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The length of curvature tensor for Riemannian manifold
with parallel Ricci curvature tensor

By JIAN-FENG ZHANG (Lishui)

Abstract. In this paper, we study compact Riemannian manifolds with ∇2Ric=0,

and establish a pinching theorem for the square of the length of Riemannian curvature

tensor. When n ≥ 10, the pinching constant is sharp.

0. Introduction

Let (Mn, g) be a closed (i.e. compact, without boundary) Riemannian ma-

nifold of dimension n(n ≥ 3). e1, . . . , en are local orthonormal frames. The

components of Riemannian curvature tensor, the components of Ricci curvature

tensor, the components of the scalar curvature, and Ricci curvature tensor of

Mn, are denoted by Rijkl, Rij , R and Ric respectively. If ∇Ric = 0, we say that

(Mn, g) has a parallel Ricci cuvature tensor, that is,

Rij,k = 0, ∀i, j, k.

There are many Riemannian manifolds whose Ricci curvature tensors are parallel,

for instance, Einstein manifolds and symmetry spaces.

Li and Zhao studied the Riemannian manifolds whose Ricci curvature ten-

sors are parallel in [1], they obtained the following two theorems:
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Theorem A. Suppose Mn is a closed manifold with parallel Ricci curvature

tensor, and scalar curvature R = n(n− 1). If

2n(n− 1) ≤
∑

R2
ijkl ≤ 2n(n− 1) +

(
n

3 +
√
n− 2

)2

,

then M is a space form.

Theorem B. Suppose Mn is a closed Einstein manifold, and Scalar curvat-

ure R = n(n− 1). If

0 ≤
∑

W 2
ijkl <

4

9
n(n− 1),

where Wijkl is Weyl conformal curvature tensor, then M is a space form.

Li and Zhao proposed the following problems in [1]: Find the best pinching

constant with respect to the length of curvature tensor for Riemannian mani-

fold with parallel Ricci curvature tensor and determine the Riemannian manifold

with this constant. Chen studied this problem in [2] and obtained the following

theorem:

Theorem C. Suppose Mn is a closed manifold with parallel Ricci curvature

tensor, and Scalar curvature R = n(n− 1). If M isn’t an Einstein manifold, and

2n(n− 1) ≤
∑

R2
ijkl ≤

2n2(n− 1)

n− 2
,

then
∑

R2
ijkl =

2n2(n−1)
n−2 , and M is an isometric quotient of Mn−1

(
n

n−2

) ×M1,

where M1 is a 1-dimension curve, Mn−1
(

n
n−2

)
is an (n-1)-dimension space form

with constant section curvature n
n−2 .

Combining Theorem B with Theorem C, the above problem in [1] have been

solved when n ≥ 12.

In this paper, we study the analogous problem in [1] and we obtain:

Main Theorem. Suppose M is an n-dimensional closed Riemannian mani-

fold with ∇2 Ric = 0, then the scalar curvature R is a constant. Now we suppose

n ≥ 10 and R = n(n− 1). If

2n(n− 1) ≤
∑

R2
ijkl ≤

2n2(n− 1)

n− 2
,

then
∑

R2
ijkl is a constant. Moreover, M must be one of the following two cases:

i)
∑

R2
ijkl = 2n(n− 1), and M is a space form;

ii)
∑

R2
ijkl =

2n2(n−1)
n−2 , and M = Mn−1

(
n

n−2

)×M1, where M1 is a 1-dimension

curve, Mn−1
(

n
n−2

)
is an (n− 1)-dimension space form with constant section

curvature n
n−2 .
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1. Preliminaries

Let (Mn, g) be a closed Riemannian manifold of dimension n(n ≥ 3).

ω1, . . . ωn are local orthonormal frames. We have structure equations:

ωi = −
∑

j

ωijΛωj , ωij + ωji = 0. (1.1)

dωij = −
∑

k

ωikΛωkj +Ωij , (1.2)

where Ωij = − 1
2

∑
k,l RijklωkΛωl, Rijkl are the components of Riemannian cur-

vature tensor of Mn. The indexes range from 1 to n.

Ricci curvature are defined by Rij =
∑

l Riljl. The covariant derivative are

defined by ∑

k

Rij,kωk = dRij −
∑
m

Rmjωmi −
∑
m

Rimωmj , (1.3)

∑

k

Rij,klωl = dRij,k −
∑
m

Rmj,kωmi −
∑
m

Rim,kωmj −
∑
m

Rij,mωmk, (1.4)

We denote ∇Ric = 0 and ∇2 Ric = 0 by Rij,k = 0 and Rij,kl = 0 respectively,

where Ric denotes Ricci curvature tensor of Mn.

