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Browder spectra of upper triangular matrix linear relations

By YOSRA CHAMKHA (Sfax) and MAHER MNIF (Sfax)

Abstract. In this paper, we define a matrix linear relation and present some
properties of this one. When A € BCR(H) and B € BCR(K) are given, we denote by
Mc the matrix linear relation acting on the infinite dimensional separable Hilbert space
A
0 B
operator C' € B(K, H) if and only if A is upper semi Fredholm relation with finite ascent,
B is lower semi Fredholm relation with finite descent and n(A) 4+ n(B) = d(A) + d(B).

H & K, of the form M¢c = ( ) It is shown that M¢ is Browder relation for some

1. Introduction

Let H and K be two infinite dimensional normed spaces. A linear relation A :
H — K is amapping from a subspace D(A) C H called the domain of A4, into the
collection of nonempty subsets of K such that A(ax + fra) = aA(z1) + BA(z2)
for all nonzero «, 8 scalars and x1,z2 € D(A). If A maps the points of its domain
to singletons, then A is said to be a single valued linear operator or simply an
operator. We denote the class of linear relation from H into K by LR(H, K) and
abbreviate LR(H, H) to LR(H). A € LR(H, K) is uniquely determined by its
graph G(A), which is defined by :

G(A) ={(z,y) € H® K such that z € D(A) and y € Az} .
Let A € LR(H). The inverse of A is a linear relation A~! given by :

G(A™Y) = {(y,x) € K @ H such that (z,y) € G(A)}.

Mathematics Subject Classification: 47A05, 47TA06, 47A10, 47A25, 47TA53.
Key words and phrases: matrix linear relation, singular chain manifold, Browder relation, Brow-
der spectra.
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For A and B € LR(H), the notation A C B means that G(A) C G(B). The
linear relations A + B and AB are defined respectively by :

G(A+ B) ={(z,y+ z) € H® H such that (z,y) € G(A) and (z,2) € G(B)}
and
G(AB) ={(z,y) € H® H : 3z € H such that (z,z) € G(B) and (z,y) € G(A)}.

The subspace A71(0) is denoted by N(A) and A is called injective if N(A) = {0},
that is, if A~! is a single valued linear operator. The range of A is the subspace
R(A) := A(D(A)) and A is called surjective if R(A) = H. We write n(4) =
dim N(A), d(A) = dim H/R(A) and the index of A, ind(A) is defined by ind(A) =
n(A) — d(A) provided n(A) and d(A) are not both infinite. The ascent, asc(A)
and the descent, des(A) of A are given respectively by asc(A)=inf{n >0 such
that N(A") = N(A"™)} and des(A) =inf{n >0 such that R(A") = R(A"T1)}.

The singular chain manifold noted R.(A) is defined by R.(A) = Ro(A) N
Roo(A), where Ro(A) = U2, N(AY) and Ry (A4) = J;2, AY(0). The linear space
R.(A) is non trivial if and only if there exists a number s € N and elements
z; € H, 1 <1¢ < s, not all equal to zero, such that

(0,21), (1, 22), ... (X5-1,2s), (x5,0) € G(A).

Let Q4 denote the quotient map from H onto H/A(0). Clearly Q4 A is a single
valued operator and the norm of A is defined by ||A| := [|Q4A||. We say that A
is closed if its graph is a closed subspace, continuous if for each neighbourhood
V in R(A), A=1(V) is a neighbourhood in D(A) (equivalently ||A] < o), open if
its inverse is continuous. The resolvent set of a linear relation A is the set given
by :

p(A) = {\ € C such that A\ — A is injective, open and has dense range}.

We denote the set of all closed linear relations on H by CR(H). Continuous defined
everywhere linear relation on H are referred to as bounded linear relation. The
class of such relation is denoted by BR(H).

Let A € CR(H). We say that A is upper semi Fredholm linear relation if it
has finite dimensional null space and closed range, A is lower semi Fredholm linear
relation if its range is closed and has a finite codimensional and A is Fredholm
linear relation if it is both upper and lower semi Fredholm linear relation. The
set of upper and lower semi Fredholm linear relations is denoted respectively by :

¢+ (H) ={A € CR(H) such that R(A) is closed and n(A) is finite},
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¢_(H)={A € CR(H) such that R(A) is closed and d(A) is finite}.

A closed linear relation A € CR(H) is called Weyl if it is Fredholm of index
zero and is called Browder if it is Fredholm of index zero and has finite ascent
and descent [1]. Let ¢ (H) be the class of all A € ¢ (H) with ind(A) < 0.
If A € CR(H), then the Browder spectrum o3(A) and the Browder essential
approximate point spectrum o4,(A) of A are defined respectively by:

op(A) = {\ € C such that A — Al is not Browder}
and

oap(A) = {\ € C such that A — X & ¢, (H) or asc(A — XI) = oo}.

It is well known that A & 04(A4) if and only if A — Al is upper semi-Fredholm of
finite ascent. The set of all bounded and closed linear relations on H is denoted
by BCR(H).

Recently, many authors have paid much attention to 2 x 2 upper triangular ope-
rators matrices [4], [9], [19]. For A € B(H), B € B(K) and C € B(K, H), let M¢c
denote the upper triangular operator matrix

A 0
MC_<O B).

