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On weakly symmetric and weakly Ricci symmetric warped
product manifolds

By ABSOS ALI SHAIKH (Burdwan) and HARADHAN KUNDU (Burdwan)

Abstract. This paper is concerned with some results on weakly symmetric and
weakly Ricci symmetric warped product manifolds. We prove the necessary and suffici-
ent condition for a warped product manifold to be weakly symmetric and weakly Ricci
symmetric. On the basis of these results two proper examples of warped product weakly
symmetric and weakly Ricci symmetric manifolds are presented.

1. Introduction

Let M, dim M = n > 3, be a semi-Riemannian manifold with Levi-Civita
connection V and semi-Riemannian metric g. Let R, S and k be the curvature
tensor of type (0,4), Ricci tensor of type (0,2) and scalar curvature of (M, g)
respectively. The manifold M is locally symmetric if VR = 0, which is equivalent
to the fact that for each point x € M, the local geodesic symmetry is an isometry.
For 2-dimensional manifolds being of locally symmetric and being of constant
curvature are equivalent. But for n > 3, the locally symmetric manifolds are
a generalization of the manifolds of constant curvature. A full classification of
locally symmetric manifolds is given by CARTAN [3] for Riemannian case and
CAHEN and PARKER ([4], [5]) for indefinite case. The semi-Riemannian manifold
M is said to be Ricci-symmetric if V.S = 0. Every locally symmetric manifold is
Ricci-symmetric but not conversely, in general. However, the converse is true for
dimension 3.
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During the last six decades the notion of locally symmetric manifolds has been
weakened by many authors in different directions such as recurrent manifolds by
WALKER [50], generalized recurrent manifolds by DUBEY [20], quasi-generalized
recurrent manifolds by SHAIKH and RoY [43], weakly generalized recurrent mani-
folds by SHAIKH and RoY [44], hyper-generalized recurrent manifolds by SHATKH
and PATRA [42], semi-symmetric manifolds by SZABO [46], pseudosymmetric ma-
nifolds by CHAKI [6], pseudosymmetric manifolds by DEszcz [19], weakly sym-
metric manifolds by SELBERG [31] and weakly symmetric manifolds by TAMASSY
and BINH [47]. We note that the notion of pseudosymmetry by DEszcz [19] is
different to that by CHAKI [6]. Also, the notion of weakly symmetric manifolds by
SELBERG [31] is different to that by TAMAsSY and BINH [47] and throughout the
paper we will confined ourselves with the notion of weakly symmetric manifolds
by TAMAssY and BINH [47].

Let U ={z € M : VR # 0 and R#0 at z}. Then (M,g) is said to be
recurrent [50] if on U C M, we have VR = H ® R, where H is an unique 1-form.
It is obvious that the 1-form H is non-zero at every point of U. Such a manifold
is denoted by K.

Let U ={z € M: R# 0and VR— A® R # 0 at « for all 1-forms A}.
Then (M, g) is said to be weakly symmetric [47] if on Ur C M, we have VR = L,
where L is a tensor of type (0,5) defined by

L(X, X1, Xo, X3, X4) = A(X)R(X1, X2, X3, Xa) + B(X1)R(X, X2, X3, X4)
+ O(X2)R(X17X7 Xg,X4)T’ + D(Xg)R(XhXQ,X, X4)
E(X4)R(X1, X5, X3, X), (1.1)

for all vector fields X, X; € x(M) (i = 1,2,3,4), x(M) being the Lie algebra of
all smooth vector fields on M, where A, B, C, D, E are 1-forms on M. It is clear
that the 1-forms A, B, C', D, E can not be zero at every point of Ug. Such a
manifold is denoted by W.S,,. From the definition it follows that every K, is a
WS, but not conversely. The existence of a WS, is proved by PRVANOVIC [29].
We note that all 1-forms A, B, C, D, E in (1.1) are not distinct. In fact, in a
WS, the 1-form B = C and D = E [11]. Hence the reduced defining condition
of a WS, is given by

(VxR)(X1, X2, X3, Xy) = A(X)R(X1, X2, X3, Xy) + B(X1)R(X, X2, X3, Xy)
+ B(X2)R(X1, X, X3, X4) + D(X3)R(X1, X2, X, X4)
+ D(X3)R(X1, Xa, X3, X). (1.2)
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Especially, if (i) B=D = %A, (iil) B =D # A, then a WS, turns into a pseu-
dosymmetric manifold in the sense of CHAKI [6] and extended recurrent manifold
by PRVANOVIC [30] respectively. If in (1.2), the 1-form A is replaced by 2A and D
is replaced by A, then a W.S,, turns into a generalized pseudosymmetric manifold
by CHAKI [8]. Again PRVANOVIC [29] proved that if a WS, is not pseudosym-
metric in the sense of Chaki, then it is a B-space by VENzI [49]. For a WS,
we refer the survey work by DE [10] and also references therein. Decomposable
WS, is studied by BINH [1]. The non-trivial examples of W.S,, and decomposable
WS, are given by SHAIKH and JANA [38]. Also SHAIKH and his coauthors studied
weakly symmetric manifolds with various generalized curvature tensors ([23], [32],
[33], [34], [35], [36], [37], [40], [41], [45]). Weakly symmetric contact structure is
also studied by DE, SHAIKH and others ([12], [18]).

Let V={z€M:S5#0and VS # 0 at «}. Then (M, g) is said to be Ricci
recurrent [28] if on V' C M, we have VS = W ® S, where W is an unique 1-form.
Every recurrent manifold is Ricci recurrent but not conversely.

Let Vo ={z e M:S#0and VS — I ® S # 0 at « for all 1-forms I'}. Then
(M, g) is said to be weakly Ricci symmetric [48] if on Vg C M, we have VS = N,
where N is a tensor of type (0, 3) defined by

N(X, X1, X5) = I(X)S(X1, X2) + J(X1)S(X, X2) + K(X2)S(X1, X), (L3)

for all vector fields X, X7, Xo € x(M), where I, J, K are three 1-forms. It is clear
that the 1-forms I, J, K can not be zero at every point of Vg. Such a manifold
is denoted by WR.S,,. Especially, if J = K = %I , then a WRS,, turns into a
pseudo Ricci symmetric manifold in the sense of CHAKI [7]. Also, if the 1-form I
is replaced by 21, then a WR.S,, reduces to a generalized pseudo Ricci symmetric
manifold by CHAKI and KOLEY [9]. Hence the defining condition of a WRS,, is
given by,

(Vx9) (X1, Xo) = I(X)S(X1, X2) + J(X1)S(X, X2) + K(X2)S(X1, X). (1.4)

The existence of WRS), is ensured by SHAIKH and JANA by several examples [39)].
WRS,, is also studied by De and his coauthors ([13], [14], [15], [16]). Again in
[25] MANTICA and MOLINARI proved that if the Ricci tensor is non-singular, then
J = K, and they also obtained a necessary and sufficient condition for the 1-form
I to be closed. Recently, MANTICA and MOLINARI [26] studied WZS,,, where Z
is a generalized symmetric tensor of type (0,2).
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The object of the present paper is to study W.S,, and WR.S,, warped pro-
duct manifolds. We obtain the necessary and sufficient condition for a warped
product manifold to be W.S,, and WRS,,. As a particular case of our results (see,
Theorem 3.1 and 4.1), we can obtain the result of BINH [1] and also the results of
[17]. Basing on these results two proper examples of warped product WS, and
WR.S,, are presented.

2. Warped product manifolds

The study of warped product manifolds was initiated by KRUCKOVIC [24]
in 1957. Again in 1969 BisHoP and O’NEILL [2] also obtained the same notion
of the warped product manifolds while they were constructing a large class of
complete manifolds of negative curvature. Warped product manifolds are genera-
lizations of the Cartesian product of semi-Riemannian manifolds. Let (M, g) and
(M , §) be two semi-Riemannian manifolds of dimension p and (n —p) respectively
(1 <p<n),and f is a positive smooth function on M. Let M and M be covered
with coordinate charts (U;x!,22,...,2P) and (V;y',92,...,4"P) respectively.
Then the warped product M = M X f M is the product manifold M x M of di-
mension n furnished with the metric g = 7*(g) + (f ow)o*(§), where 7 : M — M
and o : M — M are natural projections such that M = M x M is covered with
the coordinate chart (U x V;al 22, ... aP aPtl =yt aP+2 =92 | 2" =y P).
Then the local components of the metric g with respect to this coordinate chart
are given by

gij for i=aandj=>b,
9ij = § fgi; fori=aandj=p, (2.1)
0 otherwise.

Here a,b € {1,2,...,p} and o, 8 € {p+1,p+2,...,n}. We note that throughout
the paper we consider a,b,c,--- € {1,2,...,p}and o, 3,7, -- € {p+1,p+2,...,n}
and i,4,k,--- € {1,2,...,n}. Here M is called the base, M is called the fiber and
f is called warping function of the warped product M = M x ¢ M. We denote
by F;k, Rijri, Si; and x as the components of Levi-Civita connection V, the
Riemann—Chirstoffel curvature tensor R, Ricci tensor S and the scalar curvature
of (M, g) respectively. Moreover we consider that, when Q is a quantity formed
with respect to g, we denote by Q and €, the similar quantities formed with
respect to g and g respectively.

Then the non-zero local components of Levi-Civita connection V of (M, g)
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are given by

a na «a ra a 1—a ~ a 1 a
be — Fbca Fﬁ’y = F,nyv By — _59 bfbgﬂw Fag = ﬁfafs,e’ (22)

where f, = O.f = gwfa. The local components Rpijr = gthﬁjk = ghl(akFéj —
o;Tt, +F;3?Flmk - F%Flmj), O = 8.%’“ of the Riemann—Christoffel curvature tensor

R of (M, g) which may not vanish identically are the following:

Ropea = Rabcda Raabﬁ = fTabgaﬂ; Ra,@’yé = fRa,B’yé - fgpéaﬁ'y§7 (23)

where Gyjr = gug;x — 9irg; are the components of Gaussian curvature and

Top = *% (bea - ;ffafb) y tI‘(T) = gabTab7
Q=f((n—p-1)P—ta(T)), P= ﬁgabfafb.

Again, the non-zero local components of the Ricci tensor S = g”Rijkl of (M, g)
are given by
Sap = Sap — (n — p)Tab, Sag = Sag + anﬁ. (2.4)

The scalar curvature x of (M, g) is given by

n=k+§—(n—p)[(n—p—1)P—2 tr(T)). (2.5)

Again, the non-zero local components of VR and V.S are given by [22]:

(i) VeRabed = VeRabed,

(i)  VeRaabs = fVeTubdas,

(ili) VeRapys = —feRaprs + [2P.Gagrs,
(iv)  VeRaprs = fVeRaps, (2.6)
(

2
V) VeRozB'yd = _%Raﬁwe + %PdGaﬁwea

. 1. 1 - _
(Vl) VeRabaS = igeé(.faTbc - beac) + §de(Lde966) fb = gabfa”
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(i) VeSap = VeSap — (n— p)VeTup,

(i)  VeSas = Qefap — 5 (Sap + Qias),
(iii) VcSap = VeSas,
(

. 1 ~ 1. _
lV) veSaa - _gsaefa + 59@6 fc (Sca — (’I’L —p)Tca) — %fa .

For more detail informations about warped product we refer the reader to see [27].

fe
f

3. Weakly symmetric warped product manifolds

Theorem 3.1. Let M = M X5 M be a non-flat warped product manifold.
Then M is a WS,

(i.e. ViRpijk = AiRnijk + BrRuiijik + BiRnijk + DjRnik + DeRniji) (3.1)

if and only if the following conditions hold:

(1) base M is WS, (i.e. VeRabed = AcRaped + BaRevea + BoRacca + DeRapea +
DgRapee),

(2) \V/ Ra@,ﬂ; — [A Ra@,yg +B Re,gfyg + BBRa€75 +D Raﬂe& + DgRa,@,ye] =
—fP[A Ga/g—ﬂs + B Geg—y(s + B/;Gae,y(s + D G(wea + D(;Gag,yg]

(3) AaRabea = BaRavea = DaRapea = 0,

(4) VeTup = ATop + BaTep + DyTue, Tur(Badsy — Bpgary) =
Tab(Dagﬁ'y - Dﬁgav) =T, (A'ygaﬁ + Bagvﬁ + Dﬁgva) =0,

(5) [ Rapea + (fa+ 2fBa)The — (fo +2fBy)Toe = 0,
f Rabed + (fa +2fDa)Toc — (fo +2fDp)Tuc =0,

(6) (fAc + fe)Rapys = f*(Pe = PAc)Gapys,
(2fBe + fe)Rapys = f?(Pe — 2PB )Gia,é"yéa
(2fD + fe)R afys = f (Pe — 2PDe)Ga[3'76;

where

A; for i=1,...,p B, for i=1,...,p
A=< B, =< _
A; otherwise, B; otherwise,

oo

D; for i=1,...,p
D; otherwise.
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PRrROOF. Let M be a non-flat weakly symmetric manifold. Then considering
all possible cases of equation (3.1) for h, i, j, k,l € {1,2,...,p}U{p+1,p+2,...,n}
and by putting their values from (2.3) and (2.6), we get our assertion easily. O

As an immediate consequence of Theorem 3.1, we get the following results:

Corollary 3.1. Let M = M X g M be a non-flat weakly symmetric warped
product manifold such that

ViRuiji = AiRniji + BrRiiji + BiRnijr + DjRpuk + Dy Riaji-

Then
(1) base is weakly symmetric,
(2) fiber is
(i) of constant curvature if any one of
(a) fAc+ fo (b) 2fBe+ fe (c) 2fD. + f. is non-zero and

(ii) weakly symmetric if
P[Aeéaﬂvé + Baéeﬂ'yé + Bﬁéae'ﬂs + D"/éaﬁeﬁ + b5éaﬁ'ye] =0.

Remark. We note that if in a weakly symmetric warped product manifold
the fiber is not of constant curvature, then fA.+ fo =2fB.+ fe =2fD.+ f. =0
and hence the manifold reduces to a pseudo symmetric manifold in the sense of
Chaki.

Since the warped product is the generalization of a decomposable manifold,
from Theorem 3.1 we get the following result of BINH [1].

Corollary 3.2 ([1]). Let M = M x M be a non-locally symmetric decom-
posable manifold. Then M is WS, if and only if one of the decomposition is
weakly symmetric and another is flat.

PRrOOF. A warped product manifold is decomposable if the warping function
f = 1. Then the conditions of Theorem 3.1 reduce to
?eRabcd = AeRabcd + BaRebcd + BbRaecd + DcRabed + DdRabcea
vséaﬁ'ﬁ = A~€R0¢5’75 + BaReﬂ'}/S + BﬂRae'y5 + D'yRaﬁeé + DzsRaﬁ'yev

AaRabcd = BaRabcd = DaRabcd = 07 AeRaﬁ'\/& = Beéaﬂﬂ/é = DeRaﬁvtS =0.
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Now for a decomposable manifold we have Rgped = Rabed, Rapys = Rapys. Then
from the above reduced conditions the result follows. O

Since a pseudosymmetric manifold in the sense of CHAKI [6] is a special case
of a WS,,, Theorem 3.1 leads to the following:

Corollary 3.3. Let M = M X ¢ M be a non-flat warped product manifold.
Then M is a pseudosymmetric manifold in the sense of Chaki (i.e. V Ry =
2A1Rpiji + AnRiiji + AiRniji + Aj Ry + Ax Riiji) if and only if all the following
conditions hold:

(1) base M is pseudosymmetric (i.e. VeRaped = 2Ae Raped + Aa Reped + Ap Raced +

AcRaped + AaRabee),

(2) @ERQB’)&S — [2A€R(){B’Y§ + AQRE/;(»Y(; + z‘i/géaefyg + A»YRQ,BE(S + /LSRaB—ye] =
—[P[2AGaprs + AaGepys + ApGacys + AyGapes + AsGapae]s

(3) AaRapea =0,

(4) VeTuy = 2A T + ATet + ApToe and TupAa =0,

(5) [ Rapea + (fa +2fAa)Toe — (fo + 2f Ap) Ty = 0,

(6) (fAc+ fe)Rapys = f2(Pe = 2PAc)Glapss.

Again, as an immediate consequence of Corollary 3.3, we get following results:

Corollary 3.4. [17] Let M = M x M be a non-flat pseudosymmetric war-
ped product manifold (i.e. ViRpiji = 2A;1Rniji + AnRiiji + AiRuijk + Aj Rk +
AgRp;iji). Then
(1) base is pseudosymmetric,
(2) fiber is
(i) of constant curvature if fA. + f. # 0, and

(ii) pseudosymmetric if
P[2Aeéaﬁ'}/6 + Aaéeﬁ'yé + Aﬂéae'yé + A~'yéo¢665 + AJGQBWE] =0.

Corollary 3.5. If M = M x ¢ M is a non-flat pseudosymmetric (in the sense
of Chaki) warped product manifold with non-flat base of constant curvature, then
pseudosymmetry and local symmetry are equivalent for M.

PROOF. Let M be non-flat pseudosymmetric manifold (in the sense of Cha-
ki). Then

ViRhiji = 2A1Rniji + AnRuiji + AiRniji + Aj Rpak + A Rpiji-
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Now as base is non-flat and of constant curvature, Corollary 3.3 yields A, = 0
and
2A6Rabcd + AaRebcd + AbRaecd + AcRabed + AdRabce = Oa (32)

which turns into
va-Rabab = 2AaRabab + AaRabab + AaRabab-

Since base is of non-flat, then from above we get A, = 0. Thus A = 0 on M,
and M becomes locally symmetric. The converse part is obvious as every locally
symmetric manifold is pseudosymmetric. Hence the theorem. O

Again, since a recurrent manifold is also a special case of weakly symmetric
manifold, Theorem 3.1 leads to the following:

Corollary 3.6. Let M = M x; M be a non-flat warped product mani-
fold. Then M is recurrent (i.e. ViRpijr = AiRpiji) if and only if the following
conditions hold:

1) base is recurrent (i.e. VoRapeq = AcRaped),
2 @ERQB,Y(; — AeRag.yg = —fPAeéag.ﬂs and AE(RQB,Y(; — fpéag,ﬂs) = 0,

Aa Rabcd = 07

4. Weakly Ricci symmetric warped product manifolds

Theorem 4.1. Let M = M X g M be a non-Ricci-flat warped product ma-
nifold. Then M is WRS,, (i.e.

ViSij = A1Sij + BiSij + D;jSu) (4.1)

if and only if the following conditions hold:
vesvab - Aegab - Bageb - Dbgae = (n - p)(veTab - AeTab - BaTeb - DbTae);
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(4) (f‘zle + fe)‘gaﬂ - (er fQA )gaﬂ;
)T,

(2fB;e + fe)‘sjaﬁ = [ff ( ce ce) Qfe - QfQ-?e}gaﬁy
(2fDe + fe)Saﬁ = [ffc (Sce Tce) Qfe — QfQDe] gaﬁ,
where

A; for i=1,...,p B; for i=1,.
Ai = ~ B =
A; otherwise, B; otherwise,

P =

{Di for i=1,...,p

D; otherwise.

PROOF. Let M be a non-Ricci-flat weakly Ricci symmetric manifold. Then
considering all possible cases of equation (4.1) for h,i,j,k,1 € {1,2,...,p} U
{p +1,p+2,..., n} and by putting their values from (2.4) and (2.7), we get our
assertion easily. O

As an immediate consequence of Theorem 4.1, we get the following results:

Corollary 4.1. Let M = M x f]\;[ be a non-Ricci-flat weakly Ricci symmetric
warped product manifold such that

ViSij = AiSi; + BiSi; + D Si.
Then
(1) base is weakly Ricci symmetric if V Tap — AcTup — BoTep — DpTae = 0,
(2) fiber is
(i) weakly Ricci symmetric if Q(Acfap + Bafes + Dpduc) = 0,
(ii) Ricci symmetric if [Sap — (n — p)Tup] # 0, and
(iii) Einstein if any one of
(a) 2fAc+ fe  (b) 2fBe+ fe (c) 2fA. + fe is non-zero.
Corollary 4.2. Let M = M x M be a not locally symmetric decomposable

manifold. Then M is WRS,, if and only if one of the decomposition is weakly
Ricci symmetric and the other is Ricci-flat.

PROOF. A warped product manifold is decomposable if the warping function
f = 1. Then the conditions of Theorem 4.1 reduce to

ve‘s_’ab - leegab - BaSeb - DbSae = 07

ﬁegozﬁ - Aegaﬁ - Bageﬁ - Dﬁgoze = O;
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Aagab =0 and Aegaﬁ =0.

Now for a decomposable manifold, we have Sy, = Sy, Sag = S’a[g Then from
the above reduced conditions the result follows. O

Since every pseudo Ricci symmetric manifold in the sense of CHAKI [7] is a
WRS,,, so Theorem 4.1 leads to the following:

Corollary 4.3. Let M = M fo be a non-Ricci-flat warped product. Then
M is pseudo Ricci symmetric in the sense of Chaki (i.e. V;S;; = 2A4;S;; + A;Si;
A;Sy) if and only if the following conditions hold:
(1) VeSap—2Ac80p— AaSeb — ApSae = (n—p)(VeTup —2ATop — AgTep, — ApThe)
(2) VeSap — 24505 — AuSes — ApSae = Q(2AcGap + Andes + Apfac),
(3) Aa(Sas — (n = p)Ten) = 0,
(4)

4 (2fA + fe) aBf = (er - 2fQAe - feQ)gaﬁ = (ffc(Sce - (n _p)Tce)_
Qfe - 2fQAe)gozﬁ-

Again as an immediate consequence of Corollary 4.3, we get the following
result:

Corollary 4.4 ([17]). Let M = M x; M be a non-flat pseudo Ricci sym-
metric warped product manifold (i.e. V;S;; = 2A;5;; + AiSi; + A;Si). Then
(1) base is pseudo Ricci symmetric if VeTap — AeTap — AqTer — ApToe =0
(2) fiber is

(i) pseudo Ricci symmetric if Q(2A Jap + Aades + Apac) = 0,

(ii) Ricci symmetric if (Sqp — (n — p)Tup) # 0, and

(iii) Einstein if (2fA. + f.) # 0.

Since the class of Ricci recurrent manifolds is a subclass of weakly Ricci
symmetric manifolds, Theorem 4.1 leads to the following:

Corollary 4.5. Let M = M X g M be a non-Ricci-flat warped product

manifold. Then M is a Ricci recurrent manifold (V;S;; = AiR;;) if and only if
the following conditions hold:

(1) VeSap — AeSap = (n = p)(VeTup — AcTan),

(2) VeSap — AcSap = QAcGas,

(3) Aa[Sas — (n p)Tawp] =0,

4) (fAc+ fe)S s = (fQe = fFQAc — feQ)dap,
faSap = [ff¢(Sac — (n = p)Tac) — Qfaldas-
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5. Examples of W S,, and W RS,, warped product manifolds

Example 1. We consider the warped product manifold M = M x ¥ M, where
(M, g) is given by Example 2, f(x!, 2% 23) = ¢ +2° is a smooth function on M
and (M, §) be a connected semi-Riemannian manifold of dimension 4, endowed
with the metric

4 4 I4

. - 5 ~ 6 . 7
gaa = —1, gss =—x€", ges=—x€", grr=—-x'€e",

gij =0 for ’L?éj, i,j:4,5,6,7.

Then the non-zero components of curvature tensor R (upto symmetry) and Ricci
tensor S of M are given by

~ 1 4 ~ 1 4 ~ 1 4
5 6 7
Rys45 = -1 e’ ,  Rupse = - e’ , Rynr= —4° e’
~ 1 4 ~ 1 4 ~ 1 4
5.6 2z 5.7 2z 6.7 2z
Rses56 = ——2°x°e”™ , Rsrsr = ——x°2'e™ , Rerer = ——x x'e”™ |
4 4 4
~ 3 ~ 3 4 ~ 3 4 ~ 3 4
and 544 = —1, 555 = —11‘5(3?6 5 566 = —1.136696 s S77 = —1$7€$ .

Then M is a manifold of constant curvature with scalar curvature # = 3. The
warped product manifold M is of dimension 7 endowed with the metric g, whose
non-zero components are given by

1 1 1 3 1 3
gin=¢€", gon=¢e, gga=e¢ T, gu=—-"T",

1,,.3,. 4 1,.3,. 4 1,,.3, 4
£L‘561 +x°+x xﬁez +z°+x 75876‘/1‘, +z°+x )

gss = — y 966 = — y  grr =

Then the non-zero components of curvature tensor (upto symmetry) of (M, g) are
given by

1 1
Ro0; = Zgn for ¢ = 3, 4,...,7, R3i3;, = Zg“em’S for i = 4,5,...,9,

Ryjui = —=giu fori=5,6,7,

3+£4

3,4 . 1 .
Rsisi = ——x°gie® 7% fori=6,7, Rgigi = —Zscﬁgiiex fort=17.
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Then the non-zero components of covariant derivatives of R (upto symmetry) are
given by

1
leji,i = _§Rjiji and  Rojoi1 = Rojos fori,j=2,3,...,7.

The only non-zero components of Ricci tensor and its covariant derivatives (upto
symmetry) are given by

5 1
Sii:—zeix gii fori=2,3,...,7.
1 .
St = 551'1 and S;1 =S, foralli.

Then it is clear that the manifold M satisfies the defining condition (3.1) for all
hyi,j,k,l€{1,2,...,9} with

. 1 for i=1
_ _ —= for 1=
Ai{ 1 forz.l B, — 2
0 otherwise, 0 otherwise,
1
D, — 5 or i (5.1)
0 otherwise.

Thus the warped product manifold M = M x M is WS.

Ezample 2. Let (M,g) be a 3-dimensional connected semi-Riemannian ma-
nifold endowed with the metric

1

1 3 . . ..
§112922:ex7 9332656 +327 gZ]:O fOI"L;é]7 Z7j:17273

and f(z!, 22, 23) = %erl‘”?’ be a smooth function on M. Then the only non-zero
components of curvature tensor R (upto symmetry) and its covariant derivatives
are given by

_ ew1+a:3
Rozo3 =
4
R eazl-i-xs R €z1+$3 R ewl-‘rwg
1223,3 — 1323,2 — — 2323,1 =— —
8 8 4
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The only non-zero components of Ricci tensor, its covariant derivatives (upto
symmetry) and scalar curvature are given by

_ 1 _ e’
Sog = ——, S33=——
22 45 33 4 )

_ 1 _ e’ _ 1 _ e’
S =—, S =— S = - = —
12,2 ) 13,3 g 221 = 33,1 1

1
e—ll)
d F=-—
and & 7

Again let (M, §) be a 6-dimensional connected semi-Riemannian manifold endo-
wed with the metric

4 4
~ ~ T ~ T 5\2
gaa = 717 gss = —€ , geée — —€ (I ) )

7 7

grr=—1, Gss= —€", Gog= —€" (2%)?% §i; =0 fori#j, i,j=4,5,...,9.

Then the non-zero components of curvature tensor R (upto symmetry) are

4 4 4
T T 512 2x 5)2
2 e 2 et (2°) 2 e (2°)
4545 — — 4 ) 4646 — — 4 ) 5656 — — 4 B
7 7 7
T T 8)2 2z 8\2
R7878 = _e ]:?7979 = _6 (x RSQSQ = _e (x )
4"’ 4 ’ 4

and the non-zero components of Ricci tensor and scalar curvature are

4 4 7
~ 1 4 e* ~ e® (z°)2 ~ 1 4 e*
Spu=—=, Ssgs=——, Sgg=——""""— S =——=, Sgg=——
44 23 55 ) ) 66 ) ) 7 27 88 ) 9
6x7(x8)2

Sgg = ————

Then this manifold M is locally symmetric and Einstein but not of constant
curvature. Now the warped product manifold M = M x ¢ M is of dimension 9
endowed with the metric g = § x ¢ §, whose non-zero components are given by

1 1 1 3 1 3 2 1 3 4
gu=¢€", go=¢, gga=¢ T, gu= —Se”‘ T gss = —gew et
2 1 3 4 1 3 2 1 3 7
_ x4z +x 5\2 _ x4z _ x4z +x
g66 = —36 (2°)%, g = —36 y  gss = —ge )
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2

go9 = —g€x1+w3+x7($8)2-

Again, the only non-zero components of curvature tensor R (upto symmetry) are
given by

1 1
Rojoi = —gi; fori=3,4,...,9,  Raiz; = ~gue® fori=4,5,...,9,

4 4
1 3 .
——gii(2e” —3) for i=5,6,
R )20
4141 1 R '
—1—09”(6“" +1) fori=1,8,9,
1 4 3 .
——gue® (2¢* —3) fori =6,
P T
5151 1 4 5
—Togn‘ew (e +1) fori=171,8,9,
1 o ad 5\2 -
Regiei = —{gYi€ (e +1)(z°)* fori=71,8,9,
Ry = ——gu(2e™ —3) fori=8,9,  Rsosy = ——gue® (2" —3)
TiTE — 209% € or 1 = o,J, 8989 — 209116 € .

The non-zero components of covariant derivatives of R (upto symmetry) are gi-
ven by

1
leji,i = —iRﬁji fOI' i,j = 2,3, . ,9 and 7 7é j,

Rjijz’,l = Rﬂji for i,j = 2, 3, cee ,9 and 1 7& j,

3 3
~~3Gii for ¢ = 5,0, *63749”‘ for i = 4,6,
3441,1 1 3551,1 1 4
72—09” for:=17,8,9, f%ez gi; fori=17,89,
1
iex4gi¢(az5)2 for i = 4,5, ——g; fori=4,5,6,
R J— 40 R L 20
366i,5 — 1 4 37744 — 3
—2—067“' gii(x®)? fori=17,8,9, 0% for i = 8,9,
1
——e”‘7gii for i = 4,5,6,
Rages s — 20
388i,i — 3 .
Eez Gii fori=17,9,
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1
—2—0(3””79“»(3:8)2 for i = 4,5,6,

Rag9i; = 37
Eef’: gii(28)?  fori=1,8,
7391'1' for i = 5767 *iexélgii for i = 67
Ryjsis =14 20 Reein—d 20
4944,3 — 1 515%,3 — 1 4
ﬁg“ for i = 7787 97 TOeI Gii for i = 77 87 97
oL e sy2 _
Regigi3 = T5¢ gii(z°)* fori=17,8,9,

3 3
Rriniz = — 109 for i =8,9, Rgigi3 = —E€Z7g¢i fori=29.

The only non-zero components of Ricci tensor and its covariant derivatives (upto
symmetry) are given by

Si=——e " gy fori=23,...,9,
1 .
St = 551-- and S;;1 =95 foralli.

Then it is clear that in the manifold M satisfies the defining condition (4.1) for
all ;4,5 € {1,2,...,9} with

1 .
Ai{_l foriz.l B — —3 fori=1
0 otherwise, 0 otherwise,
1
—= fori=1
D, = 2 (5.2)
0 otherwise.

Thus the warped product manifold M = M X g M is WR.S,.

Remark. We note that the warped product M given in Example 1 is also
WR.S7, and the warped product given in Example 2 is WR.Sg but not W.Sy.
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