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This paper is dedicated to Professor Lajos Tamdssy on the occasion
of his ninetieth birthday

Abstract. Both quaternionic and para-quaternionic geometry are important when
studying harmonic forms and stochastical relaxation with the help of Fokker—Planck-
type or Oguchi-type parabolic equations. In a recent paper the first-named author and
H. M. PorLaTOoGLOU (2012) have shown that the five-dimensional case is the simplest
case that the use of para-quaternions is more convenient that the use of quaternions.
Now we discuss that case in some detail.

1. Introduction and preliminaries

Quaternionic geometry was studied e.g. in [1], [8], [18]-[22], including the
twistor aspect; para-quaternionic geometry was investigated e.g. in [27]-[29], [7],
[17]. The initial difference is due to the replacement of matrix units 1, io1, ioa, ios
of the usual quaternions, where

oy o =iy (10
1_105 2_2. ) 3 —
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are generators of the Pauli algebra, by the units
1a§:i027 5:017 R:UB

of para-quaternions, so that our i j, and k mean j, (1/4)i, and (1/i)k in [8],
respectively. This is due to our definition of the real Clifford algebra H of para-
quaternions as generated by 1 and imaginary units 7, j, k satisfying

R, Ge—jiek (1)

For a para-quaternionic structure the left module structure is defined up to con-
jugation in H.

In a more general setting, let V' be a real vector space. A complex structure
on V2" is an endomorphism J € End(V) such that J? = —Id. A hypercomplex
structure H on V4" is a triple (J,) = (Ji,Jo,J3) of anticommuting complex
structures on V satisfying JyJo = J3; it defines on V' the structure of left vector
space over quaternions H = spang{l,i,7j, k} such that multiplications by 4, j
and k are given by Jy, Jo and J3. A quaternionic structure on V4" is the 3-
dimensional subspace @ C End(V') spanned by a hypercomplex structure H, i.e.
Q= spanR{J1,~J2, <~]3}.~

A triple Jy, Jo, J3 of anticommuting endomorphisms of V' satisfying the
relations
S A (N

is called a para-hypercomplex structure on V. Observe that (J; is a complex
structure and) Jo and Js are para-complex structures on V. A Lie subalgebra
Q C gl(V) is called a para-quaternionic structure on V' if there exists a basis jl,
jg, Js satisfying the above relations. A para-hypercomplex structure (jl, jg, j3)
defines on V the structure of a left module over the Clifford algebra generated by
unity 1 and generators i, j, k satisfying (1).

The Hurwitz twistors are deduced from quaternions and Clifford structures
as follows. Let C*(I5, I3) be the 4-dimensional complex space with the indefinite
hermitian metric

. x 0 -1
k= Iz = diag" (I, —I3) = <12 02> , I =1,

and R5(I2 3) — the 5-dimensional real space with the indefinite symmetric metric
Iy 3 = diag(lz, —I3). Let (e1,...,eq) and (eq,...,e5) denote the corresponding
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canonical bases, and o the multiplication acting from R3(I53) @r C*(Is2) to
C*(I2,2). Let us set
eaoekzcclgk€1+"'+céke4a Ca+(cik)ﬂ j:1a75
Consider the algebra Aj 3 generated by {C#Cp : a < 8} where C# = xCir~".
An element xz € Ag 3 is called Hurwitz twistor [12], [13] whenever z has the
form

= £aupCl, tapeC, (2)

a<f

and im 22 = 0, where z € Aj 3 is defined in the following manner: x € Ay 3 can
be written uniquely as

4
= kav = Z Ealyﬁlywwakvﬁkc(ﬁ Ca, .. kacﬁk’ (3)
k=0

a1<B1<...<ar<PBk

with zg = §yly for k = 0. We set im z := x — xp and denote the collection of
Hurwitz twistors by H:

H= {x: Zga,BCfCB:im xQZO}.

a<f

Traditionally, the 5-dimensional space-time is R®(I; 4); when speaking on Hurwitz
twistors, it seems convenient to associate them with R®(/32) instead of R®(Ia3).
It appears that the expression (2) is an element of H, if and only if the following
(Z) equations hold:

§12834 — £13824 + §14823 = 0,
12835 — €13825 + §15623 = 0,
§12845 — €14825 + §15624 = 0,
13845 — €14835 + §15834 = 0,
€23845 — £24835 + {25834 = 0.

