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A note on Euler’s ¢-function

By WLADYSLAW NARKIEWICZ (Wroclaw)

This paper is dedicated to Kdlmdn Gydry, Jdnos Pintz, Attila Pethd
and Andras Sdrkozy on the occasion of their round birthdays

Abstract. For a large class of multiplicative arithmetic functions f a method is
given to determine the value of the leading coefficient in the asymptotical formula for
the number of integers n < z with f(n) prime to a given integer. This is applied to
Euler’s p-function, generalizing the result of [6].

1. Introduction

For an integer-valued arithmetic function f and an integer N > 2 denote by
Fn(f;x) the number of integers n < z satisfying (f(n), N) = 1. If N is a prime,
then F(f;x) counts the integers n < z with N t f(n).

It has been shown in 1964 by E. J. SCOURFIELD ([4]) that for the function
©(n) and odd primes ¢ one has

X

Fy(p,z) = (clq) + 0(1))W

(1)
with some positive constant ¢(g). This has been later put in a more general context
in [2], [3] (see also [5]). The value of the coefficient ¢(q) has been determined by

B. K. SPEARMAN and K. S. WILLIAMS [6] in 2006. The purpose of this note
is to show that the approach utilized in [2], [3], [5] can be used to obtain the
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value of the leading coefficient in a similar asymptotic formula for a large class of
integer-valued multiplicative functions, without restricting the integer ¢ to be a
prime.

2. Notation

By x we shall denote multiplicative characters mod N, L(s,x) will be the
corresponding Dirichlet L-function and x( the principal character. The letter p
in formulas will be reserved for prime numbers. For (k, N) = 1 and $s > 1 put

1 1 1
g(Nkss)= > —— log —— (2)
p=k mode SO(N) s—1

We shall need a simple formula for the value of
9(N,k;1) = lim g(N,k;s).

It belongs to the folklore, but we sketch the proof for the convenience of the
readers.

Lemma 1. If (N, k) =1, then

g(NJC; 1) = SD(IMX;OX(k)IOgL(LX> - ZE]]:Q - (N’ k)»
where N
a(N) = log (V)
and
1
S o
= pJ =k mod N

PrOOF. For characters x mod N and Rs > 1 one has

1 1
O DI I N R R

P p p p|N

and

1 1 1 1
10gs—1+r(s):10g<(s):;];+z;;ﬁ’
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where r(s) is regular for ®s > 1 and vanishes at s = 1.
Thus

) g - T3-S

p\N

Applying Dirichlet’s formula

o) S o= los - i

1 1 —
+Z k)log L(s,x) — Z*Z? x(k)x (@)
XF#X0 Jj=2 TP XF#X0
In view of

-1 if a#1mod N and (a,N) =1,

ZX(CL)Z @(N)—1 if a=1mod N,

X#x0 0 if (a,N)>1,

we get

o(N) Z p—szlogsil—l—r(s)— i_Z%ZL

p=k mod N p|N j=2

—|—Z k)log L(s, x) + Z*ZPL (N)Z} Z l»a
=27 N = j

X#Xo J

and this leads to
— =1 1 1 1
p(Ng(N k1) =S XM log L[ =S 4> - Y =
XFX0 j=1 J p|N j= =
It remains to observe that

1 N
Z i =2ty el =g 0

= p\N p|N
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We shall need also the following lemma:

Lemma 2. If m > 2 and (k, N) = 1, then for Rs > 1/m one has

1 1 1 logm
li — 1 =g(N,k;1) — .
s—>11/r7l}1+0 pzkzm;)d N p*™  p(N) 8 s—1/m 9 ) o(N)

PRrROOF. Follows from (2) and the equality
log(ms — 1) =log(s — 1/m) + log m. O

For shortness we shall write

T =Y “fy —log(1+1/y) — 1/,

and

1
—1/y.

Moreover we put

and for (N, k) =1 and s > 1

Z(N,k;s) =

3. Multiplicative functions

We shall deal with integer-valued multiplicative functions f(n) which are po-
lynomial-like, i.e. have the property that for ¢ = 1,2,... and every prime p one
has f(p') = Vi(p), where Vi, Va, ... are polynomials with integral coefficients.

For a fixed integer N > 3 and ¢ = 1,2,... put

Ri(f,N)={zmod N : (zV;(z),N) =1}

and denote by m = m(f, N) the smallest integer ¢ for which the set is nonempty,
if such integer exists.
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For Rs > 1 put
o0
o N Xo(f(n))
F(7Nps) = 30 20U,
n=1
Expanding F'(f, N;s) in an Euler product one gets

F(f,N;s) = g(s)G(s),

gm=HG+Zmﬁﬁv

pIN j=1

being regular for $s > 0 and

G@:Hc+i“ﬁ@>

ptN j=m

Since .
'1+ Xo(f(p ))‘ > 1
p’!TLS 2

the product
> N)p—is
H(S) _ H 1+ ZJ:m XO(f(p]))p

oy LExo(fprm))pmme

is regular for Rs > 1/m.

Moreover

[ 1+ 2070 -

ptN pIN

= exp (Zlog <1 + XO(XZ’S@))> ) = exp (Z X0 Ym1P))

ptN

where

PIN r=2

is regular for Rs > 1/m.