A study of the spectrum, the Browder and Weyl spectra and the Browder and
Weyl’s theorems for the operators M¢, and the related diagonal My = A @ B,
has been carried by a number of authors in the recent past (see [2], [5], [13], [19]).
This motivated us to consider the linear relations instead of operators and extend
some of the extant results.

The purpose of the present paper is to extend some results given by X. CA0
[2] in the context of linear relations. For a given pair (A, B) of operators, X.
Cao gives necessary and sufficient conditions for which M¢ is Browder for some
linear operator C. Throughout this note, we will extend this result for entries
linear relations. For this we must first define the notion of matrix relation, and
review the basic rules of the product of matrix linear relations that we need to
know to define the adjoint and the index matrices. In order to give a similar
characterization of X. Cao, we need an analogue of the results of TAYLOR [1§]
and KAASHOEK [11], [12] given for linear operators, in the case of linear relations.

Our paper is organized as follows: Section 2 contains technical results needed
in the proof of Theorem 22 and Theorem 24. In section 3, we give a definition
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of matrix linear relation, then we collect some useful calculus formulas that often
appear next. The second part of this section deals with triangular matrix linear
relation. When A and B are two linear relations, we introduce the matrix linear
relation M where C'is a linear operator and we investigate some properties con-
cerning index, singular chain manifold and adjoint of M. In section 4, we provide
the main results. We recall that for A and B two linear operators, M¢ is Browder
for some linear operator C if and only if A is upper semi Fredholm with finite as-
cent, B is lower semi Fredholm with finite descent and n(A)+n(B) = d(A)+d(B).
We will show that this result, given by [2], can be extended to bounded and closed
linear relations which have a trivial singular chain manifold, see for instance The-
orem 27. This theorem will be used next to obtain a characterization of Browder
spectrum of a matrix M¢ according to the Browder essential approximate point
spectrum of A and B*, where B* is the adjoint of B.

2. Auxiliary results

The goal of this section is to establish some results which we use in the
next section. We begin by giving some auxiliary results from the theory of linear
relations in Banach space.

Lemma 1. Let H be a Banach space, A € LR(H) and B € LR(H).
If A€ ¢(H) and B € ¢(H), then AB € ¢(H).

PROOF. From [6], we know that if A € ¢ (H) and B € ¢, (H), then AB €
¢+ (H). On the other hand, from [17, Lemma 5.1], we have d(AB) < d(4) +
d(B) < co. Thus, AB € ¢(H). O

For n € N* the identity A™ = A*", has already been proved in the densely
defined operators case (see [14, Theorem 4.2]), where the statement made sense.
Next we will extend this result to the multivalued case. This suggest the following
definitions.

Definition 2. Let H be a Banach space and A € LR(H). The adjoint of the
linear relation A, noted A* is defined by its graph given by :

GA") = G(-A)Y,

that is, (v/,2') € G(A*) if and only if, for all (z,y) € G(A), y'y — 2’z = 0.
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Definition 3. Let H be a Banach space, M a subspace of H and A € LR(H

).
We say that M is a core of A if G(A) C G(Ajn), where G(Ajy) = {(z,y) €
G(A) such that z € M}.

Definition 4. Let X, Y be two Banach spaces, T and S € LR(X,Y). Then,
T is said to be S-co-continuous if there exist constants a, 8 > 0 such that

TBx C aSBx + By + T(0),

where Bx, and By designate respectively the closed unit ball in X and Y.

Remark 5. If T is a continuous linear relation, we note that there is a 8 > 0
with
TBx C BBy + T(O).

(see for instance [4]). From this we can prove that : if T € LR(X,Y) is continuous,
then T is S-co-continuous for all S € LR(X,Y).

Definition 6. Let X, Y be two Banach spaces, T and S € LR(X,Y). Then,
T is said to be S-bounded if D(S) C D(T) and there exist constants a, 8 > 0
such that for all x € D(S) we have

1Tz < aflSz|| + Bll«]|

where |[Tz| = d(Tz,T(0)) = d(Tx,0) (see [4, Proposition I1.1.4]).

Lemma 7 ([10, Theorem 2.10]). Let X, Y be two Banach spaces, T and
SeLR(X,Y).
(i) If T is S-co-continuous, then there are o, 3 > 0 with

ly'Tl < ally'SIl+Blly'll for all y" € D(S™).

(ii) If furthermore T'(0) C S(0), then T* is S*-bounded.

Lemma 8 ([10, Theorem 3.1]). Let X, Y be two Banach spaces, T and
S € LR(X,Y). Suppose that D(TS) is a core of S. Then, (T'S)* = S*T* if and
only if T* is (T'S)*-bounded.

We are now ready to state our result.

Lemma 9. Let H be a Banach space and A € LR(H).

If A is bounded then, for all n € N*, A™ = A*".
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PROOF. Let A be a bounded linear relation. Since A is continuous, then
A is A2-co-continuous. Furthermore A(0) C A2(0), then using Lemma 7, A* is
A?"-bounded. On the other hand, since D(A) = H, then by [15, Corollary 3.6],
we have D(A%) = H. Then, G(A) C G(A|p(az)). This implies that D(A?) is a
core of A. From Lemma 8, we have A?* = A*2, By induction we get the result for
all n € N*. O

Proposition 10. Let H be a Banach space and A € BCR(H).
(i) If A € ¢ (H), then asc(A) = des(A*) and des(A) = asc(A*).
(ii) If A € ¢_(H) and p(A) # 0, then asc(A) = des(A*) and des(A) = asc(A*).