Now we suppose Mn is a closed Einstein manifold with parallel Ricci curvat-

ure tensor, and its scalar curvature is R = n(n− 1). We define

Dijkl = Rijkl − (δikδjl − δilδjk). (1.5)

One can derive the following identities:

Dijkl = −Djikl = −Dijlk = Dklij , (1.6)

Dijkl +Diljk +Diklj = 0, (1.7)

Dijkl,m +Dijmk,l +Dijlm,k = 0, (1.8)

∑

i

Dijil = Rjl − (n− 1)δjl, (1.9)

∑

i

Dijil,k = 0, (1.10)

‖D‖2 =
∑

ijkl

D2
ijkl =

∑

ijkl

R2
ijkl − 2n(n− 1). (1.11)

From (1.11) we have ∆‖D‖2 = ∆
(∑

ijkl R
2
ijkl

)
. Now we compute ∆‖D‖2. Since

Dijkl,m = Dijkm,l +Dijml,k,
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We have

1

2
∆‖D‖2 =

∑

ijkl,m

D2
ijkl,m +

∑

ijkl,m

DijklDijkl,mm

= ‖∇D‖2 + 2
∑

ijkl,m

DijklDijkm,lm

= ‖∇D‖2+2
∑

ijklhm

Dijkl(DhjkmRhilm +DihkmRhjlm +DijhmRhklm +DijkhRhl),

where we have used (1.10) and Ricci identity

Dijkm,lm −Dijkm,ml = DhjkmRhilm +DihkmRhjlm +DijhmRhklm +DijkhRhl.

By a straight-forward computation, we get

1

4
∆‖D‖2 =

1

2
‖∇D‖2 +

∑

ijklhm

Dijkl(DihkmDhjlm −DjhkmDhilm)

− 1

2

∑

ijklhm

DijklDklhmDhmij + (n− 1)‖D‖2. (1.12)

Here we have used the identity
∑

i Dijik = 0 (M is an Einstein manifold).

We need these following lemmas:

Lemma 1.1 ([4]). Let a1, . . . , an(n ≥ 2) be real numbers satisfying
∑

i ai=0.

Then ∣∣∣
∑

i

a3i

∣∣∣ ≤ n− 2√
n(n− 1)

(∑

i

a2i

) 3
2

,

where the equality holds if and only if at least n− 1 numbers of the a′is are same

with each other.

Lemma 1.2 ([5]). Let A, B be anti-symmetric matrixes, then

∥∥[A,B]
∥∥ ≤

√
2 ‖A‖ ‖B‖,

where [A,B] = AB −BA, ‖A‖2 = (A,A), and (A,B) = − 1
2 tr(AB).

Lemma 1.3 ([5]). Let σ = (sij) be a symmetric n× n matrix with sij ≥ 0

for any i, j and sii = 0 for any i. If trace (σ2) = n(n− 1), then

tr(σ3) ≤ n(n− 1)(n− 2).

The equality holds if and only if sij = 1− δij .
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Let A be a 1
2n(n− 1)× 1

2n(n− 1) matrix,

A =




A11 A12 . . . A1n−1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

An−11 An−12 . . . An−1n−1




where the submatrix Aik is given by

Aik =




Dii+1kk+1 Dii+1kk+2 . . . Dii+1kn

Dii+2kk+1 Dii+2kk+2 . . . Dii+2kn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Dinkk+1 Dinkk+2 . . . Dinkn




It is easy to know that Aik is an (n− i)× (n− k) matrix, and A is a symmetric

matrix. In fact, the element Dijkl(i < j, k < l) of A lies on the place of
(
1
2 (i− 1)

(2n− i) + j − i, 1
2 (k − 1)(2n− k) + l − k

)
, and the element of A on the place of(

1
2 (k − 1)(2n− k) + l − k, 1

2 (i− 1)(2n− i) + j − i
)
is Dklij .

By the knowledge of matrix, there exists a matrix P such that PAP−1 is a

diagonal matrix,that is,

PAP−1 =




λ1 0 . . . 0

0 λ2 . . . 0

. . . . . . . . . . . . . . . . .

0 0 . . . λN




where N = 1
2n(n− 1), and λ1, λ2, . . . , λN are real numbers.

It follows that

tr(Ak) =

N∑

i=1

λk
i , k = 1, 2, 3, . . .

Since M is a Einstein manifold, we have

N∑

i=1

λi = trA =
∑

i<j

Dijij =
1

2

n∑

i,j=1

Dijij = 0,

N∑

i=1

λ2
i = tr(A2) =

∑

i<j,k<l

D2
ijkl =

1

4

n∑

i,j,k,l=1

D2
ijkl =

1

4
‖D‖2,

N∑

i=1

λ3
i = tr(A3) =

∑

i<j,k<l,h<m

DijklDklhmDhmij =
1

8

n∑

i,j,k,l=1

DijklDklhmDhmij .
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By Lemma 1.1, we have

∣∣∣
n∑

i,j,k,l=1

DijklDklhmDhmij

∣∣∣ = 8

N∑

i=1

λ3
i ≤ 8

N − 2√
N(N − 1)

( N∑

i=1

λ2
i

) 3
2

=
N − 2√
N(N − 1)

‖D‖3, (1.13)

Let D̂ij := (Dlmij), then D̂ij is an anti-symmetric matrix for any i, j. Now we

have
∑

ijklhm

Dijkl(DihkmDhjlm −DjhkmDhilm) = 2
∑

klm

(
D̂kl, [D̂km, D̂lm]

