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On the mod p? determination of Z,I;;} Hy./(k - 2%): another
proof of a conjecture by Sun

By ROMEO MESTROVIC (Kotor)

Abstract. For a positive integer n let H, = >, _; 1/k be the nth harmonic num-
ber. Z. W. Sun conjectured that for any prime p > 5,

1
Hy, 7

ok =31 B, 3 (mod p?).
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This conjecture is recently confirmed by Z. W. Sun and L. L. Zhao. In this note we give
another proof of the above congruence by establishing congruences for all the sums of
the form 3P~ ] 2¥* HY /k* (mod p*~"~%) with (r,s) € {(1,1),(1,2),(2,1)}.

1. The main results

Given positive integers n and m, the harmonic numbers of order m are those
rational numbers H,, ,,, defined as

the nth harmonic number (in addition, we define Hy = 0).

Mathematics Subject Classification: Primary: 11B75; Secondary: 11A07, 11B68, 05A19, 05A10.
Key words and phrases: harmonic numbers of order m, congruence, Bernoulli numbers.
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Recently, Z. W. SUN [9] obtained basic congruences modulo a prime p > 5
for several sums of terms involving harmonic numbers. In particular, Sun es-
tablished Zi;} HI (modp?~™) for r = 1,2,3. Further generalizations of these
congruences have been recently obtained by R. TAURASO in [13]. More recently,
Z. W. SuN [10] initiated and studied congruences involving both harmonic and
Lucas sequences (especially, including Fibonacci numbers or Lucas numbers).

Recall that Bernoulli numbers By, By, Bs, ... are given by

" n—+1
By=1 and ;( N )Bkzo (n=1,2,3,...).

In this note we establish six congruences involving harmonic numbers con-
tained in the following result.

Theorem 1.1. Let p > 5 be a prime. Then

p—1 gk
2°H, 2 p
= w2+ 5p0p(2) + 5By (mod pP), (1)
k=1
p—1 J
2FH, 1 3 23
> T = ghl@’F 5iPs (modp), @
p—1
H; 5
K2k §BP—3 (mod p), 3)
k=1
P—1 gk 712
2K H}? 1o, 11
=——q,(2 —B,_ d 4
2 A SQ;D( ) +24 p—3 (mo p)) ( )
p—1 2
H 7
k=B, (modp) (5)
k=1
and .
p—1 g
2k Hy, o 1 25
2 - _g%(z)g — 53 Bo-s (modp). (6)

As an application, we obtain a result obtained quite recently by Z. W. SUN
and L. L. ZHAO in [11].

Corollary 1.2 ([11, Theorem 1.1]). Let p > 5 be a prime. Then

1
Hy 7
k=B, (mod p?) (7)
1

3

E
I



On the mod p? determination of >-P_1 Hy/(k - 2)... 109

and .
e
Hy o 3
Z ok = gD (mod p). (8)
k=1

Remark 1.1. The congruence (7) is conjectured by Z. W. SUN in [9, Con-
jecture 1.1] and quite recently proved by Z. W. SuN and L. L. ZHAO in [11].
We point out that Lemma 2.3 from [11] presents the main auxiliary result in the
proof of (7) and its proof is based on a polynomial congruence recently obtained
by L. L. ZHAO and Z. W. SUN in [14, Theorem 1.2]. Moreover, in this proof the
authors also use the congruence Ei;i Hy/k* = B,_3 (mod p) obtained by SUN
and TAURASO in [12, the congruence (5.4)].

Notice also that the first congruence in [9, Conjecture 1.1] is also proved by
the author of this note in [6, Theorem 1.1 (1.3)].

Reducing the modulus in (1) we have

Corollary 1.3. Let p > 5 be a prime. Then

1

3
|

2~ Hy,
k

= —qp(2)2 (mod p). (9)

>
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1

This paper is organized as follows. In the next section, using numerous
classical and recent combinatorial congruences, we prove the congruence (1). Ap-
plying (1) and some auxiliary results, in Section 3 we establish the congruences
(2) and (3). Section 4 is devoted to the proof of the congruences (4), (5) and (6)
based on the previous congruences and an identity for harmonic numbers. As an
application, in Section 5 we prove Corollary 1.2 which contains two congruences
recently obtained by Z. W. SuN and L. L. ZHAO in [11].

