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On (m,n)-injectivity and coherence of rings

By QIONGLING LIU (Nanjing) and JIANLONG CHEN (Nanjing)

Abstract. Let R be a ring. For two positive integers m and n, R is said to be left

(m,n)-injective if every left R-homomorphism from an n-generated submodule of RR
m

to RR extends to one from RR
m to RR. The ring R is called left coherent if each of its

finitely generated left ideals is finitely presented. The aim of this article is to investigate

(m,n)-injectivity and the coherence of the ring R[x]/(xk) (k ≥ 1). Various sufficient

and necessary conditions are obtained for R[x]/(x2) to be left (m,n)-injective and for

R[x]/(xk) (k > 2) to be left P -injective. Moreover, it is proved that R is left coherent

if and only if R[x]/(xk) is left coherent for every k ≥ 1 if and only if R[x]/(xk) is left

coherent for some k ≥ 1.

1. Introduction

Throughout this paper, R is an associative ring with identity. For two po-

sitive integers m and n, we write Rm×n for the set of all m× n matrices over R,

and let Rn = R1×n, Rn = Rn×1 and Mn(R) = Rn×n. In 2001, (m,n)-injective

modules were introduced and discussed in [3]. A left R-module M is called (m,n)-

injective if every left R-homomorphism from an n-generated submodule of Rm to

M extends to one from Rm to M . The ring R is said to be left (m,n)-injective if

RR is (m,n)-injective. Some related notions are recalled here. A ring R is called

left FP -injective if R is left (m,n)-injective for all positive integers m and n. If R

is left (1, n)-injective (resp., left (1, 1)-injective), then R is called left n-injective

(resp., left P -injective). A ring R is called left f -injective if R is left n-injective

for every positive integer n. Right versions of these injectivities are defined ana-

logously.
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The ring R[x]/(xk) (k ≥ 1), as an important extension of R, has been discus-

sed in many papers (see [5], [7], [8], [9] et al). In this paper, (m,n)-injectivity and

coherence of R[x]/(xk) are studied. It is well known that R[x]/(x2) is isomorphic

to the trivial extension of R by R, i.e., the ring R ∝ R = {(a, b) : a, b ∈ R}
with addition defined componentwise and multiplication defined by (a, b)(c, d) =

(ac, ad + bc). By [6], R ∝ R is right self-injective if so is R. In [4], a sufficient

but not necessary condition is given for R ∝ R to be right (m,n)-injective. In

Section 2, we consider the left (m,n)-injectivity of R ∝ R and derive an equi-

valent condition for R ∝ R to be left (m,n)-injective. Some known results on

(m,n)-injective rings in [4] are obtained as corollaries. The left (m,n)-injectivity

of R[x]/(xk) (k > 2) is investigated in Section 3. For simplicity, we only consider

the left P -injectivity and a sufficient and necessary condition for R[x]/(xk) to be

left P -injective is given. A similar argument can be used to obtain an analogous

result about the left (m,n)-injectivity of R[x]/(xk).

Another question we considered is about the coherence of R[x]/(xk) (k ≥ 1).

A ring R is said to be left coherent if each of its finitely generated left ideals is

finitely presented [1], or equivalently if l(a) is a finitely generated left ideal of

R for any a ∈ R and the intersection of two finitely generated left ideals of R is

again finitely generated [10]. A sufficient and necessary condition for R ∝ R to be

coherent was obtained by Chen and Zhou in [4] where they showed that R ∝ R
is left coherent if and only if so is R. In Section 4, we generalize the result by

showing that R is left coherent if and only if R[x]/(xk) is left coherent for every

k ≥ 1 if and only if R[x]/(xk) is left coherent for some k ≥ 1.

In this paper, if S ⊆ Rm×n, we set lRm(S) = {α ∈ Rm : αA = 0, ∀A ∈ S}
and rRn

(S) = {β ∈ Rn : Aβ = 0, ∀A ∈ S}.

2. (m,n)-injectivity of R ∝ R

Let R be a ring and m, n be two positive integers. In this section, we

investigate the (m,n)-injectivity of the ring R ∝ R, which is isomorphic to

R[x]/(x2).

Recall thatR is left (m,n)-injective [3] if and only if, for any C ∈ Rn×m, every

left R-homomorphism from RnC to R extends to one from Rm to R if and only

if rRn lRn(A) = ARm for all A ∈ Rn×m. For convenience, we fix some notations.