This implies the equality

mgzﬂwmm<§j””ﬁ?”+M@)
v P

557
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valid for s > 1/m.
Now write R, (f, N) = {r1 <ry <--- <}, observe that

Vi i 1
MZ X0 (pms(P)) _ Z Z —
N

j=1 p=r; mod N

3

and apply Lemma 2 to arrive at

xo(Vim(p)) _ 1 o 1 i 1) — tlogm .

where 7(s) is regular for s > 1/m and v(1/m) = 0.
The last equality and (6) give now

F(f,Nys) = A(s)/(s — 1/m)",

where
A(s) = g(s)H(s) oxp (h<s> + D0V - SR 7(8)) ™)
and
B = t/o(N). ®)

Observe also that A(s) cannot vanish at s = 1/m. Indeed, otherwise one
would have either 1 < g(1/m) = 0, or H(1/m) = 0, thus for some prime p { N
one must have

S o)
g/ m - ’

j=m P

which is obviously not possible.
Applying the TAUBERIAN theorem of DELANGE ([1], [7], p. 275) to the func-

tion F(f, N;s) one gets the following assertion:

Theorem 1. Let f be a polynomial-like integral-valued multiplicative func-
tion and let N > 2 be an integer. Then

mA xt/m
#{n<z:(f(n),N)=1}= <W+O 1>log1_t/“"(N)z,
with
A= g(1/m)H(1/m)exp (h(l/m) + Zg(N, riil) — t;‘gi’;‘) 9)

the functions g(N, k;s), g(s), H(s), h(s) being defined in (2), (3), (4) and (5),
respectively, and m = m(f, N).
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4. Euler’s function

We apply now Theorem 1 to Euler’s function ¢(n).

Theorem 2. If N > 3 is an odd integer, then

Fn(p, @) = (c(N) + 0(1))@,
where
a=1-—®(N)

) = Ty <¢§JVV)>¢(N) I (4}

p|N,(p—1,N)=1

-1
. H L(LX)(I)(fX)( H H H Z(N, k;é)”(d)/5> ,

X7#Xo0 1<d|N 1<8|¢p(d) k€T4(5)

where f, is the conductor of x and T;(6) denotes the set of residue classes
mod N having order § mod d.

PRrROOF. Let N = szlp?j > 3 be an odd integer, let Ry denote the set of
residue classes k mod N satisfying (k(k—1),N) = 1 and R let be their union. In
our case we have 2 € Ry(p, N) = Ry # () hence m = m(p, N) = 1, and since the
Chinese remainder theorem implies

#R (0, N) = [ #8105,

j=1

t=#R =[], —2p7 " =N]] (1 —~ ;) #0.

j=1 p|N

hence

Since ¢(p’) = (p—1)p’ 1, the condition (¢(p’), N) = 1 is equivalent to either
ptNand (p—1,N)=1,0r p|N, (p —1,N) =1 and j = 1. Therefore

=TI <1+1>, H(l)znﬁ, (10)

p|N,(N,p—1)=1 p PER

and

h(1) = T(p).



560 Wiadystaw Narkiewicz

Moreover, by Lemma 1 we have

S9Nk 1) = Z S X(B)log L(1, x) — e s
keER x;éxg keER ( ) QO( )
with
S=>"B(N,k). (12)

kER

Write P; for the set of primes p{ N, congruent to 1 mod d. We can write S
in the form

DI ED I DTS IS

J>2 pJeR J>2 pr J>2 MNPJ¢R
1
S IURSD STT) SRS S
ptN d|N,d>1 j>2  ptN JP
pjélmodd
1
SNUCEEDSITT) Y B DEE D S
ptN d|N,d>1 3=>2 | p/ =1 mod Jp p|N P
p? =1 mod d
RS INTE) W I DIF- R S
APy I )
PIN d|N,d>1 j=2 PEPy PtN,pEPa
p’ =1 mod d
=> V) + > wld > Vip)
ptN d\Nd>1 PEPq
1
S w0l Y L-arsec
d|N,d>1 J>2 pIN,p¢ Py p
p? =1 mod d

say. Since

B=Yvep)[ Y wa-1]=- Y V),
PN

d|(N,p—1) ptN,(N,p—1)>1

we get

A+B=> V()
PER
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Now observe that if o4(p) denote the multiplicative order of p mod d, then
p? = 1 mod d holds if and only if o4(p) divides j. Therefore

STV IS

1<d|N 1<6|<p(d) p’(N
04(p)=

1 s 1

-y ¥ iy (v<p>+p§)
1<d|N 1<6|p(d) ptN
04(p)=6

1 1
=2 Y5 D s
1<d|N 1<8lp(d)  p,oa(p)=6

and finally we arrive at

S=A+B+C=Y Vip)+log| [T I TI zW.k6» D7), (13)

peER 1<d|N 1<68|p(d) k€T4(5)

where T;(0) denotes the set of residue classes mod N having order 6 mod d.
Moreover for x # xo we have

N-1
>oxk) = x(k) = > x(k) == u(d) > x(k).
kER, k=1 k¢Ry dIN k=1 mod d,(k,N)=1

Let Hy be the subgroup of the multiplicative group mod N consisting of
residue classes congruent to 1 mod d. In view of

—  Je(N)/p(d) if d|fy,
> x(k) = {0 )

k=1 mod d,(k,N)=1 otherwise,
we get
wu(d)
Z Z o(d) = —p(N)®(fy),
keR: d|fx
hence

Z > x(B)log L(1,x) | = [ L) "W). (14)

X#Xo kER, X#X0

Observe finally that one has

H(1)exp [ h(1) = > V(p) | =1L (15)
PER

The assertion follows now from (10), (11), (12), (13), (14), (15) and The-
orem 1. 0
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