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CR-submanifolds of a nearly cosymplectic manifold

By CONSTANTIN CĂLIN (Iaşi)

0. Introduction

Among all submanifolds of Kählerian manifolds, CR–submanifolds
have been intensively studied from different points of view. Since A. Be-
jancu [1] introduced the concept, several important results have been
obtained, some of them being brought together in [2].

It is the purpose of the present paper to consider and study the concept
of CR–submanifold in case of a nearly cosymplectic manifold. In the first
section we present some general formulas and basic results from the theory
of submanifolds in order to use them in the next sections. In the second
section we obtain necessary and sufficient conditions for the integrability
of distributions defined on a CR–submanifold of a nearly cosymplectic
manifold. In the third section we are dealing with totally contact umbilical
CR–submanifolds of a nearly cosymplectic manifold M̃ . More precisely,
we prove that a totally contact umbilical CR–submanifold of M̃ is totally
contact geodesic provided the dimension of the anti-invariant distribution
is greater than 1 or the invariant distribution is autoparallel. Finally, in
the fourth section we find theorems of decomposition for totally contact
geodesic CR–submanifolds of M̃ .

1. Preliminaries

Let M̃ be a real 2n + 1-dimensional differentiable manifold and f ,
ξ, η be a tensor field of type (1.1), a vector field and a 1-form on M̃ ,
respectively, satisfying

(1.1) f2 = −I + η ⊗ ξ; η(ξ) = 1; f(ξ) = 0; η ¯ f = 0,

where I is the identity on the tangent bundle TM̃ of M̃ .
Then, following Blair [4] we say that M̃ is an almost contact manifold

and (f, ξ, η) is the almost contact structure on M̃ .
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Throughout the paper, all manifolds and maps are differentiable of
class C∞. We denote by A(M̃) the algebra of the differentiable functions
on M̃ and by Γ(E) the A(M̃)-module of the sections of the vector bundle
E over M̃ .

Now, we suppose that there exists a Riemannian metric g on M̃ which
satisfies

g(fX, fY ) = g(X, Y )− η(X)η(Y ), ∀X, Y ∈ Γ(TM̃).

This is equivalent with

(1.2) g(fX, Y ) + g(X, fY ) = 0, ∀X,Y ∈ Γ(TM̃).

In this case, we say that (f, ξ, η, g) is an almost contact metric struc-
ture and M̃ is an almost contact metric manifold .

D.E. Blair has introduced in [4] the notion of a nearly cosymplectic
structure as follows: an almost contact metric structure (f, ξ, η, g) is a
nearly cosymplectic structure if and only if

(1.3) (∇̃Xf)Y + (∇̃Y f)X = 0, ∀X, Y ∈ Γ(TM̃),

where ∇̃ is the Levi-Civita connection on M̃ .
It is easy to see (cf. [4], p. 84) that on a nearly cosymplectic manifold

M̃, ξ is a Killing vector field, that is

(1.4) g(∇̃Xξ, Y ) + g(∇̃Y ξ,X) = 0, ∀X,Y ∈ Γ(TM̃).

Let M̃ be an almost contact metric manifold and M be an m-dimen-
sional submanifold of M̃ such that ξ is tangent to M . We say that M is a
CR–submanifold of M̃ if there exist two maximal distributions D and D⊥
such that

TM = D ⊕D⊥ ⊕ {ξ},
and

(1.5) fX ∈ Γ(D); fY ∈ Γ(TM⊥), ∀X ∈ Γ(D); Y ∈ Γ(D⊥),

where TM⊥ is the normal bundle of M , and {ξ} is the 1-dimensional
distribution spanned by ξ. Thus the distributions D and D⊥ are invariant
and anti-invariant respectively on M . It follows that the distributions {ξ},
D and D⊥ are mutually orthogonal on each other.

Remark 1.1. The above definition has been given by A. Bejancu and
N. Papaghiuc [3] for semi-invariant submanifolds of a Sasakian manifold.
Several results for this case can be found in [1]-[3], [7].