)
, (1.14)

By using lemma 1.2, we have

2
∣∣∣
∑

klm

(
D̂kl, [D̂km, D̂lm]

)∣∣∣≤ 2
∑

klm

∣∣(D̂kl, [D̂km, D̂lm]
)∣∣≤ 2

∑

klm

‖D̂kl‖ ·
∥∥[D̂km, D̂lm]

∥∥

≤ 2
√
2
∑

klm

‖D̂kl‖ · ‖D̂km‖ · ‖D̂lm‖ =
∑

klm

skmsmlslk,

where sij :=
√
2‖D̂ij‖. Let σ = (sij), t =

√
n(n−1)

‖D‖ , then

tr((tσ)2) = t2Tr(σ2) = 2t2
∑

kl

‖D̂kl‖2 = t2
∑

ijkl

D2
ijkl = t2‖D‖2 = n(n− 1),

By using lemma 1.3, we get

Tr((tσ)3) ≤ n(n− 1)(n− 2),

and
∑

ijklhm

Dijkl(DihkmDhjlm −DjhkmDhilm) ≤ 2
∣∣∣
∑

klm

(
D̂kl, [D̂km, D̂lm]

)∣∣∣

≤ n− 2√
n(n− 1)

‖D‖3,

Replacing (1.13) and (1.14) into (1.12), we have

1

4
∆‖D‖2 ≥ 1

2
‖∇D‖2 −

(
1

2

N − 2√
N(N − 1)

+
n− 2√
n(n− 1)

)
‖D‖3 + (n− 1)‖D‖2

≥ (n− 1)‖D‖2
(
1− S

n− 1
‖D‖

)
,

where S = 1
2

N−2√
N(N−1)

+ n−2√
n(n−1)

.
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2. Proof of Main Theorem

For any function f on Mn, the Laplacian of f is defined by 4f = f,kk. Then

we have:

Lemma 2.1. Suppose Mn is a closed manifold, then ∇2 Ric = 0 if and only

if ∇Ric = 0.

Proof. We only need to prove the condition ∇2 Ric = 0 is the sufficient

condition of ∇Ric = 0.

Suppose ∇2 Ric = 0, that is, Rij,kl = 0 for any i, j, k, l. Let f =
∑

ij R
2
ij ,

we have

1

2
4
(∑

ij

R2
ij

)
=

∑

ij,k

R2
ij,k +

∑

ij,k

RijRij,kk =
∑

ij,k

R2
ij,k ≥ 0.

Since Mn is a closed manifold, we obtain
∑

ij R
2
ij = const., hence Rij,k = 0. ¤

Remark. The first part of main theorem (scalar curvature R is a constant

when ∇2 Ric = 0) has been got by Xu in [3], but they hasn’t got Lemma 2.1.

In fact, we can prove that: If Mn is closed, ∇2T = 0 implies ∇T = 0 for any

tensor T .

Moreover, we have:

Lemma 2.2. Suppose Mn is a closed Einstein manifold, and Scalar curvat-

ure R = n(n− 1). If

0 ≤
∑

W 2
ijkl <

(n− 1)2

S2
,

where Wijkl is Weyl conformal curvature tensor, constant S = 1
2

N−2√
N(N−1)

+

n−2√
n(n−1)

, and N = n(n−1)
2 , then M is a space form.

Proof. The Weyl conformal curvature tensor is

Wijkl = Rijkl − 1

n− 2
(δikRjl + δjlRik − δilRjk − δjkRil)

+
R

(n− 1)(n− 2)
(δikδjl − δilδjk).

Since Mn is an Einstein manifold , we have Rjl = (n− 1)δjl. A straight-forward

computation gives

‖W‖2 =
∑

i,j,k,l=1

R2
ijkl − 2n(n− 1) = ‖D‖2, (2.1)
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By the condition 0 ≤ ∑
W 2

ijkl <
(n−1)2

S2 , and (1.16) we get:

1

4
∆‖D‖2 ≥ (n− 1)‖D‖2

(
1− S

n− 1
‖D‖

)
≥ 0.

Since Mn is a closed manifold, we obtain ‖D‖ = 0 by Hopf Theorem, so M is a

space form. ¤

Proof of Main Theorem. It is easy to know that the Scalar curvature R

is a constant by Lemma 2.1. Moreover, Lemma 2.2 and Theorem C still hold

under the condition “∇2 Ric = 0” by Lemma 2.1.

If M is not an Einstein manifold, main theorem is true by Theorem C .

Now we suppose M is an Einstein manifold.

From (2.1), we know the condition 2n(n − 1) ≤ ∑
R2

ijkl ≤ 2n2(n−1)
n−2 is equi-

valent to the condition 0 ≤ ∑
W 2

ijkl ≤ 4n(n−1)
n−2 .

When n ≥ 10, ‖W‖2 ≤ 4n(n−1)
n−2 < (n−1)2

S2 , we know M is a space form by

Lemma 2.2, and main theorem also holds ¤
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