Set A = (aij), B = (bij) ∈ Rm×n. Denote (RmA : B) = {α ∈ Rm : αB ∈ RmA},
(ARn : B) = {α ∈ Rn : Bα ∈ ARn} and A ∝ B = ((aij , bij)) ∈ (R ∝ R)m×n. By
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calculation, it is clear that A ∝ B = 0 if and only if A = 0, B = 0 and (A ∝ B)

(C ∝ D) = AC ∝ (AD +BC) for any A,B ∈ Rm×n and any C,D ∈ Rn×t.

Theorem 2.1. Let m and n be two positive integers. The following are equivalent

for a ring R:

(1) R ∝ R is a left (m,n)-injective ring;

(2) rRn
(lRn(A)

⋂
(RnA : B)) = ARm +BrRm

(A) for any A,B ∈ Rn×m.

Proof. Denote S = R ∝ R.

(1) ⇒ (2). First we claim that BrRm(A) ⊆ rRn((RnA : B)) for any A,B ∈
Rn×m.

In fact, let α = Bᾱ with ᾱ ∈ rRm(A). For any β ∈ (RnA : B), there

exists γ ∈ Rn such that βB = γA. Then βα = βBᾱ = γAᾱ = 0, i.e., α ∈ rRn

((RnA : B)). So

BrRm
(A) ⊆ rRn

((RnA : B))

and

ARm +BrRm
(A) ⊆ ARm + rRn

((RnA : B)) ⊆ rRn
(lRn(A)

⋂
(RnA : B)).

Next we show that rRn
(lRn(A)

⋂
(RnA : B)) ⊆ ARm +BrRm

(A).

Set A = (aij), B = (bij) ∈ Rn×m. Then A ∝ B = ((aij , bij)) ∈ Sn×m.

Since S is left (m,n)-injective, rSn
(lSn(A ∝ B)) = (A ∝ B)Sm. Assume α ∈

rRn
(lRn(A)

⋂
(RnA : B)). For any P ∝ Q ∈ lSn(A ∝ B),

PA ∝ (PB +QA) = (P ∝ Q)(A ∝ B) = 0.

So PA = 0 and PB+QA = 0, i.e., P ∈ lRn(A)
⋂

(RnA : B). Then Pα = 0. Thus

(P ∝ Q)(0 ∝ α) = 0 ∝ Pα = 0 and 0 ∝ α ∈ rSn
(lSn(A ∝ B)) = (A ∝ B)Sm. So

there exists C ∝ D ∈ Sm such that

0 ∝ α = (A ∝ B)(C ∝ D) = AC ∝ (AD +BC).

Hence AC = 0 and α = AD+BC ∈ ARm+BrRm
(A). Thus rRn

(lRn(A)
⋂

(RnA :

B)) ⊆ ARm+BrRm
(A). Therefore rRn

(lRn(A)
⋂

(RnA : B)) = ARm+BrRm
(A).

(2) ⇒ (1). Assume (2). For any A ∈ Rn×m, set B = 0 ∈ Rn×m. Then

(RnA : B) = Rn. So the hypothesis implies that

rRn lRn(A) = ARm.

Now for any T =
(
(aij , bij)

)
∈ Sn×m, we shall show that rSn

lSn(T ) = TSm.
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Denote A = (aij), B = (bij). Then A,B ∈ Rn×m and T = A ∝ B. Let X ∝
Y ∈ rSn lSn(T ). For any C ∈ lRn(A), we have 0 ∝ C ∈ lSn(T ) and 0 ∝ CX = (0 ∝
C)(X ∝ Y ) = 0, so CX = 0. This implies that X ∈ rRn lRn(A) = ARm. Write

X = AU with U ∈ Rm. For any D ∈ lRn(A)
⋂

(RnA : B), we have DA = 0 and

DB +HA = 0 for some H ∈ Rn. Thus (D ∝ H)T = (D ∝ H)(A ∝ B) = DA ∝
(DB + HA) = 0. It follows that DX ∝ (DY + HX) = (D ∝ H)(X ∝ Y ) = 0,

i.e., DX = 0 and DY +HX = 0. Consequently,

D(Y −BU) = DY −DBU = DY +HAU = DY +HX = 0.

This shows that Y −BU ∈ rRn(lRn(A)
⋂

(RnA : B)) = ARm +BrRm(A), so

Y = AV +BU +BW

for some V ∈ Rm and W ∈ rRm(A). It is easy to see that

X ∝ Y = AU ∝ (AV +BU +BW ) = (A ∝ B)((U +W ) ∝ V ) ∈ TSm.

Thus rSn lSn(T ) ⊆ TSm. Note that the converse inclusion always holds. Therefore

S = R ∝ R is left (m,n)-injective. �

Corollary 2.2. If R ∝ R is left (m,n)-injective, then rRn
(lRn(A)

⋂
(RnA : B)) =

ARm + rRn
((RnA : B)) for any A,B ∈ Rn×m.

Proof. It is straightforward to verify that

ARm +BrRm
(A) ⊆ ARm + rRn

((RnA : B)) ⊆ rRn
(lRn(A)

⋂
(RnA : B))

for any A,B ∈ Rn×m. Therefore, the result follows immediately from The-

orem 2.1. �

Similarly, we can get the following theorem about the right (m,n)-injectivity

of R ∝ R.

Theorem 2.3. Let R be a ring and m, n be two positive integers. The following

are equivalent for R:

(1) R ∝ R is a right (m,n)-injective ring;

(2) lRn(rRn(A)
⋂

(ARn : B)) = RmA+ lRm(A)B for any A,B ∈ Rm×n.

Corollary 2.4 ([4, Theorem 1]). Let R be a ring. Suppose that, for any A,B ∈
Rm×n, every right R-homomorphism from ARn + BrRn

(A) to R extends to one

from Rm to R. Then R ∝ R is a right (m,n)-injective ring.
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Proof. First note that, if B = 0, then the hypothesis implies that every

right R-homomorphism from ARn to R extends to one from Rm to R for any

A ∈ Rm×n. This shows that R is right (m,n)-injective. As done in the proof

of Theorem 2.1, we have RmA + lRm(A)B ⊆ lRn(rRn(A)
⋂

(ARn : B)). Assume

α ∈ lRn(rRn(A)
⋂

(ARn : B)) and define:

f : ARn +BrRn(A)→ R; Aγ1 +Bγ2 7→ αγ2.

If Aγ1 + Bγ2 = 0, then γ2 ∈ rRn(A)
⋂

(ARn : B), so αγ2 = 0. Thus f is

well-defined. Moreover, it is easy to see that f is a right R-homomorphism. By

hypothesis, f can be extended to a right R-homomorphism from Rm to R, i.e.,

there exists ξ ∈ Rm such that, for any Aγ1 +Bγ2 ∈ ARn +BrRn
(A),

f(Aγ1 +Bγ2) = ξ(Aγ1 +Bγ2).

Thus, for any γ1 ∈ Rn, γ2 ∈ rRn
(A),

ξAγ1 = f(Aγ1) = 0, ξBγ2 = f(Bγ2) = αγ2.

Then ξA = ξAIn = ξA(e1, . . . , en) = 0, where In is the identity of Rn×n and ei
is the i-th column of In. So ξ ∈ lRm(A) and α − ξB ∈ lRnrRn

(A) = RmA. It

follows that α = (α − ξB) + ξB ∈ RmA + lRm(A)B and lRn(rRn
(A)

⋂
(ARn :

B)) ⊆ RmA+ lRm(A)B. Hence

lRn(rRn
(A)

⋂
(ARn : B)) = RmA+ lRm(A)B.

By Theorem 2.3, the result follows. �

Corollary 2.5 ([4, Theorem 2]). If R ∝ R is right (m,n)-injective, then so is R.

Proof. Set B = 0 in Theorem 2.3. We have lRnrRn
(A) = RmA for all

A ∈ Rm×n. Therefore R is right (m,n)-injective. �

Corollary 2.6. R ∝ R is left P -injective if and only if rR(lR(a)
⋂

(Ra : b)) =

aR+ brR(a) for any a, b ∈ R.

Corollary 2.7. R ∝ R is left FP -injective if and only if rRn
(lRn(A)

⋂
(RnA :

B)) = ARm +BrRm
(A) for any positive integers m,n and any A,B ∈ Rn×m.

Corollary 2.8. Let n be a fixed positive integer. Then R ∝ R is left n-injective

if and only if rRn

(
lRn

((
a1
...
an

))⋂(
Rn

(
a1
...
an

)
:

(
b1
...
bn

)))
=

(
a1
...
an

)
R+(

b1
...
bn

)
rR

((
a1
...
an

))
for any

(
a1
...
an

)
,

(
b1
...
bn

)
∈ Rn.
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Corollary 2.9. Let m be a fixed positive integer. Then every m-generated right

ideal of R ∝ R is a right annihilator if and only if rR(lR(K)
⋂

(R(a1, . . . , am) :

(b1, . . . , bm))) = K + (b1, . . . , bm)rRm((a1, . . . , am)) for any

(a1, . . . , am), (b1, . . . , bm) ∈ Rm, where K = a1R+ · · ·+ amR.

3. P -injectivity of R[x]/(xk)

It is well known that R ∝ R is isomorphic to R[x]/(x2). So it is natural to

explore the left (m,n)-injectivity of R[x]/(xk) for an arbitrary positive integer k.

For simplicity, we only consider the left P -injectivity of R[x]/(xk) and acquire an

equivalent condition for it. Using a similar argument, an analogous result about

the left (m,n)-injectivity of R[x]/(xk) can be obtained.

We regard R[x]/(xk) as a subring of Rk×k by identifying the element a0 +

a1x+ · · ·+ ak−1x
k−1 ∈ R[x]/(xk) with the matrix

a0 a1 . . . ak−2 ak−1

a0 a1 . . . ak−2

. . .
. . .

...

a0 a1
a0

 ∈ R
k×k.

Denote by ψ : R[x]/(xk)→ Rk×k such ring inclusion and

S(k) = {ψ(a0 + a1x+ · · ·+ ak−1x
k−1) : a0, a1, . . . , ak−1 ∈ R}.

Write (RkA : α) = {r ∈ R : rα ∈ RkA} for any A ∈ S(k), α ∈ Rk.

Lemma 3.1. Let R be a ring and n be a fixed positive integer. If, for any a ∈ R,

α = (a1, . . . , an) ∈ Rn, rR(lR(a)
⋂

(RnA : α)) = aR + αrRn
(A), where A =

ψ(a+a1x+ · · ·+an−1x
n−1) ∈ S(n), then rR(lR(b)

⋂
(RmB : β)) = bR+βrRm

(B)

for each 1 ≤ m ≤ n and any b ∈ R, β = (b1, . . . , bm) ∈ Rm, B = ψ(b+ b1x+ · · ·+
bm−1x

m−1) ∈ S(m).

Proof. It suffices to prove the conclusion for m = n − 1. Suppose b ∈ R,

β = (b1, . . . , bn−1) ∈ Rn−1 and B = ψ(b + b1x + · · · + bn−2x
n−2) ∈ S(n−1). Let

β̄ = (b, β) = (b, b1, . . . , bn−1) ∈ Rn, B̄ = ( 0 B
0 0 ) = ψ(bx+ b1x

2 + · · ·+ bn−2x
n−1) ∈

S(n). By hypothesis, rR((RnB̄ : β̄)) = β̄rRn(B̄).
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Note that x ∈ (RnB̄ : β̄) iff there exists δ̄ = (δ, r) ∈ Rn, where r ∈ R,

δ ∈ Rn−1, such that

x(b, β) = xβ̄ = δ̄B̄ = (δ, r)

(
0 B

0 0

)
= (0, δB)

iff x ∈ lR(b)
⋂

(Rn−1B : β). This implies that (RnB̄ : β̄) = lR(b)
⋂

(Rn−1B : β).

Moreover, it is easy to see that rRn
(B̄) =

(
R

rRn−1
(B)

)
. Therefore

rR(lR(b)
⋂

(Rn−1B : β)) = rR((RnB̄ : β̄)) = β̄rRn
(B̄)

= (b, β)
(

R
rRn−1

(B)

)
= bR+ βrRn−1

(B). �

Lemma 3.2. Let m be a positive integer. If S(m) is left P -injective and

rR(lR(a)
⋂

(RmA : α)) = aR + αrRm(A) for any a ∈ R, α = (a1, . . . , am) ∈ Rm
and A = ψ(a+ a1x+ · · ·+ am−1x

m−1) ∈ S(m), then S(m+1) is left P -injective.

Proof. Suppose Ā = ( a α0 A ) ∈ S(m+1) with a ∈ R, α = (a1, . . . , am) ∈ Rm
and A = ψ(a + a1x + · · · + am−1x

m−1) ∈ S(m), then rS(m)
lS(m)

(A) = AS(m)

because S(m) is left P -injective. We will show that rS(m+1)
lS(m+1)

(Ā) = ĀS(m+1).

Assume Z̄ =
(
z ξ
0 Z

)
∈ rS(m+1)

lS(m+1)
(Ā), where z ∈ R, ξ = (z1, . . . , zm) ∈ Rm

and Z = ψ(z + z1x+ · · ·+ zm−1x
m−1) ∈ S(m). Since ( 0 Y

0 0 ) ∈ lS(m+1)
(Ā) for any

Y ∈ lS(m)
(A), (

0 Y Z

0 0

)
=

(
0 Y

0 0

)
)

(
z ξ

0 Z

)
= 0,

i.e., Y Z = 0. Thus Z ∈ rS(m)
lS(m)

(A) = AS(m), whence Z = AH for some

H = ψ(h+ h1x+ · · ·+ hm−1x
m−1) ∈ S(m).

For any t ∈ lR(a)
⋂

(RmA : α), we have ta = 0 and tα+βA = 0 for some β =

(b1, . . . , bm) ∈ Rm, i.e., ( t β ) ( a α0 A ) = 0. Let B = ψ(t+ b1x+ · · ·+ bm−1x
m−1) ∈

S(m). Then
(
t β
0 B

)
Ā =

(
t β
0 B

)
( a α0 A ) = 0, i.e.,

(
t β
0 B

)
∈ lS(m+1)

(Ā). It follows that(
tz tξ + βZ

0 BZ

)
=

(
t β

0 B

)(
z ξ

0 Z

)
= 0.

So tξ + βZ = 0. Since Z = AH, we have t(ξ − αH) = tξ − tαH = tξ +

βAH = tξ + βZ = 0. Then t

zm − α
 hm−1

...
h1

h

 = 0. Thus zm − α

 hm−1

...
h1

h

 ∈
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rR(lR(a)
⋂

(RmA : α)) = aR+ αrRm(A). Write

zm − α


hm−1

...

h1
h

 = ar + α


gm−1

...

g1
g


with r ∈ R,

 gm−1

...
g1
g

 ∈ rRm
(A). Then zm = ar + α

 hm−1+gm−1

...
h1+g1
h+g

 . Set G =

ψ(g + g1x + · · · + gm−1x
m−1). Since A

 gm−1

...
g1
g

 = 0, AG = 0. So Z = AH =

A(H +G). Then z = a(h+ g) and

(z1, . . . , zm−1) = (a, a1, . . . , am−1)


h1+g1 h2+g2 h3+g3 ... hm−1+gm−1

h+g h1+g1 h2+g2 ... hm−2+gm−2

h+g h1+g1 ... hm−3+gm−3

. . .
. . .

...
h+g h1+g1

h+g


= a(h1 + g1, . . . , hm−1 + gm−1)

+ (a1, . . . , am−1)


h+g h1+g1 h2+g2 ... hm−2+gm−2

h+g h1+g1 ... hm−3+gm−3

. . .
. . .

...
h+g h1+g1

h+g


= a(h1 + g1, . . . , hm−1 + gm−1)

+ (a1, . . . , am−1, am)


h+g h1+g1 h2+g2 ... hm−2+gm−2

h+g h1+g1 ... hm−3+gm−3

. . .
. . .

...
h+g h1+g1

h+g
0 0 0 ... 0


= a(h1 + g1, . . . , hm−1 + gm−1)

+ α


h+g h1+g1 h2+g2 ... hm−2+gm−2

h+g h1+g1 ... hm−3+gm−3

. . .
. . .

...
h+g h1+g1

h+g
0 0 0 ... 0

 .

Since zm = ar + α

 hm−1+gm−1

...
h1+g1
h+g

,

ξ = (z1, . . . , zm−1, zm) = a(h1 + g1, . . . , hm−1 + gm−1, r)
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+ α


h+g h1+g1 h2+g2 ... hm−2+gm−2 hm−1+gm−1

h+g h1+g1 ... hm−3+gm−3 hm−2+gm−2

. . .
. . .

...
...

h+g h1+g1 h2+g2
h+g h1+g1

0 0 0 ... 0 h+g

 = aη + α(H +G),

where η = (h1 + g1, . . . , hm−1 + gm−1, r) ∈ Rm. From this, we can see that(
h+g η
0 H+G

)
∈ S(m+1) and

Z̄ =

(
z ξ

0 Z

)
=

(
a(h+ g) aη + α(H +G)

0 A(H +G)

)

=

(
a α

0 A

)(
h+ g η

0 H +G

)
∈ ĀS(m+1).

Hence rS(m+1)
lS(m+1)

(Ā) = ĀS(m+1), and this shows that S(m+1) is left P -injective.

�

Theorem 3.3. Let n be a positive integer. The following are equivalent for a

ring R:

(1) R[x]/(xn) is a left P -injective ring;

(2) S(n) is a left P -injective ring;

(3) rR(lR(a)
⋂

(Rn−1A : α)) = aR+αrRn−1(A) for any a∈R, α = (a1, . . . , an−1)∈
Rn−1 and A = ψ(a+ a1x+ · · ·+ an−2x

n−2) ∈ S(n−1).

Proof. We only need to show (2)⇔ (3).

(2)⇒ (3). Suppose a ∈ R, α = (a1, . . . , an−1) ∈ Rn−1. Set A = ψ(a+ a1x+

· · · + an−2x
n−2) ∈ S(n−1) and Ā = ( a α0 A ) ∈ S(n). Then rS(n)

lS(n)
(Ā) = ĀS(n) by

hypothesis.

Let t = αµ with µ ∈ rRn−1
(A). For any r ∈ (Rn−1A : α), rα + γA = 0 for

some γ ∈ Rn−1 and hence

rt = rαµ = rαµ+ γAµ = (rα+ γA)µ = 0.

This shows t ∈ rR((Rn−1A : α)) and αrRn−1(A) ⊆ rR((Rn−1A : α)). So

aR+ αrRn−1
(A) ⊆ aR+ rR((Rn−1A : α)) ⊆ rR(lR(a)

⋂
(Rn−1A : α)).

Conversely, assume z ∈ rR(lR(a)
⋂

(Rn−1A : α)). For any B̄ =
(
b β
0 B

)
∈

lS(n)
(Ā), (

ba bα+ βA

0 BA

)
=

(
b β

0 B

)(
a α

0 A

)
= B̄Ā = 0.
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So ba = 0 and bα + βA = 0, i.e., b ∈ lR(a)
⋂

(Rn−1A : α). Thus bz = 0. Let

ξ = (0, . . . , 0, z) ∈ Rn−1. Then bξ = 0 and(
b β

0 B

)(
0 ξ

0 0

)
=

(
0 bξ

0 0

)
=

(
0 0

0 0

)
.

It follows that
(
0 ξ
0 0

)
∈ rS(n)

lS(n)
(Ā) = ĀS(n). Write(

0 ξ

0 0

)
=

(
a α

0 A

)(
d η

0 D

)

with d ∈ R, η = (y1, . . . , yn−1) ∈ Rn−1 and
(
d η
0 D

)
∈ S(n). Then AD = 0 and

ξ = aη + αD. Let λ =

 yn−2

...
y1
d

 be the last column of D. Then Aλ = 0 and

z = ayn−1 + αλ ∈ aR+ αrRn−1
(A). This implies that rR(lR(a)

⋂
(Rn−1A : α)) ⊆

aR+ αrRn−1
(A). Hence rR(lR(a)

⋂
(Rn−1A : α)) = aR+ αrRn−1

(A).

(3)⇒ (2). Assume (3). By Lemma 3.1, we get that rR(lR(a)
⋂

(RmA : α)) =

aR + αrRm
(A) for each 1 ≤ m ≤ n − 1 and any a ∈ R, α = (a1, . . . , am) ∈ Rm,

A = ψ(a + a1x + · · · + am−1x
m−1) ∈ S(m). In particular, rR(lR(a)

⋂
(Ra : b)) =

aR+brR(a) for any a, b ∈ R. So S(2) = R ∝ R is left P -injective by Corollary 2.6.

Hence, by Lemma 3.2, S(3) is left P -injective. Proceeding in this manner, we can

get that S(m) is left P -injective for all 2 ≤ m ≤ n. In particular, S(n) is left

P -injective, and the proof is completed. �

Corollary 3.4. If R[x]/(xn) is a left P -injective ring, then R[x]/(xm) is left

P -injective for all 1 ≤ m ≤ n.

Proof. By Theorem 3.3 and Lemma 3.1. �

4. Coherence of R[x]/(xn)

Let n be a positive integer. In this section, we explore the interplay between

the coherence of a ring R and the coherence of R[x]/(xn) (n ≥ 1). We denote

S(n) = {ψ(a0 + a1x + · · · + an−1x
n−1) ∈ Rn×n : a0, a1, . . . , an−1 ∈ R} as in

Section 3 and write (Rna : α) = {H ∈ S(n) : Hα ∈ Rna} for any a ∈ R, α ∈ Rn.

It was proved in [4] that a ring R is left coherent if and only if R ∝ R is left

coherent. This is a special case of the main result of this section. We first give

the following lemma which appears in the proof of [4, Theorem 12].
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Lemma 4.1. If R is a left coherent ring, then (Ra : b) is a finitely generated left

ideal of R for any a, b ∈ R.

Lemma 4.2. Let R be a ring and n be a positive integer. If S(n) is left coherent,

then (Rna : α) is a finitely generated left ideal of S(n) for any a ∈ R, α ∈ Rn.

Proof. Suppose a ∈ R, α =

(
an
...
a1

)
∈ Rn. Let A = ψ(a), B = ψ(a1 + a2x+

· · · + anx
n−1). Then A,B ∈ S(n). Denote (S(n)A : B) = {H ∈ S(n) : HB ∈

S(n)A}. Note that H ∈ (Rna : α) iff Hα = γa for some γ =

(
rn
...
r1

)
∈ Rn iff

HB = GA, where G = ψ(r1 + r2x + · · · + rnx
n−1) ∈ S(n) iff H ∈ (S(n)A : B).

This implies that (Rna : α) = (S(n)A : B). Since S(n) is left coherent, (S(n)A : B)

is a finitely generated left ideal of S(n) by Lemma 4.1. So (Rna : α) is a finitely

generated left ideal of S(n). �

Theorem 4.3. The following are equivalent for a ring R:

(1) R is left coherent;

(2) R[x]/(xn) is left coherent for all n ≥ 1;

(3) R[x]/(xn) is left coherent for some n ≥ 1.

Proof. Since R[x]/(xn) ∼= S(n), we proceed the proof for S(n).

(2)⇒ (3) is trivial.

(3)⇒ (1). Assume (3). We first show that R is left P -coherent, i.e., lR(a) is

a finitely generated left ideal of R for any a ∈ R.

Set A = ψ(axn−1) ∈ S(n). Note that lS(n)
(A) = {ψ(b0+b1x+· · ·+bn−1x

n−1) :

b0 ∈ lR(a), b1, . . . , bn−1 ∈ R}. Since S(n) is left coherent, lS(n)
(A) is a finitely

generated left ideal of S(n). Write

lS(n)
(A) = S(n)ψ(a1 + a11x+ · · ·+ a1(n−1)x

n−1) + . . .

+ S(n)ψ(am + am1x+ · · ·+ am(n−1)x
n−1)

with all ai, aij ∈ R. It follows that

lR(a) = Ra1 + · · ·+Ram,

so R is left P -coherent.

Now since R[x]/(xn) is left coherent, Mk(R[x]/(xn)) is left coherent for each

k ≥ 1. So (Mk(R))[x]/(xn) ∼= Mk(R[x]/(xn)) is left coherent. Thus, as above,
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Mk(R) is left P -coherent for each k ≥ 1, and so R is left coherent by [2, Propo-

sition 2.7].

(1)⇒ (2). We prove the conclusion by induction on n. Since S(1)
∼= R, S(n)

is left coherent for n = 1.

Assume S(n) is left coherent for some n ≥ 1, we show that S(n+1) is left

coherent. First we verify that S(n+1) is left P -coherent, i.e., for any Ā ∈ S(n+1),

lS(n+1)
(Ā) is a finitely generated left ideal of S(n+1).

Write Ā = (A α
0 a ) with a ∈ R,α =

(
an
...
a1

)
∈ Rn, A = ψ(a + a1x + · · · +

an−1x
n−1) ∈ S(n). Since S(n) is left coherent, lS(n)

(A) is a finitely generated left

ideal of S(n) and lR(a) is a finitely generated left ideal of R. By Lemma 4.2,

(Rna : α) is a finitely generated left ideal of S(n). So lS(n)
(A)

⋂
(Rna : α) is

finitely generated. Write

lS(n)
(A)

⋂
(Rna : α) = S(n)G1 + · · ·+ S(n)Gm, lR(a) = Rt1 + · · ·+Rtm,

where all Gi = ψ(gi + gi1x + · · · + gi(n−1)x
n−1) ∈ S(n), ti ∈ R. Then GiA = 0,

Giα+ηia = 0 for some ηi =

(
din
...
di1

)
∈ Rn, and tia = 0. Then ψ(tix

n) ∈ lS(n+1)
(Ā)

for all 1 ≤ i ≤ m. Let θi =

 din
gi(n−1)

...
gi1

. Then
(
Gi θi
0 gi

)
∈ S(n+1). Since GiA = 0

and Giα+ ηia = 0, we get Giα+ θia = 0. This implies that
(
Gi θi
0 gi

)
∈ lS(n+1)

(Ā),

∀1 ≤ i ≤ m.

Assume
(
B β
0 b

)
∈ lS(n+1)

(Ā), where b ∈ R, β =

(
bn
...
b1

)
∈ Rn, B = ψ(b+ b1x+

· · ·+ bn−1x
n−1) ∈ S(n). Then(

BA Bα+ βa

0 ba

)
=

(
B β

0 b

)(
A α

0 a

)
= 0.

So BA = 0, and Bα + βa = 0, thus B ∈ lS(n)
(A)

⋂
(Rna : α) = S(n)G1 + · · · +

S(n)Gm. Write

B = Z1G1 + · · ·+ ZmGm

with all Zi = ψ(zi + zi1x+ · · ·+ zi(n−1)x
n−1) ∈ S(n). Then

(β − (Z1θ1 + · · ·+ Zmθm))a = βa+ Z1G1α+ · · ·+ ZmGmα = Bα+ βa = 0.
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Hence

(bn − (ξ1θ1 + · · ·+ ξmθm))a = 0,

where ξi is the first row of Zi. It follows that bn − (ξ1θ1 + · · ·+ ξmθm) ∈ lR(a) =

Rt1 + · · ·+Rtm. Set

bn − (ξ1θ1 + · · ·+ ξmθm) = r1t1 + · · ·+ rmtm

with all ri ∈ R. Then bn = ξ1θ1 + · · · + ξmθm + r1t1 + · · · + rmtm. Let λi = 0
zi(n−1)

...
zi1

. Then
(
Zi λi
0 zi

)
∈ S(n+1). Since B =

∑m
i=1 ZiGi and bn =

∑m
i=1 ξiθi +∑m

i=1 riti,

β =

m∑
i=1

(Ziθi + λigi) +


∑m
i=1 riti

0
...

0

 .

Thus

(
B β

0 b

)
=

(∑m
i=1 ZiGi

∑m
i=1(Ziθi + λigi)

0
∑m
i=1 zigi

)
+


0 . . . 0

∑m
i=1 riti

0 . . . 0 0
...

...
...

0 . . . 0 0


=

m∑
i=1

(
Zi λi
0 zi

)(
Gi θi
0 gi

)
+

m∑
i=1

ψ(ri)ψ(tix
n).

This means that lS(n+1)
(Ā) =

∑m
i=1 S(n+1)

(
Gi θi
0 gi

)
+
∑m
i=1 S(n+1)ψ(tix

n) is finitely

generated. Thus we have proved that S(n) being left coherent implies that S(n+1)

is left P -coherent, i.e., R[x]/(xn) being left coherent implies that R[x]/(xn+1) is

left P -coherent.

Since R[x]/(xn) is left coherent, (Mk(R))[x]/(xn) ∼= Mk(R[x]/(xn)) is left

coherent for each k ≥ 1. As above, Mk(R[x]/(xn+1)) ∼= (Mk(R))[x]/(xn+1) is left

P -coherent for each k ≥ 1. So R[x]/(xn+1) is left coherent by [2, Proposition 2.7].

Thus, by induction, R being left coherent implies that R[x]/(xn) is left coherent

for each n ≥ 1 and the result follows. �
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