We denote by P and Q the projection morphisms of TM to D and
D⊥ and obtain

(1.6) X = PX + QX + η(X)ξ, ∀X ∈ Γ(TM).
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Now, we define the tensor field t of type (1.1) and the Γ(TM⊥)-valued
1-form ω as follows:

(1.7) tX = fPX and ωY = fQY, ∀X ∈ Γ(D), Y ∈ Γ(D⊥).

Finally, for any N ∈ Γ(TM⊥), we decompose the vector field fN :

(1.8) fN = BN + CN,

where BN and CN are the tangent part and the normal part of fN ,
respectively. It is easy to check that t defines an f -structure on TM and
C defines an f -structure on TM⊥ in the sense of K. Yano [8].

Next we define the torsion tensor of f or the Nijenhuis tensor of f by

(1.9) Nf (X,Y )

= [fX, fY ] + f2[X,Y ]− f [X, fY ]− f [fX, Y ], ∀X,Y ∈ Γ(TM̃).

We recall the Gauss and Weingarten formulas, respectively:

(1.10)
∇̃XY = ∇XY + h(X, Y );

∇̃XN = −ANX +∇⊥NX, ∀X, Y ∈ Γ(TM), N ∈ Γ(TM⊥),

where ∇ and ∇⊥ are the induced connections on TM and TM⊥, respec-
tively, AN is the shape operator with respect to the section N and h is the
second fundamental form of M . Then we have

(1.11) g(h(X, Y ), N) = g(ANX,Y ), ∀X, Y ∈ Γ(TM), N ∈ Γ(TM⊥).

Also we define the fundamental 2-form Φ of M̃ by

(1.12) Φ(X, Y ) = g(X, fY ), ∀X, Y ∈ Γ(M̃).

For any X,Y, Z, W ∈ Γ(TM̃) we recall the curvature tensor K̃ of the
Levi-Civita connection ∇̃ as

(1.13) K̃(X,Y )Z = ∇̃X∇̃Y Z − ∇̃Y ∇̃XZ − ∇̃[X,Y ]Z.

We also recall the Gauss equation

(1.14)
K̃(X,Y, Z,W )

= K(X,Y, Z,W ) + g(h(X, Z), h(Y,W ))− g(h(X, W ), h(Y,Z)),

for any X,Y, Z, W ∈ Γ(TM), where K̃(X, Y, Z, W ) = g(K̃(X, Y )Z,W ),
and K is the curvature tensor on M . The Codazzi equation is given by

(K̃(X,Y )Z)⊥ = (∇Xh)(Y, Z)− (∇Y h)(X, Z), ∀X, Y ∈ Γ(T̃M),

where (K̃(X, Y )Z)⊥ is the normal component of K̃(X, Y )Z.
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Now for each plane π spanned by orthonormal vectors X and Y in
the tangent space TxM , x ∈ M , we define the sectional curvature K(π) by

(1.15) K(π) = KM (X ∧ Y ) = g(K(X, Y )Y, X).

Next we have

Proposition 1.1. Let M̃ be a nearly cosymplectic manifold. The
Nijenhuis tensor of f is given by

Nf (X,Y ) = 4f((∇̃Y f)X) + 2dη(X, Y )ξ + η(Y )∇̃Xξ(1.16)

−η(X)∇̃Y ξ, ∀X, Y ∈ Γ(TM̃).

Proof. Taking account of the fact that ∇̃ is a torsion-free connection
on M̃ and by using (1.1) and (1.9) we deduce:

(1.17) Nf (X,Y ) = (∇̃fXf)Y − (∇̃fY f)X + f((∇̃Y f)X − (∇̃Xf)Y ),

∀X,Y ∈ Γ(TM̃).

On the other hand, from (1.3) we infer

(1.18) (∇̃fXf)Y = −(∇̃Y f)fX = f((∇̃Y f)X)−((∇̃Y η)X)ξ−η(X)∇̃Y ξ.

From (1.17) and (1.18) follows our assertion.

By using (1.4) and Proposition 1.1 we obtain

Corollary 1.1. Let M̃ be a nearly cosymplectic manifold. Then we
have

(1.19) Nf (ξ, Y ) = 3∇̃Y ξ, ∀Y ∈ Γ(TM̃).