In analogous way the anti-objects, called anti- Hurwitz twistors, correspond
to R5(1,4) and are determined by (Z) similar equations as well; we denote the

collection of those anti-objects by aH. Still in analogy we consider C16(Ig g) and
R?(8, 1) replacing it by R?(1,8) which leads to pseudotwistors [15]:

p= {x = Za<6<9 {a,BC’fC’B sim 22 = 0},
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determined by (Z) = 126 algebraic equations; we denote the collection of cor-
responding anti-objects by ap. We may also consider C%*(I3z 32) and R!3(6,7)
replaced by R'3(7,6) which leads to bitwistors determined by (143) = 715 algebraic
equations; we denote their collection by b and the collection of their anti-objects
— by ab. The above leads to the so-called Cartan-like triality [6].

aH(H) P(H)

ap(H) b(H)

Figure 1. Double Cartan-like triality of Hurwitz twistors, pseudotwis-
tors, and bitwistors.

2. Some relationship with traditional harmonicity and holomorphy

Before we start to use quaternions or para-quaternions for investigating par-
abolic equations responsible for relaxation, we recall some known results on rela-
tions with traditional harmonicity and holomorphy.

2.1. Relationship with harmonic forms. Let ZEZL)(U) be the space of real-
analytic solutions of the structure spinor equations (of spin %n) on an open set
U C C%* k =1,2. Then [14] they can be written as harmonic forms, i.e., there
exists a one-to-one correspondence between spinor solutions and harmonic forms
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with respect to:
the (1, 1)-metric

ds® := dz'dz' — dz*dz* for k=1 (Hurwitz twistors);
the (0, 4)-metric
ds® := —dz'dz' — dz%dz? — d23dz® — dz*dz*  for k = 2 (pseudotwistors).
This correspondence can be expressed as:
z0(U) ~ | (U, <c?2k’1<"—1>) for k=1,2,
where
B (U,c 00 = {g e T (U, €T D) 199 = 0 and 96 = 0}

and 9 is the formally adjoint operator of 9 with respect to the indefinite fibre
(2261 0)-metric

dp? := d¢CtdCt + d¢2dC? + ..+ dCPR AR

2.2. Relationship with the one-dimensional Dolbeault cohomology
group. Set

Pl:={Ll: L c C* linear subspace, dimL] = 1}

( )
U :={L}: Ly C C* linear subspace,dim L3 = 2} (~ G(2,4
P?:={L3: L? C C8 linear subspace, dimL? = 1} (

(

12
Q
™
oo ~—

U? .= {L3: L3 C C® linear subspace, dim L3 = 2}

where P3(C), P7(C), G(2,4), G(2, 8) are the corresponding complex projective and
Grassmannian spaces, respectively. Then we have the following correspondences:
H p ab
w1 Novi,  pey Ve, p2y N\ V2. (4)
'Pl u? 7)2 U2 7)2 u2

Let Z3,(Ux) be the space of holomorphic solutions of the structure spinor
equations (of spin %n) on an open set Uy, whereas uy and vy be the related fibre
bundles forming the diagrams (4). We set

U, = Vk_l(Uk) and U} = py o l/k_l(Uk) for k=1,2.
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Then, if every fibre of uj is connected, there exists a one-to-one correspon-
dence [14]:
Z3(Uy) ~ H' (U, O(—axn — Bi)),

where H! denotes the one-dimensional Dolbeault cohomology group,
O(—agn — i) = O([e] "),

[e] being the canonical effective divisor of P3(C), while o and B are positive
integers. Moreover,
041:]-;51:2; 5222

2.3. Relationship with traditional holomorphy. Consider the holomorphic

embeddings
3
C*~R* 5 G(2,4), R*'>52+% ) 2°S,+a'ly, (5)
a=1
7
C'~R® 5 G(8,16), R®3> 2+ Y 2°S, +a'l, (6)
a=1

where G(7,v) stands for a 7-dimensional Grassmannian submanifold, while S,
and I or Ig are generators of the corresponding algebra, proposed explicitly first
in [13], so that they are real parts of holomorphic mappings in the classical sense.
The result we are going to quote was first published without specification of the
quaternionic or para-quaternionic dependence in [14], [15] and with specifying this
dependence — in [7]. In the case (0 —1,7) = (0,4) resp. (0,8) we are interested, it
states that there exists a complex structure I = I[.(o — 1,7)] on the holomorphic
embedding (5) resp. (6) with properties

1(0,4) = ¢(0,4)(H), resp. ¢(0,8) = ¢(0, 8)(H) (7)

and the each embedding concerned is the real part of a holomorphic mapping in
the classical sense.
We introduce seven 2 x 2-complex matrices which we call atoms:

AOAO(H)<_‘;H “jl), A1<jj _”u), A2<_Z a”),
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~ t~ 0 ~ ttH 0
eaii(f ). - (1)
H

where u in Ag and vy are given in
u=x4+ix3 €C, vg=x2+1ix1 €C, vg=uz1 +iT2€C,
whereas v in Ay, Ay; v, w, and tg are given in
u=x3+ixs €C, v=x1+1ix2 €C, w=uz4+ix5€C,
tm = x7 +ixg € C, tﬁ:m6+z‘x7€€.

Let
¢ Cu = (u,vy) € C? and 25 = (u,v,w,tg) € CL.

The atomization method allows us to find the following explicit formulae for the
embedding in question:

A Az As 0
W) = Ao for (0,4), 1(z) = jz f(‘) j _A; for (0,8).

0 As —As As

2.4. Pseudotwistros of degree 3 vs. those of degree 1. Consider quaternal
embeddings, like ip = diag(A, A, A A), A = Az, acting from G(2,4) to G(8,16),
instead of (2), pseudotwistors of degree k with x as in the second formula in (3),
and collections J ) of all such z with im 22 = 0. Consider the following analogues
of (4):

J®) Jm
v Nook=18 L N a8 = (U8 (8)
k k 1 1
J® gk 7 79

If kK = 1, then for any quaternal embedding ia of some Vj in G(2,4) to G(8,16)
we have

ngW =90, wa =gy, a0 =79

and the diagram in (7) related with J‘él). If k = 3, we have

3 1 1 3 2 2
Jf)g%»&(,)'f«) Ji)gflif'f() )

c c
+ +

where AUA°=A*. The addends in (9) depend on the quaternionic or para-qua-
ternionic structure according to dependence of A expressed in terms of Ay, ..., Ag.
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3. Stochastical relaxation and the specific role of dimension 5

3.1. Setting of the problem. We consider a modified Oguchi equation [25], [4],
[11]

0 _ 1 _ _

5 ST = —=[s(t 7)) = (st T)he] (10)

7
where T is the spin-lattice relaxation time related to a spin on R-site, R =
(1,...,2;) in R",r = 1,2,...;7 = x,41 stands for the stochastic variable res-
ponsible for the stochastic behaviour of the lattice, describing thermal oscillations
of spin, and (s(¢,7)) denotes the canonical average of spin; (s(t,7))1e. being its
local equilibrium value. (s(¢,7)) does not depend on the positions in a fixed layer
T, = I,. Set

1 oy Erd
= {1 30- 497 (1)
a? 1 o ZTrd
A= S0 (12)

where J is the parameter of the theory responsible for the interaction between
two neighbouring spins, and a is the lattice constant. The equation (10) can be
transformed to

0 B B T 92 a2 92 B
5@9(@7» = —I(s(t,7)) + A <V_1 922 ;ﬁ) (s(t, 7)),

where I and A are given by (11) and (12), respectively, while a is the amplitude
of stochastic movement. Then the substitution 7 = (a/a)7T brings the above
equation to

. . ~ 9? 0? -
5 (5(7)) = ~T{s(t,7) + A < 5z a—) (). ()

v=1

In [4], for solving (13), 7 = 2 and 3, the quaternionic approach was used syste-
matically.

By (7), the 8- (resp. 4-)dimensional stochastical relaxation problem may be
considered in relation with the pseudotwistors in p (resp. anti-Hurwitz twistors
in aoH) in terms of para-quaternions (resp. quaternions) [11]. By restriction of
solution of (13) an analogous conclusion holds for the 7-, 6-, and 5- (resp. 3-, 2-,
and 1-) dimensional stochastical relaxation problems as well as for the 8-, 7-, 6-,
and 5- (resp. 4-, 3-, 2-, and 1-) dimensional relaxation problems related with (13)
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| | | | | | | | o
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Figure 2. Applicability of para-quaternions (resp. quaternions) and
pseudo-twistors (resp. anti-Hurwitz twistors) for 5-, 6-, 7-, 8- (resp.
1-, 2-, 3, 4-)dimensional relaxation and stochastical relaxation prob-

lems.

for (s(t, 7)) = (s(t)), (s(¢t,7)).e. = 0. The reasoning is illustrated by Figure 2;
the family of solutions to (13) for 7 = 8 is represented by the point (1,8) on the
projection plane C, » = {(o,7)}.

It seems interesting to consider, with help of para-quaternions, the simplest
proper case of equation (13), i.e. for 7 = 5. Let

s(t,7) = s(a,y, 26,1, 731),  (2,9,2,&n,7) RO~ C> teRT.



214 J. Lawrynowicz, S. Marchiafava, F. L. Castello A. and A. Niemczynowicz

Then the equation (13) reads

0 - -
5 86 T) = —T(s(t, 7))
0? 02 02 0? 02 0?
AN—S+—=+—=+—=+——-=—= t,7)). 14
* (a;ﬂ oz T o2 T o T ap 6%2> (9. (1)
Mathematically, a specific position of this equation is connected with the fact
that C2 ~ R* in (5) and C* ~ R® in (6). We are going to discuss the equation
(13) in detail.

3.2. Setting of a linearization procedure. As in [4], in relation with (13) we
concentrate on the Fokker—Planck type [26] equation

a2 o o2 e T e T om

(x7yﬂzﬂg7n) €R4’ tGRJ’_? (15)

0 N T s
—_— (t)

where s,(t) is an arbitrary admissible function; in particular we may take [3]:

e [T

=2+ -y +E=2P+E- P+ —n)-F-7)
4A(x’,y,z’,§’, /7 /7t/)(t7t/)
, Lso)(@—aly—y' 2 =26 &n—n, T -7 1 1)
2/ A2’y 2 o T ) (=)
x d'dy'dz'd€' dn/ d7' dt’. (16)

X exp

According to [23], [24] we need an 8-dimensional vector
s = (s,50,51,...,5) € RS ~C* (17)

and two bases:
(E,Ea) - (8750;517"'a55) (18)

say, for the space S of variables z, vy, z, £, n, T, t, and
(e’ej) = (67605615'--566) (19)

for the space V of solution (17). Hence, in our case, (¢,) consists of complex
8 x 8-matrices. They have to satisfy the relations

2 2 .2
e°=—¢gg, €,=¢c9, a=1,...,4; =0,
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€€qa+eae =0, eacgt+egea =0, o,B=1,...,5. (20)

The explicit formulae for (18) in terms of para-quaternions can be deduced
from the corresponding formulae obtained for 7 = 1 and 2 in [4] (after converting
quaternions to para-quaternions) with the use of interaction procedure of [18],
formulae (1) and (18), expressed already in terms of para-quaternions. The expli-
cit formulae will be published in a subsequent paper. The algebra determined by
the basis (18) satisfying the conditions (20) is known as the Clifford-Grassmann
algebra C17%(C).

Then we find analogues of the familiar operators d; and 9,: d and 9 (say):

J0s=Ps—v, AO(Ps)=(0/0t)s with Adv = —T's. (21)
Here
veV, AJ(Ps)=0(Qs), (22)
@ being a polynomical of €,¢¢, €1, ...,¢e4:
Qs=s] Oc+s8y0c0+s30e1 4+ 8§ Oes+ 81 O®egg
+s]@eer 4+ 83 Oees+ sE Oeger 4+ + 57 O o3
+5?®€0€4+Sg®f182+...
+ si ®e164 + sg ® e9e3 + 52 ® €24 + s? © €3€4, (23)
where

s?, j=1,...,7; k=1,...,4, belong to V and are C*-valued, (24)

while © is the multiplication ® : V ® S — V in the algebra C1}%(C). Indeed,
from (18) and (19) we infer that

AOOs = AJ(Ps) — AOv = %s —Ts
0?2 02 02 0?2 02 0?2
W@*@*@*@*Wﬁ)’

SO
( 0? 0? 0? 0? 0? 0?

oz o "o e T ap

nQ—w)szaas

with s being in V' and C*-valued. Hence by (18)-(20) we arrive at the formulae

S=s1Oe+s30e0+550e1+ - +85Oes+ 8T Deco+ 8] Oeer+ ...
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+SZ®E€4+8268051+"-+5§®EOE3+S§®€0€4+Sg®f5152+...
+52®€1€4+sg®€2€3+Sg®€2€4+8§®€3€4+(Qs)@v
= se + speg + s1e1 + - + Seeg (25)

with
5,580,581, ..,5, being in V and C*-valued. (26)

3.3. The fundamental solution. In order to find s effectively (in principle we
do not need s, sg, $1, . - ., $6) we have to find the system of fundamental solutions of
the equation (15) and to be able to compare on both sides of (25) the coordinates
with respect to e. Here we have to remember that

s i=1,...7 1k=1,...,6,

are linear combinations of e, eg, e1, ..., eg, SO we need to determine the multipli-
cation scheme for e ©® €4, €9 © €4, €5 © €4 in the algebra Clﬁ; the multiplication
©® has to be compatible with the problem of solving the equation (15).

As far as the first question is concerned, we have

s = cls® + cls¥ + cls® 4 cls® + s 4 chsT 4 s 4 (3577 4 (35S

+ 2% 4 2877 4 28V + 3sYS 4 38V + c3sYT 4 357 + 357 4 cis™T

+ 18T 35T + asTT + it 4 cAsY! 4 cas®t + st s+ ehsT

+ ciszyt + cgsgﬁth + cgszgt + c‘fsmt + cgsmﬂ + cgsth + cfisy§1t + cgsymt

+ 88V 4 T8 4 chs®M 4 i 4 s 4 L8 4 IS (27)

where

A, j=1,....7 k=1,...,6,

are complex constants to be determined from the initial conditions

sr=0(0) = 59, s(t) >0 as (R,7,t) — (o0, 70,%0),

s(t) — 0 as (R, 7,t) = (Ro, 7o, to) for some Ry, 7o, to, (28)

and the boundary conditions, and

Sza Sya SZ? Sga Sna STa Szya Szza Sa:é’ Smna SzT? Syz’ Syga Syna
Sy'r, Sz§7 Szn7 Sz‘r7 an, SET7 Sn'r7 Szt, Syt7 Szt Sft Snt STt Szyt

) ) ) ) )

Sarzt7 Sx&t, S:m]t Sth, Syzt, Sy&t, Synt7 SyTt, Sz&t, Sz'r]t

)

Sz7't7 ant7 Sfft, S'm’t7

?
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are fundamental solutions of the equation (15). Explicitly, we get

s¢ = (9so €2, s = * = (9sg €1€2,
s = (9sp)es, s*" = (0sqg)eey, 87" = (0sg)e1€3,
8™ = (0s0)es, sY* = (Dsg)e0er,s”T = (0sp)erea, (29)
s = (Dsg)ezes, s* = spe2 + (9s0)e2es,
s = (0s0)e2ey, s = soes + (9s0)eses,
s = (0s0)eseq, sTt = speq + (0s0)eacs,
s = spe + (0s)ees,  s"Y' = —speeq + (0s0)ecoes,
svt = So€o + (850)8085, st = —Speel + (850)86165,
s*t = sge1 + (0s0)e1es, s = —speen 4 (Dso)eees, (30)
s7M = —soees + (Dsg)eeses, 870 = —spe1e0 + (Dsg)e1e0es,
s”Tt = —speey + (0s0)ecses, s*1 = —spe1e3 + (0s0)e1€365,
sY* = —spe0e1 + (0s0)e0e1es, 8770 = —spe1e4 + (Ds0)e1€4E5,
s¥8 = —spe0e0 + (0s0)e0e2€s5, s = —spe0e3 + (0s0)ezeses,
sV = —spepes + (0s0)eoeses, 5T = —speaes + (Ds0)e2e4Es,
sYTt = —soe0eq + (Ds0)e0eses, STTT = —soeseq + (050)e3€4Es, (31)

where s is determined by (16).
As far as second question is concerned, we have the multiplication rules

6 6
ej Oeq = (e,ej O eq)e+ Z(ek, ej Oea)er, er = (e ep)e+ Z(egv ex)e;,
k=0 j=0
[(ejek)] :[(ejaek)]ilv ]ak:0a76a OLZO,...,E), (32)

and analogous rules for (e, e), (e, e;) and (e, €).

Here [(ej,er)] denotes the matrix of all elements (ej,ey) including (e,e),
(ej,e) and (e, e)-the scalar product of ej and ey etc., where we follow the con-
vection (19).
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3.4. Concluding the proof. Formulation of the result. Thanks to Sec-
tions 3.2 and 3.3 we have proved

Theorem 1. Let s = s(t) be a solution of the Fokker—Planck type equation
(15), where T' and A are C'-scalar functions of R = (z,y,2,£,m) € R%, 7 € R,
and t € R*. Consider the space S of variables z, y, z, £, 1, 7, t with a basis (18)
of complex 8 x 8-matrices specified the relations (20) and the space V of solutions
(17) forming the algebra CI3%(C), with a basis (19) of the linearized problem

J0s=Ps—v, AO(Ps)=(0/0t)s, with Adv = —Ts, (33)
where
veV, AJ(Ps)=0(Qs), (34)
and @ being a polynomial of €,€9,¢€1,...,e4, where s is related to s by (17).

(a) Explicitly, a solution s of (33) can be expressed by (25) with coefficients
as in (26) and (23), and the multiplication © : V xS — V in the algebra Cl1}%(C),
which has to satisfy the rules (32). The polynomial @) is given by (23) and the
matrices (18) can be satisfied according to (20) in the terms of para-quaternions.

(b) Then the general solution of the system (33) is a linear combination (27)
with complex coefficients of 42 fundamental solutions which, in the case of (16),
are explicitly given by the formulae (29)—(31).

Differently speaking, we have an equivalent

Theorem 2. (i) Let @ be a polynomial of €,£¢,¢1,...,£4, given by (23),
where (18) are complex 8 x 8-matrices satisfying the relations (20) and forming
a basis of the space V' of variables x, y, z, £, n, 7, t with P as in (34), where V is
the space of solutions (17) forming the algebra CI;%(C) with a basis (19), of the
linearized problem (33), corresponding to the Fokker—Planck equation (15), I' and
A are Cl'-scalar functions of R = (2,y,2,&,m) € R®, 7 € R, and t € RT, and a
solution s = s(t) of (15) is related to s by (17). The multiplication ® : VxS — V
in algebra C13%(C) has to satisfy the rules (32).

(ii) Then a solution s of (33) can be expressed as in (25) with coefficients
as in (26) and (24), and the matrices (18) can be specified according to (20) in
terms of para-quaternions. Moreover, the general solution of the system (33) is
a linear combination (27) with complex coefficients of 42 fundamental solutions
which, in the case of (16), are given explicitly by the formulae (29)—(31), where
so is determined by (16).

The results obtained have a clear physical significance [2], [5], [9], [11], [16],
[17], [25], [26].
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