Lg°t = (K (e°), L)
for some € € E° with a;Le’. Thus Ag, LaiLe® and A,, € E°. It follows that

(K (), L (K (1), Ey) = (K (i, by % 00), iy siyn,)-
Since by € E(L) and x; € E(R), by Theorem 3.1(1) by * z1 € E° and thus
iy, (b1 *21) € E° and (b1 *x1)A,, € E°.
For any z°,y° € E°, if (K (2°), L;.) € T, it is readily to see that
(K(2°), Lyo) = (K(2°Y°), Lyoyo) € E(W).

Therefore Ay I, € E(W). Combining with Corollary 3.10 and Lemma 3.11 implies
that W is a multiplicative quasi-adequate transversal of I'. O

Now we turn to prove the converse part of Theorem 3.1. Let S be an abun-
dant semigroup with a multiplicative quasi-adequate transversal S°. Let

R={zxeS: (AN €M)\, €E°} and L={a€S:(Ji,€l,) i, € E’}.

Then by Proposition 2.7, R and L are quasi-adequate semigroups with a common
quasi-adequate transversal S° which is a right ideal of R and a left ideal of L.

For every (a,z) € L X R, put axx = ax. Then a *x = ax = izax), € S° for
some ig, A, € E°,andifz € E(R) =1,a € E(L) = A, then axz = ax € AI C E°,
since S is a multiplicative quasi-adequate transversal of S. Thus the mapping
 satisfies (1) and clearly it also satisfies (2), (3) and (4). Therefore we get an
abundant semigroup I' in the way of the direct part of Theorem 3.1. Finally we
shall prove that I" is isomorphic to S.
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Let (K(x),L%) € T. Define § : T' — S by (K(x), L})0 = i,a, where i, € I,
and i, Lx°" for some 2° € Cgo(x) N Cso(a) and some z°t € E°. It is easy to see
that the definition of # is not dependent on the choice of i,.

We first have to show that 6 is well-defined. From the proof of Lemma 3.2, we
have if (K (z),L}) € T, then iza = 2X,. If (K(z),L}) = (K(y),L}), then R} =
Ry, 6(x) = 6(y) and L; = Ly. From xR*y and zdy we deduce that there exists
h € E(y*) such that © = yh, moreover, hL*z. Thus A, = yhA, = i,y° A\ hA,
and yAy = i,y°AyAp. Since y € R we have A\, € E° and consequently

Ay-h-Aa € E°T-ACE°ACA and A\, € E°A C A

It is easy to check that A kA, and Ay Ay in the same H*-class and so Ayhdg = AyAp.
Hence z), = y\, and therefore 0 is well-defined.
For any (K (z),L}), (K(y),L;) € T'. Then

(K (), La) (K (y), Ly)]0 = (K(izay), Loy, )0 = tizay - ayAo = ia  Gay - Y
= izaY\p = Ipaiyb (since yA, = iyb)
= (K(x), Lg)0 - (K (y), Ly)0,

and so @ is a homomorphism.
For every x € S, it is easy to check that zz°* € R and x°tx € L, where
T = 1,2\, 1. L2, Ay Rx°* for some 2°T, 2°* € E°. Moreover, from

o%* o+

2’ =i 2%\ 2’

* = g.x%x% and 2°Tx = 2°Ti,x°), = %2\,

we deduce that z° € Cgo(z2°*) N Cgo(2°Tx). Thus (K (xz°*),L*,, ) €T and

zotx

(K(z2°%), Loy )0 = iggor - %0 = ipa®Tw =i = 2.

Hence 6 is surjective.

Now let (K (x),L}), (K (y),L;) € T be such that (K(x),L})0 = (K (y),L;)6,
that is iza = iyb. Then zR*i;R*i,a = i,bR*i,R*y and al*iza = i,bL*D.
Thus R} = RZ and L; = Lj. From iza = iyb we deduce that x\, = yAs,
and consequently

Y =yMAy = TA Ay = Tz T AgAy.

Since z*A Ay is idempotent in R and z*AqAy - AgAy = 2, this implies that
T*AaAy € E(2*) and so xdy. Hence K (z) = K(y) and L} = L;. Therefore 6 is
injective and 6 is an isomorphism.
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