By straightforward calculation, and by using (1.19) we infer

(1.20) η([X,Y ]) =
2
3
g(X, Nf (ξ, Y )), ∀X, Y ∈ Γ(D ⊕D⊥).

2. Integrability of distributions on a
CR–submanifold of a nearly cosymplectic manifold

The purpose of this paragraph is to find necessary and sufficient condi-
tions for the integrability of distributions on a CR–submanifold of a nearly
cosymplectic manifold. We recall that some related results have been ob-
tained by S. Ianus [6]. First, by using (1.3), (1.10), (1.17) and (1.18), we
infer
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Proposition 2.1. Let M be a CR–submanifold of a nearly cosymplec-
tic manifold M̃ . Then we have

(2.1)

h(X, fY )− h(fX, Y ) =
1
2
{fNf (X,Y ) + η(X)f∇̃Y ξ−

η(Y )f∇̃Xξ}+ f([X, Y ]) + 2η((∇̃Xf)Y )ξ +∇Y fX −∇XfY,

∀X, Y ∈ Γ(D ⊕ (ξ)).

Theorem 2.1. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . The distribution D is integrable if and only if the following
conditions are satisfied:

h(X, fY ) = h(fX, Y ),(2.2)

Nf (X, Y )> ∈ Γ(D),(2.3)
and

Nf (ξ, Y )> ∈ Γ(D⊥),(2.4)

for any X, Y ∈ Γ(D), where Nf (ξ, Y )> is the tangent part of Nf (ξ, Y ).

Proof. Suppose that D is integrable. Then from (1.9) it follows that
for any X, Y ∈ Γ(D), we have (2.3). Next, from (2.1) and (2.3) follows
(2.2). Finally by using (1.19) and (1.20) we deduce (2.4). Conversely,
suppose that (2.2), (2.3) and (2.4) are true. Then, by using (2.1), (2.2)
and (2.3) we obtain

(2.5)
g([X, Y ], fV ) = −g(f [X, Y ], V ) = 0,

∀X, Y ∈ Γ(D), V ∈ Γ(fD⊥).

On the other hand, from (1.20), by using (2.4) there follows η([X, Y ]) = 0.
Hence D is integrable.

Remark 2.1. From (2.1) it follows that (2.2) is equivalent with

(2.6) g(h(X, fY )− h(fX, Y ), fZ) = 0, ∀X, Y ∈ Γ(D), Z ∈ Γ(D⊥).

Corollary 2.1. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . Then the distribution D is integrable if and only if (2.2) is
satisfied, and

(2.7) (∇̃Zf)Y ∈ Γ(D⊥ ⊕ {ξ}), ∀Y ∈ Γ(D), Z ∈ Γ(D⊥ ⊕ {ξ}).

Proof. Let X,Y ∈ Γ(D), W ∈ Γ(D⊥). Then by using (1.3) (1.16)
and (1.18) we deduce

(2.8) g(Nf (fX, Y ),W ) = 4g(f((∇̃Y f)fX),W ) = 4g((∇̃W f)Y,X).
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By straightforward calculation we infer

(2.9) g(Nf (ξ, Y ), fX) = 3g(f((∇̃Y f)ξ), fX) = −3g((∇̃ξf)Y, X).

Finally, by using Theorem 2.1, (2.8) and (2.9) we obtain the assertion

From Corollary 2.1 we obtain

Corollary 2.2. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . Then the distribution D is integrable if and only if (2.2) is
satisfied, and

(2.10) Nf (Y, Z) ∈ Γ(fD⊥ ⊕ {ξ}), ∀Y ∈ Γ(D), Z ∈ Γ(D⊥).

Now we recall
Proposition 2.2 (S. Ianus [6]). Let M be a CR–submanifold of a

nearly cosymplectic manifold M̃ . The distribution D⊕{ξ} is integrable if
and only if

h(X, fY ) = h(fX, Y ), ∀X, Y ∈ Γ(D ⊕ {ξ}),(2.11)
and

Nf (X, Y ) ∈ Γ(D ⊕ {ξ}), ∀X, Y ∈ Γ(D ⊕ {ξ}).(2.12)

From Proposition 2.2 and by using (1.16) we infer

Corollary 2.3. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . Then the distribution D ⊕ {ξ} is integrable if and only if
(2.11) is satisfied, and

(∇̃Zf)Y ∈ Γ(D ⊕ {ξ}), ∀Y ∈ Γ(D ⊕ {ξ}) Z ∈ Γ(D⊥).