2. Proof of the congruence (1)

The following result is well known and elementary.

Lemma 2.1 (see e.g., [9, Lemma 2.1(2.2)]). If p > 3 is a prime, then

(p?)z<—1>k—(—1>kak+<—1>’“p;<H2—Hk,z> (mod %) (10)

for each k =1,2,...,p— 1. In particular, we have

)

(fl)k — (fl)kak (mod p2). (11)
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Lemma 2.2. If p > 3 is a prime, then

[y p? .
Hp—l = E = *ng—?) (HlOd pd)a (12)
k=1
p—1
1 2
Hp 12:= 72 = ?po—S (mod p2), (13)
k=1
p—1 1
Hy 13:= = 0 (mod p?), (14)
k=1
(p—1)/2 1
Hp_1)/2 = = = ~20(0) + pe ()’
k=1
2p> >
— ga(p)® — - By_s (mod p?), (15)
3 12
(p—1)/2 1 p
o _ 2
Hp_1)/2,2 = ]; 7z = ng—?) (mod p©) (16)
and
(p—1)/2 1
Hyovyps= Y 73 ="2B,5 (modp). (17)
k=1

PROOF. The congruence (12) is proved in [5]; see also [7, Theorem 5.1(a)],
while (13) is a particular case of [7, Corollary 5.1]. The well known congru-
ence (14) is a particular case of [2, Theorem 3 (b)] and (15) is in fact the con-
gruence (c) in [7, Theorem 5.2]. Further, the congruences (16) and (17) are the
congruences (a) with k¥ = 2 and (b) with £ = 3 in [7, Corollary 5.2], respec-
tively. O

We will also need the following six congruences recently established by
Z. H. SuN [8] and DILCHER and SKULA [3].

Lemma 2.3. Let p > 3 be a prime. Then

Pl 5 2

2 p

- = —2¢,(2) — ﬁBp,g (mod p?), (18)
k=1
- 2k 2 2 3 7 2

= -a@ +p (Ja@P B ) (mods)  (19)
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p—1
1 p
Y =2~ 56(2)° (mod p?), (20)
k=1
L R T
2.9k — *5%(2) (mod p), (21)
k=1
p—1 g
2 1 7
5 =52’ = 5B 22
255 =50~ 5p B (modp) (22)
and .
.
1 1 7
o = 527+ g Brs (mod p). (23)

PROOF. The congruences (18)—(21) are in fact the congruences (i)—(iv) in [8,
Theorem 4.1]. By the congruence (5) in [3, Theorem 1],

p—1 ok 1 7 (p—1)/2
e — d
P kg qu( ) 48 ; kg (mO p)’

whence inserting (17), we immediately obtain (22). Finally, (23) follows immedi-
ately from (22) by applying the substitution trick & — p — k and the fact that
2P = 2 (mod p) by Fermat little theorem. O

Lemma 2.4. Let n be an arbitrary positive integer. Then

s Esa()

1<k<i<n

ProOF. Using the well known identities Z;zj (’;:}) = (;) with j < i (see

e.g., [10, Lemma 2.1]), %(l;) = %(lj:i) with j < k, and the fact that (];) = 0 when

k < j, we have

2k _1 A+1)F—1 1<~ 1 [k
I DM D DS D ()

1<k<i<n 1<k<i<n 1<k<i<n U =1 \J
_ 1zn:1(k_1>_zn:1 1(k_ )
N 1<k<i<n ' =17 i-1) =) a<k<icn N T
_il 1<k_1>_n1n1Z (k_)
== A A b e e A
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7 1=y ‘ J= i=J
"l i—1 “.1/(n
;ﬁ;@—&;f()

as desired.

Lemma 2.5. Let p > 3 be a prime. Then

p—1
1 /p—-1 3p
Z l<;2< & ) = ZBp,g (mod p?).

k=1

PROOF. By the congruence (11) of Lemma 2.1, we have

p—1 B p—1 _1\k
1<P 1>: CD 01— pH) (mod 2)

E2\ k k2
k=1 k=1
p—1 k p—1 k
(=D (=1)"Hy
= Z 2 — pz 12 (mod p2)
k=1 k=1
Using (13) and (16) of Lemma 2.2, we have
p—1
(=D*
Z K2 =2 Z Z L2
k=1 1<j<p-1
214
(p 1 /2 p=l D
Z k2 - == §Bp_3 (mod p?).
k=1

Similarly, by (14) and (17) of Lemma 2.2 we find that

T
—_
—~
|
—_
~—
o
—_

15 (mod p).

o
Il
—_
o~
w
[\

Since p | Hp—_1, it follows that for each k =1,2,...,p — 1,

p—k—1 p—k—1

k—
Hy=H, 1 — Y ks > -

i=1 i=1

N\H

p—k—1 (mod p).

(25)

(27)

(28)

(29)
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Therefore,
p—1 k p—1 k
(“D*Hi (=) 1
Z 2 - Z k2 Hi—1 + i
k=1 k=1
p—1 k p—1 k p—1 p—k p—1 k
_ N (ED)PHg n (=D)" - D Hy n (1)
= 2 3 _ )2 3
k=1 k i k=1 (p—k) i
p—1 k p—1 k
(=1)"Hg (=D
= - + (mod p)
2 3
-k i
from which taking (28) we have
p—1 k p—1 k
“0RH, 1352 (-1) 1
Z —z =3 5 = —ZBP,3 (mod p). (30)
k=1 k=1
Finally, substituting (27) and (30) into (26) we obtain (25). O

PROOF OF THE CONGRUENCE (1). The identity (24) of Lemma 2.4 with n =
p — 1 may be written as
ok BZlok 1 21 pet
JE— —_— _— = - . 31
> X ¥ op-rw(y) @
1<k<i<p—1 k=1 1<k<i<p-—1 k=1

Further, from (12) of Lemma 2.2 we see that H, 1 = 0 (mod p?) (the well known
Wolstenholme’s theorem [1] or [4]), and thus for each k =0,1,2,...,p — 2,

p—1 1 k 1
—=-Y - =-H d p?).
S e e ey
i=k+1 1=1
Therefore,
ok Rlok Bl 1 Rlokp, )
— = — - =- d p*). 32
2 T 2 g (medp) (32)
1<k<i<p—1 k=1 i=k+1 k=1

Further, from the shuffle relation

=S =
_ _ g2
>y Lo (Zk> Sl e

1<k<i<p—1 k=1 k=1
by setting the Wolstenholme’s congruence H,_; = 0(modp?) and the congru-

ence (13) of Lemma 2.2, we obtain

L _p
Z e ng,g (mod p?). (33)
1<k<izp—1 "

Finally, substituting (25) of Lemma 2.5, (19) of Lemma 2.3, (32) and (33) into
the equality (31), we get the desired congruence (1). O
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3. Proof of the congruences (2) and (3)
Lemma 3.1. Let n be a positive integer. Then

on
—2H,, + H(nfl)/2 + — ifn is odd
n

— (=2)F /n
() - ” (31)
_2Hn+Hn/2_7 ] L
n

IM;
LUTJL

if n is even.

PROOF. Suppose that n is an arbitrary positive integer. We follow proof of
Lemma 4.1 in [8]. By the binomial formula, for each ¢ > 0 and z € R, we have

(I*L _ Zn: _ ; (Z) (—z)*ek—1, (35)

k=1
Since fol th=Ldt = 1/k, setting y = 1 — xt (35) gives

O

k=1
1—x n l—x n
=—= dy—/ y'hdy
2 R

n

1-— 1
= % (36)
k=1
Taking « = 2 into (36), we obtain
§ (—2)k <n) N (=2)" 5 1 J=2H,+ Hg-1)2 ifnisodd
=1 n 1<hen k —2H, + Hy )2 if n is even
% odd
which yields the identity (34). O

Lemma 3.2. Let p > 3 be a prime. Then

k 2 1
(Z) = pqp(2)2 - §p2qp(2)3 + ﬁpQB (mod p3) (37)

=1 ok _
( 2) ( 1) = _ZQP(Q)‘FPQP(Q)Q_;])QQP(Q) +12p23 (mod pS). (38)
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PROOF. Setting n = p in the first equality of (34) of Lemma 3.1 and using
the congruences (12) and (15) from Lemma 2.2 reduced modulo p?, we obtain
(37). Similarly, taking n = p— 1 into the second equality of (34) from Lemma 3.1
and substituting the congruences (12) and (15) from Lemma 2.2 into this, we
obtain the congruence (38) and the proof is completed. O

PROOF OF THE CONGRUENCES (2) AND (3). First notice that

1

p—1 sk 2 P—1 ok 1\2  p—1 k2 r—1 5k
2 Hk 2 (Hk—l‘i’E) 2 Hk 1 2 Hk 1 2
B r ) 505 Z
k=1 k=1 k=1 k=1
Further, using (11) of Lemma 2.1 and the identity (Z:}) = %(i), we find that
p—1 k
2 ka 1 _ k 1(p—1 2
> ( 1) o

k> (mod p?). (40)

Substituting the congruences (19) from Lemma 2.3 and (37) from Lemma 3.2
into (40), after dividing by p we obtain

1
= zka 1

5
1 _3 (mod p), (41)
k=1

whence taking Hy_1 = Hy, — 1/k and inserting (22) from Lemma 2.3, we imme-
diately obtain (2).

Since by (29) H,—x—1 = Hj (modp) for each k = 1,2,...,p—1 and 2P =
2 (mod p), we have

1 1 -1

p— p—1 1k p
Hk 1 p k 1_ 2° 7" Hy, Hj,
E = E TZQ 2ok (mod p). (42)
k=1 k= k=1

Comparing (41) and (42) yields (3). O
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4. Proof of the congruences (4), (5) and (6)

Lemma 4.1. Let n be a positive integer. Then

2n (1 —
n—1 b1 M if n is odd
k k-1 — 12"t +1
k=1 (-2t +1 if n is even.
n+1
PrOOF. Multiplying by —1/2 the identity (34) of Lemma 3.1, it becomes
1 ol 1 | .
n—1 (—2)51 /n H,_1- iH(n_l)/g - if n is odd "
Z k </€> o 1 anl ( )
k=1 H, — -H,+ if n is even.
2 n
Now the identities (,",) = (”Zl) — (7)) and (44) for any odd positive integer n
give
SR ) S (2 ety e 2
k k—1) k k k k
k=1 k=1 k=1
B z”: (=2¥ ' n+1\ (2" '(n+1) § (=2)k=1 /n
N k k n k k
=1 k=1
1 on 271 (n + 1)
= (H,\1 — =H,, -
( +1T g (+1)/2+n+1) "
1 |
—(H,_1 — =H,,_ s —-
( 17 5 (n-1)/2 n )
1 2™ n2" 1t 41
=(Hpy1 — Hpo1) — =(Hy —H,_ —
(Hpt1 1) 2( (n+1)/2 ( 1)/2)+n+1 "
(1 1 L, n2" 1 +1
“\n n+1 n+l n+1 n
2711 —n)
_ 45
on) (15)
which is in fact the first equality in (43). Similarly, using the identities (kfl) =
(";CH) — (Z) and (44) for even positive integer n, we obtain the second equality
in (43). O

Lemma 4.2. Let n be an arbitrary positive integer. Then

n

n—1
n 2" —2
(1 0 ()2 = 2 = 2+ g + (16)
k=1

n

where [x] denotes the integer part of x.
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PROOF. We proceed by induction on n. An immediate computation shows
that (46) is satisfied for n =1 and n = 2. For every n =1,2,... put

S (e

Then using the identity ("}") = (}) + (") we have

= 1
Sn—i—l _ Z(il)kfl <7’L—]: >2ka

k=1

n—1 n+1
- (-1)’“( i )2’€Hk+(—1)n1(n+1)2”Hn

n—1
_ IS APN? k—1 n k n—1 n
- 1(—1) (k)2 Hk+k§:1(—1) (k_1>2 Hy + (—1)" " (n +1)2"H,,

=Sn + 25(—1)’6—1 (k i 1) k-1 (Hkl + 2) +(=1)""Yn+1)2"H,

k=1
n—1 n— 1( 1>k—1 n
_ 1\k—-1 k—1 k—1
=S, +2) (-1) <k1)2 Hy1+2) <k1>2
k=1 k=1
+ (—1)”_1(n +1)2"H,,
n
=S, —22 (k)2ka—2( D2t H,

+2Z( D* <k"1>2’“ Ly (—1)" Y (n + 1)2"H,,

— (*1)]671 n k-1
— &n T n 2 2
S, — 28, + ; — (.

1

—2(—1)""tp2nt (Hn — n) +(-1)""Yn+1)2"H,

=-S, +2Z < 1) + (=) 2" (H, +1). (47)

Notice that both equalities (43) from Lemma 4.1 for any positive integer n can
be written as

S ED ey (- 2! ny_ L
2 k (k—1>(1) n+1 +(1“*1))2(7”1)' (48)
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Next, substituting (48) into (47) multiplied by (—1)"*!, we find that

2n+1 —1- (71)71

—1)"1 S, 41 = (=1)"S, 2"H,. 49
(1S = (1S + 4 (49)
By the induction hypothesis, we have
— k 2" —2
(-1nn Z 2MHy = (2" = 2)Hyy + Hpppa + =
k=1
which substituting into (49) after routine calculations gives
+1 +1 _ 2l -2

(=)™ g1 = (2 2 Hy + iy + — =5

This concludes the induction proof. ([l

PROOF OF THE CONGRUENCES (4), (5), AND (6). Using the identities (}) =
Ly D), H, = Hi_1+1/k (1 < k < n) and the congruence (11) from Lemma 2.1,
the left hand side of (46) in Lemma 4.2 for n = p is

L, p—1 1
S (D) = SR (1) ()
Ep—l 216717(17ka_1) <Hk—1 + 1> (mod p%) :ppil 28 Hy 4
k=1 F & k=1 K
H}PZlii 222“%3 L Z2 Hy_4 (mod p¥). (50)
k=1

Further, note that by (1) of Theorem 1.1, (19) of Lemma 2.3 and the identity
Hy1 = Hy — 1/,
26 He X

k

—1
k=1 k=1

zkH =2 13
i Z = p B,—3 (mod p?). (51)

Taking (51), (41) and (19) of Lemma 2.3 into (50), we find that

_ 2p 7p?
> (=pkt <Z)2ka = —pap(2)° + = p(2)° 5 Br-s
k=1
P—1 ok rr2
2He
=P = (modp?). (52)
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On the other hand, by (46) of Lemma 4.2 with n = p,

p—1
(= (Z> 2"Hy = (2—2°)Hpo1 — Hip_1)j2 — 20,(2). (53)
k=1

Furthermore, since by Wolstenholme’s theorem and Fermat little theorem,
p3 | (2 —2P)H,_1, taking this and (15) of Lemma 2.2 into (53) we get

p—1 2
_ 2 7
(1) 1(2)2% = 2 + P02+ LB, (modp?).  (54)
k=1

Now substituting (54) into (52) and after dividing this by p?, we obtain
K2R, T

Z k = 71 p—3 (mOd p)v (55)
k=1

whence taking Hy_; = Hy — 1/k, and next applying (41) and (22) of Lemma 2.3,
we immediately get (4).

In order to prove the congruence (5), notice that by (29) H,_,=Hy_1(mod p)
for each k =1,2,...,p — 1. Hence, using this, the congruence (55), Fermat little
theorem, and applying (4), (2) and (22), we find that

p—1 p—1 2 p—1 2
le _ Hp—k _ Hk—l (mod p)
% k). op—k _ %
p k-2 = (p k)-2r k:l( k) -2
p=1 ok 772 p—1 ok 2
:_122[—]1@—1__1 28 (Hy — 1)
2 k 2 k
=1 k=1
1R~ 2kH? R 2kH, 1%=2k 7
D) k 2 32 %3 = gbe-s (modp).
=1 =1 k=1

This is in fact (5).
For establishing the congruence (6), observe that by (10) of Lemma 2.1,

-1
P =2t 2 - 20 (V) o )

whence we have

- 21071 (-2)* ( B 1> (mod p?). (56)
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Finally, substituting the congruences (18) of Lemma 2.3, (1), (4) of Theorem 1.1
and (38) of Lemma 3.2 into (56), and dividing the obtained congruence by p?, we
obtain (6). This completes the proof. O

5. Proof of Corollary 1.2

Lemma 5.1. If p > 3 is a prime, then

2k 5
Z Tz *ZBp—s (mod p), (57)
1<k<i<p—1
2k 3
> a7 = Brs (modp), (58)
1<k<i<p—1
2F 13
Z = Epo_g (mod p?). (59)
1<k<i<p—1

PROOF. Since H,_1 = 0( mod p?) (the well known Wolstenholme’s theorem),
foreach k=1,2,...p—1,

p—1 1 k—1 1
;=" Z o= —Hjp_1  (mod p?). (60)

i=k =1

Applying (60), (11) of Lemma 2.1 and taking the identity (Zj) = %(’é), we find
that

2k: p—1 2k p—1 P p—1 2k
p Z o 72 A S ﬁkafl (mod p?)
1<k<i<p—1 k=1 i=k k=1
p—1 Sk
2 -1
52 (o)
— k—1
S Sk
2 k2 \k-1
k=1 k=1
-1 -1
12 (<2
- _Z i z (k) (mod p2). (61)
Pz k=1

Finally, taking the congruence (19) of Lemma 2.3 and (37) of Lemma 3.2 into the
right hand side of (61), we immediately obtain (57).
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Further, from (13) of Lemma 2.2 we see that H,_1 2 = 0 (mod p) and there-
fore, for each k =1,2,...,p— 1,

11
2

M |

=1
Z 72 = —kal’z (mod p).

<.
Il
e

Applying this, Hy_12 = Hy2 — 1/k?, (4) of Theorem 1.1 and (22) of Lemma 2.3,
we obtain

p—1 p—1
2k 1
72

>

p—1
2Hj,_
S = — E 22 (mod p)
i £ k

=1
p—1

1<k<i<p—1" i=k =1
WH,, P29k 3
=— . : 5= ZBP_3 (mod p)
k=1
which is in fact (58).
Finally, by (60) we have
ok Rlokfl1 Kok
TZZ? ;E— ?Hk—l (mod p~)
1<k<i<p—1 k=1 i=k k=1
p—1 Sk p—1 o
2% Hy, 2
= - k + Z ﬁ (mOd p2)7
k=1 k=1

whence substituting the congruences (2) of Theorem 1.1 and (19) of Lemma 2.3,

we obtain (59). O
PROOF OF COROLLARY 1.2. Since 1/(p — k) = —(p + k)/k? (mod p?), we
find that
. 1
2P = —
Zk o = Zk 7277 D gw
k=1 1<i<k<p—1
1 (p+i)(p + k)2" 2
=2? = d
Z (p—1i)(p— k)2r—F Z i2)2 (mod p*)

1<p—i<p—k<p—1 1<k<i<p—1

pi + pk + ik)2F

1<k<i<p—1

2k 2k 2k )

1<k<i<p-1 1<k<i<p—1 1<k<i<p—1
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The substitution of congruences (57)—(59) of Lemma 5.1 into (62) immediately
yields

2”2 . 2k = 1— B,_3 (mod p?),
which multiplying by 277 and using the fact that by Fermat little theorem 277 =

271 (mod p), immeditately implies (7).
It remains to prove (8). By (10) of Lemma 2.1,

p*Hy2 =2 — 2pHy + p*H} — 2(-1)" <p . > (mod p%),

whence we have

p—l p—1 H
2 k
=2 -2
pzk 2k Zk‘ 2k pzk.Qk ka
k=1 k=1
- (_1)k p—1 3
722 or |k (mod p°). (63)
k=1
Taking n = p — 1 and = 1/2 into (36) from the proof of Lemma 3.1, we obtain
p—1 k p—1
(D" (p—1 1
= — —H, 4. 64
k2R \ k k;k-zk o (64)

Substituting (64) into (63) yields

= Hy - = B2
ML TR YOS L SE RPN
=1

Finally, substituting the congruences (7) of Corollary 1.2, (5) of Theorem 1.1 and
(12) of Lemma 2.2 into (65), and dividing this by p?, we obtain the congruence
(8), and the proof is completed. O
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