PROOF. (i) Suppose that A € ¢, (H). In [7], we have shown that if A €
¢4+ (H), then for all n € N, A™ € ¢, (H). Using this result, we get that A™ and
R(A™) are closed and n(A™) < oo. Let asc(A) = p. Then N(AP) = N(AP+L).
Suppose that p < oco. Since A € ¢ (H), then AP € ¢, (H). This implies that
AP and R(AP) are closed. We get R(A*P)+ = N(AP) = N(APH1) = R(A*P+1)L
This induces that R(A*P) = R(A*PT1). Thus, des(A*) < asc(A). If des(A*) =
g < p. Then, N(A?) C N(AP). Since p > ¢, then R(A*?) = R(A*P). It follows
that R(A*9)+ = R(A*)L. And so, N(A?) = N(AP), which is absurd. Hence,
des(A*) = p. Suppose that p = oo. Then for all n € N, N(A") C N(A™HL). If
des(A*) = q¢ < co. Then R(A*?) = R(A*?*1). Thus, R(A*?)+ = R(A*THL Tt
follows that N(A?) = N(A%t1). This is in contradiction with the fact that p = oco.
Thus, des(A*) = co. The remaining statements can be proved similarly.

(ii) Suppose that A € ¢_(H) and p(A) # 0. From [6, Proposition 3.1], we
know that for all n € N, A™ € ¢_(H). Thus, from the definition, A™ and R(A")
are closed and d(A™) < co. Using the same technique in (i), we get the result. O

Proposition 11. Let H be a Banach space and A € BCR(H) with R.(A) =
{0}

If A is a Weyl linear relation, such that asc(A) < oo or des(A) < oo, then A
is Browder and asc(A) = des(A).

PROOF. Using the definition of Weyl linear relation, we know that A € ¢(H)
and ind(A) = 0. Suppose that asc(A) < co. We need only to prove that des(A) <
oo. Let asc(A) = p. Then n(AP) = n(AP*1). Since A is Weyl, then from [1, Propo-
sition 8], for all n € N, A" is Weyl. Hence ind(AP) = ind(AP*1) = 0. This implies
that n(AP) = d(AP) and n(AP*!) = d(AP*1). Hence d(AP) = d(APT!), which
means that dim R(AP)L = dim R(AP*!)L. Therefore, R(AP)t = R(AP+1)L.
Moving to the orthogonal, we get that R(AP) = R(AP*1). So, des(A) < p. Thus,
A is Browder and from [15, Theorem 6.11], we conclude that asc(A) = des(A).
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For the case des(A) < oo, by Proposition 10, we have asc(A*) < oo. The same
proof gives the result. O

Lemma 12 ([15, Lemma 5.5]). Let H be a Banach space, A € LR(H) and
m € N*.
1- If R.(A) = {0} and asc(A) < m, then for alln € N N(A™) N R(A™) = {0}.
2- If N(A) N R(A™) = {0}, then R.(A) = {0} and asc(A) < m.

3. Properties of matrix linear relations

For H and K two Banach spaces, consider A € LR(H), B € LR(K), C €
LR(K,H) and D € LR(H, K). We define the matrix linear relation acting on
C

A
H & K of the f by :
D 0 eorm(D B y

“ ((g g)) - { ((2) ’ (i;)) S (H@K)quch that z; € D(A) N D(D),

To € D(O) N D(B),yl € Az, + Czoand ys € Dy + BIQ}

3.1. Matrix Product. In this subsection, we investigate some properties of the
product of matrix linear relations.
We begin by the simple case, the product of diagonal matrix linear relations.

Lemma 13. Let H and K be two Banach spaces, A, A’ € LR(H) and
B,B’ € LR(K). Then

PROOF. Tet (é g> </é §>:<A64 ng)
())<= (G 5)(E 5))

21

This means that there exists ( ) € H @ K, such that

z2

()=l 3) = ()G el 3))
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We get 21 € A'zq, 29 € B'xg, y1 € Az; and yy € Bzy. Thus, y1 € AA'z; and
Y2 € BB’x5. This is equivalent to :

() G)) e (05 sn))

For the converse inclusion, we use the same technique and we get the result. [

Proposition 14. Let H and K be two Banach spaces, A, A’ € LR(H),
B,B' € LR(K), C,C" € LR(K,H) and D,D’' € LR(H, K). Then

(i)
A C A c AA'+CD AC'+CB
D B D' B'")] ~\DA'"+BD'" DC'+BB']’
(ii) Moreover, if A’, B', C' and D’ are single valued or D = D’ = 0 and B’ is

single valued, then we have the equality.

PROOF. (i) Let

() () =(6 5) (5 )

Then there exists <z1> € H ® K, such that
<2

()=l 5)) = () () =[G %)

This implies that z; € A'x; + C'zg, 29 € D'xy + B'zo, y1 € Az + C2y and
ya € D21+ Bzy. Thus, yy € A(A'x1+C'x)+C(D'xy+ B'xy) = (AA'+CD a1 +
(AC" + CB")zq and yo € D(A'z1 + C'x2) + B(D'x1 + B'xe) = (DA’ + BD )z, +
(DC" 4+ BB')z4. It follows that

n\ () oo (A4 +CD AC + OB
22 ) \yo DA’ + BD' DC'+BB') |

(ii) Suppose that A’, B’, C" and D' are single valued. Let

T Y1 AA/ + CD/ AC/ + CBI
eG .
2o ]\ yo DA’ + BD' DC'+ BB’
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Then y; € (AA'+CD")x1 4+ (AC' + CB)xg = A(A'x1 + C'xs) + C(D'x1 + B'xo)
and yo € (DA'+ BD")x1 + (DC"+ BB')xe = D(A’'z1 + C'z2) + B(D'x1 + B'zs).
Let 21 = A'zqy + C'zg and 29 = D'zy + B'zg. We get y; € Az; + Czy and
yo € Dzy + Bzy. Thus,

() () =( )5 5))

Now, suppose that D = D’ = 0 and B’ is single valued. Let

() ()= ™))

Then y; € AAx; + (AC" + CB')axy = A(A'x1 + C'z5) + CB'x9 and y, € BB'xs.
It follows that there exists z; € A’xy + C'xq, such that y; € Az; + CB'zy. Let
29 = B’xq, then

() ()=e (G 5) (0 5))

This completes the proof. (I

3.2. Some properties of triangular linear relations. Let H and K be two
Banach spaces. When A € LR(H), B € LR(K) and C € LR(K, H) are given,
we denote by M¢ the matrix linear relation acting on H @ K of the form :

A C
)

Further, as an application of Proposition 14, we have :
1- For all p € N*|

N

M

Ap Pl AP-l-kOBE
0 Br '

2- The matrix linear relation M¢, admits the following decomposition :

w0 )Gl )0 e

3- Using the decomposition of M¢ and Lemma 1, we can prove that : if A €
¢(H) and B € ¢(K), then for all C € B(K,H), Mc € ¢(H ® K).
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Index of M¢. It is well known that if A, B and C' are linear operators with finite
indices, we have ind(M¢) = ind(A) + ind(B). We will show that this property
remains valid in the case of linear relations. For this, we recall the index theorem
for the product of linear relation needed below.

Lemma 15 ([3, Corollary 3.2]). Let X, Y, Z be three vector spaces, T €
LR(X,Y), S € LR(Y,Z), D(S) = Y and suppose that T and S have finite
indices. Then, ST has a finite index and :

ind(ST) = ind(S) + ind(T) — dim(7(0) N S~(0)).

Theorem 16. Let H and K be two Banach spaces, A € ¢$(H) and B € ¢(K).
Then, for all C € B(K, H), ind(M¢) = ind(A) + ind(B).

PROOF. Since A € ¢(H) and B € ¢(K), then <é g

) € ¢(H @ K) and

(A 0> € ¢(H @ K). The use of Lemma 15 leads to :

()9 )
an((E DG DE6 )

This is equivalent to

(GG el 3))

This means that x = z and y € Bt. It follows that = z and ¢t € B~1y. Thus,

(C)-C)) el 54)
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We note that

wfl )61 2)6)
() )

It follows that

- ) (s )¢ 3)

Applying Lemma 15 again, we get :

e (R ()

= ind(B) + ind(A4) — dim ((A(O)> N (C(O)>> = ind(B) + ind(A).

This achieves the proof. O

Singular chain manifold of My. Let C be a bounded linear operator. In the
following theorem, we give some sufficient conditions on the relations A and B to
have R.(M¢) = {0}.

Theorem 17. Let H and K be two Banach spaces, A € LR(H) and B €
LR(K).
If R.(A) = {0} and R.(B) = {0}, then for all C € B(K,H), R.(M¢) = {0}.

ProoF. Let C € B(K, H). Suppose that R.(M¢) # {0}. Then, there exists

a chain <x1> #+ <8> € He K, 1<i<n,such that :
Yi

OCE) ) () 0) o
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Let w0 = yo = Zny1 = Yny1 = 0. Then for all 1 < < n, i , Tit1 c
Yi Yi+1

G(Mc¢). Thus, 2,41 € Az;+Cy; and (y;, yi41) € G(B). We have construct a chain
¥i, 1 <4 < n, such that (0,v1), (y1,y2)s --s (Yn,0) € G(B). Since R.(B) = {0},
then, for all 1 < ¢ < n, y; = 0. On the other hand, C' is an operator. It
follows that (0,21), (z1,22), ..., (25,0) € G(A). Since R.(A) = {0}, then for all
1 <i<n, 2; =0, which is absurd. Consequently R.(M¢) = {0}. O

Proposition 18. Let H, K be two Banach spaces, A € LR(H) and B €
LR(K), with R.(A) = {0} and R.(B) = {0}.

If asc(M¢) < oo for some C € B(K, H), then asc(A) < 0.

ProOF. Since R.(A) = {0} and R.(B) = {0}, then by Theorem 17,
R.(M¢) = {0}. Let asc(M¢) = p. Then, N(M¢) N R(M{) = {0}. Using Lemma
12, we need only to prove that N(A) N R(AP) = {0}. Let = € N(A) N R(AP).
Then, 0 € Az and there exists y € H, such that = € APy. It is easy to see that

(m’) € N(Mc¢). Since © € APy, then

0
x Ap 0 Yy o A 0 : Yy D )
o) (7 )= 5) (5) e o)
It follows that <g> € R(MP). Thus, <g> € N(M¢) N R(MP%) = {0}. Hence,

2 = 0. Consequently asc(A) < oco. O

Adjoint of M. In general, the product of adjoint linear relations is not the
adjoint of the product. CROSS [4, Theorem III.1.6] and JAFTHA [10, Theorem
3.1] have shown that under some conditions, we can get the above equality. In
this note, we will use these characterizations to study the adjoint of triangular
matrix linear relation.

Theorem 19. Let H, K be two Banach spaces, A € BCR(H), B € BCR(K)
and C € B(K, H). Then, the adjoint of M¢ is :

. (A0
v (5 2)
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ProOOF. Using equation (3.1) and moving to the adjoint, we get :

v (05) 690 )

is bounded, then it is continuous. Using Remark 5, we get

I C\. (I C\[A O .
(0 B) is (0 B) (O I) -co-continuous. However, from [16] we know that:

1 ¢\ [{a o)\ /(o 1 ¢\
C .
C (0 B) (O I) <0> So by Lemma 7 we have <0 B>

I C A 0 .
is 0 B) (0 I) -bounded. On the other hand, it is easy to see that
I C A 0 . A 0 ..
D 0 B) (O I) is a core of 0 . Indeed, Proposition 3.1 (iii) le-
I C A 0 A C .
adstoD((O B) <0 I)) _D<(O B)) =H x K since A, B and C are
A 0 . . . .
bounded. Further, D 0 I = H x K since A is bounded. So using Defini-

tion 3 of the core, we get the result.
We obtain that the conditions of Lemma 8 are satisfied, then

Mg = <1(4)1 ?) <é g) . Using the same technique to (é g) , it follows

that

v (A O (1 e\ (1 o\ _(a o\ (1 o\(r o)\
“\o 1) \o 1) \o B) \o 1) \c* 1)\0o B) "
1 o\ (1 o0 A 0\

We need only to prove that <0 B) = (0 B*) and by analogy on (0 I)

/ / I *
we get the result. Let ((y,l> ) (x/1>> cG (( O) ) . So, for all
Ya T 0 B
L1 Y1 I o / / ’ / .
2 )\ eqG 0 B , we have yjy1 = zjx1 and yhys = whxa. Since

y1 = 71 and yo € Bxg, then y] = 7} and for all (z2,y2) € G(B), yhys = xhzs.

o
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/ / *
This is equivalent to ((2) , (2)) e G (((I) £*>> Thus, (é g) =

I 0

o Bl This achieves the proof. (|

4. Main results

In this section H and K are two infinite dimensional separable Hilbert spaces.
Let A € BCR(H) and B € BCR(K) with R.(A) = {0} and R.(B) = {0}. We
recall that for C' € B(K, H), we denote by M¢ the matrix linear relation :

A C
MC_<0 B).

The aim of this section is to give some necessary and sufficient conditions on A
and B for which there exists an operator C' such that Mg is a Browder matrix
linear relation.

Lemma 20. Let H and K be two infinite dimensional separable Hilbert
spaces, A € LR(H) and B € LR(K). Suppose A € ¢ (H), B € ¢_(K) and
d(A) = n(B) = oo. Then for all p € N, there exists an isometry :

T:(R(B*) + N(B*?))* — (R(A) + N(AP))*.

PROOF. Let p € N. We claim that dim(R(A) + N(AP))* = co. Since A €
¢4+ (H), then AP € ¢, (H). And so, n(AP) < oco. We also have R(A) is closed,
which implies that (R(A) + N(AP)) is closed. Then

H = (R(A) 4+ N(AP)) @ (R(A) + N(AP))*.

Suppose that dim(R(A) + N(AP))t < oco. Then codim(R(A)) = d(A) < oo,
which is a contradiction. Hence, dim(R(A) + N(AP))Lt = oco. Using the same
proof, we can show that dim(R(B*) + N(B*?))* = co. (R(B*) + N(B*?))* and
(R(A) + N(AP))*L are two closed subspaces acting on H and K respectively. It
follows that (R(B*)+N(B*P))* and (R(A)+N(AP))* are two infinite dimensional
separable Hilbert spaces. So, there exists an isometry :

T:(R(B*) + N(B*?))t — (R(A) + N(A4P))*L. O
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Proposition 21. Let H and K be two infinite dimensional separable Hilbert
spaces, p € N, A € LR(H) and B € BR(K) with R.(A) = {0} and R.(B) = {0}.
Suppose A € ¢ (H) with asc(A) < p, B € ¢_(K) and d(A) = n(B) = co. Then,
there exists C € B(K, H) such that asc(M¢) < p.

ProOOF. Using Lemma 20, we define the single valued linear operator C by :

_ (T 0\ . ((R(B*)+N(B*))* (R(A) + N(AP))+
¢= <0 o) ( R(B*) + N(B") >—>< R(A) + N(AP) ) (4.1)

From Lemma 12, it suffices to show that N(M¢) N R(ME) = {0}.

Let (] N(M¢) N R(ME). Then, (8) € Mc (az) and there exists <§> €
) )

H @ K such that :

Y t 0 BP t

This induces that 0 € Az + Cy, 0 € By, © € APz + AP~'Ct + ... + CBP~'t and
y € BPt. Thus, y € N(B) N R(BP) C (R(B*) + N(B*?))* and —Cy € Az C
R(A) N (R(A) + N(AP))+ C R(A) + R(A)*+ = {0}. Since Cy = Ty = 0, then
y =0 and z € N(A). We know that © € APz + AP~1Ct + ... + CBP~'¢t, then
there exists 21 € APz + AP~1Ct + ...+ ACBP~?t C R(A) such that :

v — 2z € CBP~1t C (N(A) + R(A)) N (N(AP) + R(A))*L.
€ (N(AP) + R(A)) N (N(AP) + R(A))* = {0}.

Thus,

x=2 € APz + AP0t + ...+ ACBP™?t.
€ A(APT 2 4 APT2Ct + ...+ ACBP 3t + CBP™2t).

It follows that there exists zo € AP~1z + AP=2Ct + ... + ACBP~3t + CBP~ 2,
such that x € Azy. Since 0 € Ax C A%z, then 2o € N(A?). Let z3 € AP712 +
AP72Ct + ...+ ACBP3¢, such that zo — 23 € CBP~2t. Then

2y — 23 € CBP~2t C (N(A2) + R(A)) N (N(AP) + R(A))*:.
€ (N(AP) + R(A)) N (N(AP) + R(A))* = {0}.
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Thus, z2 = 23 € R(A). From the fact that x € Azy, we have z € R(A?). Continue
this process, we get that 2,2 € A%z + ACt + CBt, with x € AP~ 125, 5. Since
0 € Ar C A%zy C A3z C ... C APzy, o, then 29y 5 € N(AP). Let 29,1 €
A%z 4+ AC't, such that zo,_o — 22,1 € CBt. Then

Zap—2 — 22p_1 € OBt C (N(AP) + R(A)) N (N(AP) + R(A))* = {0}.

Thus, z2p_2 = 29p—1 € R(A). Since x € AP~ 129, 1, then x € R(AP). However,
R.(A) = {0} and asc(A) < p, then x € N(A) N R(AP) = {0}. And so, z =y = 0.
This induces that N(M¢) N R(M{) = {0}. Consequently asc(M¢c) < p. O

Theorem 22. Let H and K be two infinite dimensional separable Hilbert
spaces, A € BR(H) and B € BR(K) with R.(A) = {0} and R.(B) = {0}.
Suppose A € ¢4(H) with asc(A) < oo and B € ¢_(K) with des(B) < oo. If
d(A) = n(B) = oo, then there exists C € B(K, H) such that M is Browder and
asc(Mc¢) = des(Mc).

PRrROOF. Let p = max(asc(A),des(B)). Using Lemma 20, we define C' by
T 0 (R(B*) + N(B*))* (R(A) + N(AP)+
4.1) :C = : Th
D=1, R(B)+NBw) | | R+ N4 e
we claim that M¢ is Browder. We divide the proof into five steps.
Step 1: n(M¢) < o0.

Lo

Let € N(Mc¢), then 0 € Az + Cyy and 0 € Byg. Thus,

Yo

—Cyo € Axg € R(A) N (R(A) + N(AP))t € R(A) N R(A)* n N(AP)+
€ R(A) N RA)* = {0}

Hence, 0 € Azg and Cyy = 0. Let yo = y1 + y2, where y; € (R(B*) +
N(B**))t and y; € (R(B*) + N(B*?)). Then, Cyg = Ty; = 0. This implies that
y1 = 0, which means that yo € (R(B*)+N(B*?)). Thus, yo € (R(B*)+N(B*))N
N(B). We get that N(M¢) € N(A) @ (R(B*)+ N(B*?)) N N(B). We claim that
dim(R(B*) + N(B*?)) N N(B) < oc.

To the contrary, we assume that (R(B*)+ N (B*?))NN(B) is infinite dimensional.
Let (u,)22, be the orthonormal sequence in (R(B*)+ N(B*?)) N N(B) and write
Up = Wy + Un, where w,, € R(B*) and v, € N(B*P). Then, (v,)52, is linear
independent. In fact, for any n € N, if ayv; + asve + ... + ayv, = 0, then
ar (ug —wy)+ag(ug—wse)+- - -+ap(up —wy) = 0. Hence, ajuy +asus+...+anu, =
ajwy + agwy + -+ + apw, € N(B) N R(B*). Since R(B*) = N(B), it follows
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that R(B*)NN(B) = N(B)XNN(B) = {0}. Then, aju; +agus +- - -+ a,u, = 0.
Thus, a1 = a2 = -+ = a, = 0, therefore (v,)!_; € N(B*P) is linear independent
for any n € N. This induces that dimN(B*?) = oco. It is in contradiction with
the fact that B € ¢_(K). From the preceding proof, we get that n(Mg) <
n(A) + dim(R(B*) + N(B*?)) N N(B) < oc.

Step 2: R(M¢) is closed.

Since M € BCR(H @ K), then by [8], M is a closed linear operator. Using
the closed range theorem, we need only to prove that R(M) is closed. Suppose

that Mg T} (Mo Then, A*x,, — ug and C*z,, + B*y, — wvg. Thus,
Yn Vo

(A*2p)22, (C*xy )22, and (B*y, )22, are Cauchy sequences. Write x,, = up+vp,
where u,, € (R(A) + N(AP))* and v, € (R(A) + N(AP)). Then, C*z,, = T*u,,
and so (u,)52, is a Cauchy sequence. Also (A*v,)22; is a Cauchy sequence
since A*x, = A*uv,. Using the fact that R(A) is closed and dimN(AP) < oo,
we know that R(A) + N(AP) is closed. There is an orthogonal decomposition
(R(A) + N(AP)) = N(A")t @ M and M C N(A*). Let v, = w, + 2, where
w, € N(A*)* and 2z, € M C N(A*). Then, A*v, = A*w, and therefore,
(A*wy)$2, is a Cauchy sequence. We claim that w,, is a Cauchy sequence. Indeed,
since A*v,, = A*w, — wup and R(A*) is closed, it follows that there exists
20 € N(A*)* such that A*w, — A*zy = ug. So, A*(w, — z) —> 0. Since
ATN(A*)L is invertible, we get that w,, —z9 — 0. Then, w,, is a Cauchy sequence.
Let x], = uy + wy. Then, (2),)%2, is a Cauchy sequence. Suppose x,, — o.

Then, C*z,, = T*u, = C*z), — C*xg and A*z, = A*x], — A*zy. Suppose

B*y, — B*yo. We get M, <m0> — <u0>. This proves that R(M) is closed.
Yo Yo

And so, R(M¢) is closed.

Step 8: M has finite ascent and finite descent.

From the construction of C, we have by Proposition 21 that asc(M¢) < p. On
the other hand, since M¢ € ¢ (H @ K), then using Proposition 10, we get
des(Mc¢) = asc(M¢). However, the entries A*, B* and C* of M are operators,
so the same technique adopting in the proof of [2, Theorem 2.1], shows that
des(M¢) < p.

Step 4: d(Mc¢) < oo.

We have D(M¢) = H®K and des(M¢) < p. This implies, from [15, Theorem 6.7],
that d(M¢) < n(M¢). Further M¢ € ¢4 (H @ K), then d(M¢) < oo.

Step 5: ind(M¢c) = 0.

We have d(M¢) < n(Mc¢), which means that ind(Me) > 0.
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Since R.(A) = {0} and R.(B) = {0}, then by Theorem 17, R.(M¢) = {0}. Howe-
ver, since asc(M¢) < p then from [15, Theorem 6.5], it follows that ind(M¢c) < 0.
This proves that ind(M¢c) = 0. Consequently M is Browder. Moreover M is
Browder, and R.(M¢) = {0}, then using [15, Theorem 6.11], we get asc(M¢c) =
des(Mc). O

Theorem 23. Let H and K be two infinite dimensional separable Hilbert
spaces, A € BR(H) and B € BR(K) with R.(A) = {0} and R.(B) = {0}.
Suppose A € ¢(H) with asc(A) < oo and B € ¢(K) with des(B) < oo. If
n(A) + n(B) = d(A) + d(B), then there exists C € B(K, H) such that Mc¢ is
Browder.

PrOOF. From the hypothesis, we know that Mg is Weyl for every C €
B(K, H). From Proposition 11, we need only to prove that there exists C' €
B(K, H) such that asc(M¢) or des(M¢) is finite. Let p = max(asc(A), des(B)).
There are two cases to consider:

Case 1: Suppose that dim(R(B*) + N(B*?))*+ < dim(R(A) + N(AP))*.

Let M be a closed subspace such that M C (R(A) + N(AP))t and dim M =
dim(R(B*) + N(B*?))%. Then, there exists a linear operator T' with domain
(R(B*) + N(B*P))* and range M such that ||Ty|| = ||y|| for every y € N(B) N
R(BP). Define an operator C : K — H by :

_ (T 0\ [(R(B*)+N(B*)* M
¢= (0 0) ' < RBHY+NBr | \mt
Adopting the technique of the proof of Proposition 21, we get that M is Browder.

Case 2: Suppose that dim(R(B*) + N(B*P))* > dim(R(A) + N(AP))+.

Let M be a closed subspace such that M C (R(B*) + N(B*?))t and dim M =
dim(R(A)+N(AP))*. Then, there exists a linear operator T with domain (R(A)+
N(AP))* and range M such that | Ty|| = ||ly|| for every y € (R(A) + N(AP))=+.
Define an operator C; : K — H by :

_ (T 0} [(R(A)+N(AP)* M
Gi= (0 0) ' ((R(A)+N(AP))> - <ML>'
A o

0 B
Theorem 2.1], shows that M¢,« has finite descent. (]

Let M¢g,~ = . Then, the same technique used in the proof of [2,
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Theorem 24. Let H and K be two infinite dimensional separable Hilbert
spaces, A € BCR(H) and B € BCR(K) with p(B) # 0, R.(A) = {0} and
R.(B) = {0}. If M¢ is Browder for some C € B(K, H), then

(i) A€ ¢4 (H) with asc(A) < oo and B € ¢_(K) with des(B) < co.
(ii) d(A) < oo if and only if n(B) < co.

ProOF. Let C € B(K, H) such that M¢ is Browder.

(i) We claim that A € ¢ (H) and asc(A) < co. Since N(A) @ {0} C N(M¢),
then n(4) < n(M¢g) < oco. From the decomposition of Mg, it follows that
R(Mg) C R (“é ?)) . Then, d(M3) > d ((’% ?)) — d(A*). Thus R(A)
is closed and therefore A € ¢, (H). Using Proposition 18, we get asc(A) < oo.
We claim that B € ¢_(K) and des(B) < oo. It follows from the decomposition

of Mc, that R(Mc) C R ((é g)) . Thus, d(Mc) > d ((é ;)) — d(B).

Since M¢ is Browder, then d(B) < co. And so, B € ¢_(K). Since p(B) # (), then
by Proposition 10, we have des(B) = asc(B*). Thus, to show that des(B) < oo,
we need only to prove that asc(B*) < oo. Since Mc¢ is Browder, then M is
also Browder. Then, there exists p € N such that asc(M{) = p. Suppose that
N(B*?) € N(B*P*1). This implies that there exists y € N(B***!) such that
B*Py # 0. However, for all z € H we have :

et (7 AP
¢ \y)  \Crartle 4 BCrAPe 4 .+ BPHy |

For z = 0, we get M*%H <0> = (8) . Thus, <0> € N(M*Zc);“) = N(M¢’). It
Y Y

follows that Mép 0 = Sp = 0 . Then, B*Py = 0, which is absurd.
(0 By 0

Hence, N (B*?) = N(B***). And so, des(B) = asc(B*) < cc.

(if) We claim that d(A) < oo if and only if n(B) < oco. We need only to prove
the first implication, and by analogy we get the converse. If n(B) = oo, then we
must have that d(A) = co. To the contrary, we suppose that d(A4) < oo. There
are two cases to consider.

Case 1: Suppose that C(N(B)) is finite dimensional. Then, N(C') must con-

tain an orthonormal sequence y, € N(B). Thus, <8> € Mc <0> for each
Yn
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n =1,2,.... This implies that N(M¢) is infinite dimensional, which is a contra-
diction.

Case 2: Suppose that C'(N(B)) is infinite dimensional. Since A is Fredholm, we
know that R(A)* is finite dimensional. Therefore, C(N(B)) N R(A) is infinite
dimensional. Thus, we can find an orthonormal sequence y,, € N(B) for which
there exists a sequence x,, € H such that 0 € Az, — Cy,, for each n =1,2,....
Then, <g> € Mg ( n ) for each n = 1,2,..., which implies that N(M¢) is

—Yn
infinite dimensional. It is in contradiction again. Therefore, d(A) = oco. [

Remark 25. Suppose M¢ is Browder for some C' € B(K, H), then

1- If d(A) = n(B) = oo , then n(A) + n(B) = d(A) + d(B).

2- If d(A) < oo, then A € ¢(H) and B € ¢(K). It follows from Theorem 16
that ind(Mc) = ind(A) + ind(B), that is n(A) + n(B) = d(A) + d(B).

Now, as a corollary we get the following result.

Corollary 26. Let H and K be two infinite dimensional separable Hilbert
spaces, A € BCR(H) and B € BCR(K) with p(B) # 0, R.(A) = {0} and
R.(B) = {0}. If M¢ is Browder for some C € B(K,H), then A € ¢, (H) with
asc(A) < 00, B € ¢p_(K) with des(B) < oo and n(A) + n(B) = d(A) + d(B).

Basing on the preceding theorems, we can now state the main result which
gives necessary and sufficient conditions on the linear relations A and B such that
there exists C' € B(K, H) for which M¢ is Browder.

Theorem 27. Let H and K be two infinite dimensional separable Hilbert
spaces, A € BCR(H) and B € BCR(K) with p(B) # 0, R.(A) = {0} and
R.(B) = {0}. The 2 x 2 matrix linear relation M¢ = (13 g) is Browder for
some C € B(K, H) if and only if A € ¢ (H) with asc(A) < oo, B € ¢_(K) with
des(B) < oo and n(A) + n(B) = d(A) + d(B).

ProoOF. The first implication is given by Corollary 26. For the converse,
we have either d(A) = n(B) = oo or d(4) < oo and n(B) < oo. In the first
case, the assertion is obvious from Theorem 22. For the second, we get that
A€ ¢(H) and B € ¢(K). The result follows from Theorem 23. O

The following corollary is immediate from Theorem 27.

Corollary 28. Let H and K be two infinite dimensional separable Hilbert
spaces. For a given linear relation A € BCR(H) and B € BCR(K) such that
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p(B) # 0, R.(A) = {0} and R.(B) = {0}, we have :

(| oo(Mc) = 0ap(A) Uoan(B*) U{A € C : n(A— AI)+ n(B — \)
CeB(K,H)
4 d(A—\) +d(B - \)}.
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