Now from Corollary 2.3 and by using (1.3) we infer

Corollary 2.4. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . Then the distribution D ⊕ {ξ} is integrable if and only if
(2.10) is satisfied, and

Nf (Y,Z)> ∈ Γ(D⊥ ⊕ {ξ}), ∀Y ∈ Γ(D ⊕ {ξ}), Z ∈ Γ(D⊥).

Next, we are concerned with the integrability of distributions D⊥ and
D⊥ ⊕ {ξ}, on a CR–submanifold in a nearly cosymplectic manifold. First
we note that, for an almost contact metric manifold M̃ (See [4]) we have

(2.13) 3dΦ(Y, Z, X) = g((∇̃Y f)X, Z) + g((∇̃Zf)Y, X) + g((∇̃Xf)Z, Y ),

for any X, Y, Z ∈ Γ(TM̃). Then, by using (1.3) and (2.13) we infer

(2.14) dΦ(Y, Z,X) = g(( ˜̃∇Zf)Y, X), ∀X, Y, Z ∈ Γ(TM̃).
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On the other hand, by straightforward calculation we deduce

(2.15) 3dΦ(Y, Z, X) = g([Y, Z], fX), ∀X ∈ Γ(D), Y, Z ∈ Γ(D⊥⊕{ξ}).
From (1.20), (2.14) and (2.15) we deduce

Proposition 2.3. Let M be a CR–submanifold of a nearly cosymplec-
tic manifold M̃ . The distribution D⊥ is integrable if and only if

(2.16) g((∇̃Zf)Y,X) = 0, ∀X ∈ Γ(D), Y, Z ∈ Γ(D⊥),

and

(2.17) g((∇̃ξf)Y, fZ) = 0, ∀Y, Z ∈ Γ(D⊥).

Now let Y, Z ∈ Γ(D⊥), X ∈ Γ(D). Then from (1.3) and (1.8) we infer
(2.18)

g(h(X, Y ), fZ)− g(h(X, Z), fY ) = g(Z, (∇̃Xf)Y ) = g(X, (∇̃Y f)Z).

By using Proposition 2.3 and relation (2.18) we infer

Corollary 2.5. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . The distribution D⊥ is integrable if and only if

(2.19) g(h(X, Y ), fZ) = g(h(X, Z), fY ), ∀X ∈ Γ(D) Y, Z ∈ Γ(D⊥),

and

(2.20) g(∇̃Y ξ, Z) = 0, ∀Y, Z ∈ Γ(D⊥).

By using Proposition 2.3, (1.3), (1.6) and (1.16), we deduce

Corollary 2.6. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . The distribution D⊥ is integrable if and only if

(2.21) g(Y,Nf (X, Z)) = 0, ∀X ∈ Γ(D ⊕ {ξ}), Y, Z ∈ Γ(D⊥).

Proposition 2.4. Let M be a CR–submanifold of a nearly cosym-
plectic manifold M̃ . The distribution D⊥ ⊕ {ξ} is integrable if and only
if

(2.22) g((∇̃Zf)Y,X) = 0, ∀X ∈ Γ(D), Y, Z ∈ Γ(D⊥ ⊕ {ξ}).
The proof of this assertion is immediate from (2.14) and (2.15)

Now from Proposition 2.4 we infer

Corollary 2.7 (S. Ianus [6]). The distribution D⊥ ⊕ {ξ} of a CR–

submanifold of a nearly cosymplectic manifold M̃ is integrable if and only if

(2.23) g(X, AfY Z −AfZY ) = 0, ∀X ∈ Γ(D), Y, Z ∈ Γ(D⊥ ⊕ {ξ}).



232 Constantin Călin

Corollary 2.8. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . Then the distribution D⊥ ⊕ {ξ} is integrable if and only if

Nf (X, Z)> ∈ Γ(D), ∀X ∈ Γ(D), Z ∈ Γ(D⊥).

Proof. Let X ