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The length of curvature tensor for Riemannian manifold
with parallel Ricci curvature tensor

By JIAN-FENG ZHANG (Lishui)

Abstract. In this paper, we study compact Riemannian manifolds with VZ?Ric=0,
and establish a pinching theorem for the square of the length of Riemannian curvature
tensor. When n > 10, the pinching constant is sharp.

0. Introduction

Let (M™,g) be a closed (i.e. compact, without boundary) Riemannian ma-
nifold of dimension n(n > 3). ej,...,e, are local orthonormal frames. The
components of Riemannian curvature tensor, the components of Ricci curvature
tensor, the components of the scalar curvature, and Ricci curvature tensor of
M?", are denoted by R;j;xi, Rij, R and Ric respectively. If V Ric = 0, we say that
(M™, g) has a parallel Ricci cuvature tensor, that is,

Rij = 0,Yi, j, k.

There are many Riemannian manifolds whose Ricci curvature tensors are parallel,
for instance, Einstein manifolds and symmetry spaces.

L1 and ZHAO studied the Riemannian manifolds whose Ricci curvature ten-
sors are parallel in [1], they obtained the following two theorems:
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Theorem A. Suppose M™ is a closed manifold with parallel Ricci curvature
tensor, and scalar curvature R = n(n — 1). If

2
2n(n —1) <Y Rl <2n(n—1)+ (ﬁ) ;

then M is a space form.

Theorem B. Suppose M™ is a closed Einstein manifold, and Scalar curvat-
ure R=n(n—-1). If

0< ZWJM < n (n—1),
where Wi, is Weyl conformal curvature tensor, then M is a space form.

L1 and ZHAO proposed the following problems in [1]: Find the best pinching
constant with respect to the length of curvature tensor for Riemannian mani-
fold with parallel Ricci curvature tensor and determine the Riemannian manifold
with this constant. CHEN studied this problem in [2] and obtained the following
theorem:

Theorem C. Suppose M™ is a closed manifold with parallel Ricci curvature
tensor, and Scalar curvature R = n(n — 1). If M isn’t an Einstein manifold, and

n?(n—1)
n—l <ZRU’€l T,

2
then jokl = %, and M is an isometric quotient of M™! (%) x M1,
where M* is a 1-dimension curve, M"™~! (ﬁ) is an (n-1)-dimension space form
with constant section curvature —.
Combining Theorem B with Theorem C, the above problem in [1] have been
solved when n > 12.

In this paper, we study the analogous problem in [1] and we obtain:

Main Theorem. Suppose M is an n-dimensional closed Riemannian mani-
fold with V2 Ric = 0, then the scalar curvature R is a constant. Now we suppose
n>10 and R=n(n—1). If

nn—1) € Y Ry < 20D
then > R w1 15 a constant. Moreover, M must be one of the following two cases:
i) > Rijkl =2n(n — 1), and M is a space form;

ii) ZRUM = (" 1) andM Mn"— 1( "2)><M1 where M1 is a 1-dimension

n—
curve, M™~ 1( ) is an (n — 1)-dimension space form with constant section

curvature 2.
n—2
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1. Preliminaries

Let (M™, g) be a closed Riemannian manifold of dimension n(n > 3).
w1, ...w, are local orthonormal frames. We have structure equations:

w; = — Zwij/\wj,wij + Wi = 0. (11)
J
dwij = — Zwik/\wk]— =+ Qija (12)
k
where ;; = —% Zk,l RijriwrAwy, Rijr are the components of Riemannian cur-

vature tensor of M™. The indexes range from 1 to n.
Ricci curvature are defined by R;; = >, Rijji. The covariant derivative are

defined by
Z Rijpwr = dRij — Z R jwmi — Z Rimwmg, (1.3)

A
Z Rijrwr = dRijp — Z R j kwmi — Z Rim kwm;j — Z Rijmwme,  (1.4)
k m m m

We denote V Ric = 0 and V2Ric = 0 by R = 0 and Ry = 0 respectively,
where Ric denotes Ricci curvature tensor of M™.

Now we suppose M" is a closed Einstein manifold with parallel Ricci curvat-
ure tensor, and its scalar curvature is R = n(n — 1). We define

Dijjri = Rijii — (661 — 0adjn). (1.5)
One can derive the following identities:

Dijry = —Djity = —Diji = Dy, (1.6)
Dijri + Diji + Digi; =0, (1.7)
Dijki,m + Dijmi + Dijim,k =0, (1.8)
ZD”“ = le — (n — 1)(5]], (19)
> Dijus =0, (1.10)
||D||2 = ZDZ'ijl = ZRzzjkl —2n(n —1). (1.11)

ijkl ijkl

From (1.11) we have A|D||?> = A(Zijkl R?jkl). Now we compute A||D||%. Since

Dijkl,m = Dijkm,l + Dijml,lm
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We have
1
§A||D||2 = Z Djtm + Z Dijki Dijkt,mm
ijkl,m ijkl,m
=||[VD|* +2 Z DijriDijrm,im
ijkl,m
= |VD|*+2 Z D; ki (DrjkmRhitm + Dinkem Rhjim + Dijhm Rikim + DijenRri),

ijklhm
where we have used (1.10) and Ricci identity
Dijtm,im — Dijkm.mi = DhjkmBhitm + Dinkem Bhjim + Dijhm Bhkim + Dijen B
By a straight-forward computation, we get
1 1
ZAHDHZ = §||VD||2 + Y Dijui(Dinkm Dnjim — DjnkmDhitm)
ijklhm

1
5 S DigtaDutnn Damiy + (1~ DD (112
ijklhm

Here we have used the identity ). D;j;, = 0 (M is an Einstein manifold).
We need these following lemmas:

Lemma 1.1 ([4]). Let ay,...,a,(n > 2) be real numbers satisfying y . a;=0.

Then .
3 n—2 ( 2) 2
a; S a; )

‘ ; n(n—1) Z

1
where the equality holds if and only if at least n — 1 numbers of the a’s are same
with each other.

Lemma 1.2 ([5]). Let A, B be anti-symmetric matrixes, then
14, Bl[| < V2| Al |1 BI
where [A, B] = AB — BA, ||A||> = (A, A), and (A, B) = —itr(AB).

Lemma 1.3 ([5]). Let 0 = (s;;) be a symmetric n x n matrix with s;; > 0
for any i, j and s; = 0 for any i. If trace (6?) = n(n — 1), then

tr(o®) < n(n—1)(n —2).

The equality holds if and only if s;; = 1 — ;5.
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Let A be a in(n—1) x in(n — 1) matrix,

where the submatrix A;; is given by

Diivikk+1 Diivirkt+2 -+ Diitikn
A — Diivorkt1 Diivorkt2 -+ Diiyokn
ik =

Dinkky1 Dinkks2 -+ Dinkn

Tt is easy to know that A is an (n — i) x (n — k) matrix, and A is a symmetric
matrix. In fact, the element D;jx (i < j,k <) of A lies on the place of (1 (i — 1)
(2n—i)+j —i,5(k—1)(2n — k) + 1 — k), and the element of A on the place of
(3(k—1)2n— k) +1—k,2(i — 1)(2n — i) 4+ j — 4)is Dyij.

By the knowledge of matrix, there exists a matrix P such that PAP~ ! is a
diagonal matrix,that is,

MO0 ... 0
papi_ |0 X 0
0 0 AN

where N = %n(n —1), and A1, Ao, ..., Ay are real numbers.
It follows that

N
tr(A%) =3 "N, k=1,2,3,...
=1

Since M is a Einstein manifold, we have

N n
Z)\'L =trA= ZDijij = % Z Dijij =0,

i=1 i<j 4,j=1
2 _ 2y _ 2 _ 2 _ 2

E A =tr(A%) = E D3 = 1 E D = EHD” ;

i=1 i<jk<l i gk l=1
N 1 n

3 3

E Ay =tr(A%) = g Dijki Drinam Dhmij = 3 E Dijki Drinm Drmi;-
i=1 i<j,k<l,h<m i,5,k,1=1
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By Lemma 1.1, we have

n 3
‘ E Dkt Diinm Dhmij

N N_9 N 3
=8) A< 8( Ag)
0,4,k =1 im1 N(N—-1) ;

N -2
= ———| DI, (1.13)
N(N -1)
Let Dij = (Dimij), then ﬁij is an anti-symmetric matrix for any ¢, 7. Now we
have
Z Dijri(Dinkm Dhjim — DinkmDhitm) = 2 Z (bkh [Dim, Dlm])7 (1.14)
ijklhm klm

By using lemma 1.2, we have

2‘ Z (f)kl» [Dk:mvf)lm])‘ < QZ ‘(Dkly [-ka;-blm])‘ S2Z | Dy | - ||[f)km7-blm]H
klm klm klm

< 2\/52 | Diall - | Dkml| - | Dim || = Zskmsmlslkv

klm klm

where s;; := V2| Dyj|. Let o = (sij),t = 7W, then

tr((to)?) = *Tr(o®) =262 | Dl|* = Y Dijpy = 2| D|* = n(n - 1),
ki ijkl
By using lemma 1.3, we get

Tr((to)?) < n(n —1)(n - 2),
and

> Dijkt(DinkmDhjim — Dintm Dhitm) < 2‘ > (Dits [Dom, f)lm])’
ijklhm klm
n—2
S -
vn(n—1)

Replacing (1.13) and (1.14) into (1.12), we have

1D,

1 1 1 N-2 n—2
ZAID|I? > VD)2 = | = + D|]? + (n — 1)||D|?
JAIDI = SV D) (WN(N_I) Tm= ) 121+ (= DI

> (n—1)|D|? <1 - nSIIIDII) :

N-—-2 n—2
V/N(N-1) + V/n(n-1)"

N

where S =
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2. Proof of Main Theorem

For any function f on M™, the Laplacian of f is defined by Af = f 5. Then
we have:

Lemma 2.1. Suppose M" is a closed manifold, then V? Ric = 0 if and only
if V Ric=0.

PRrROOF. We only need to prove the condition V2 Ric = 0 is the sufficient
condition of V Ric = 0.

Suppose V2 Ric = 0, that is, Riji =0 for any i, j, k, . Let f = Zij R?j,
we have

%A<ZR?J') = ZRz‘Qj,k + Z RijRijpr = ZRZ?]-,,C > (.
ij

ij.k ij.k ij.k
Since M™ is a closed manifold, we obtain }_,; R}; = const., hence R;j =0. O

Remark. The first part of main theorem (scalar curvature R is a constant
when V2 Ric = 0) has been got by XU in [3], but they hasn’t got Lemma 2.1.
In fact, we can prove that: If M™ is closed, V2T = 0 implies VI = 0 for any
tensor 7.

Moreover, we have:

Lemma 2.2. Suppose M" is a closed Einstein manifold, and Scalar curvat-
ure R=n(n—1). If
2 (n—1)°
0<) Wiy < gz

where Wi, is Weyl conformal curvature tensor, constant S = 1_N-2

2 /N(N-1) +

n—2
v/n(n—1)

PrOOF. The Weyl conformal curvature tensor is

,and N = @, then M is a space form.

1
Wijki = Rijr — m((sikle + 0 Rir, — 6aRjr — 0 Rar)
R
(01051 — 0;10k).
T D) —g) 0o~ dudiw)
Since M™ is an Einstein manifold , we have Rj; = (n — 1)d;;. A straight-forward
computation gives

WP =Y Riju—2nn—1)=|DIP, (2.1)

i4k,l=1
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By the condition 0 < Y W72, < (”5721)2, and (1.16) we get:
LD = (- (1= =2 o)) = 0
4 - n—1 -

Since M™ is a closed manifold, we obtain ||D| = 0 by Hopf Theorem, so M is a
space form. 0

PrROOF OF MAIN THEOREM. It is easy to know that the Scalar curvature R
is a constant by Lemma 2.1. Moreover, Lemma 2.2 and Theorem C still hold
under the condition “V?2 Ric = 0” by Lemma 2.1.

If M is not an Einstein manifold, main theorem is true by Theorem C .

Now we suppose M is an Einstein manifold.

From (2.1), we know the condition 2n(n —1) < >° Rfjkl < % is equi-
valent to the condition 0 < > W%kl < dn(n—1)

1 n—2
2
When n > 10, [|[W]? < 4"7(;1;1) < (";21) , we know M is a space form by
Lemma 2.2, and main theorem also holds O
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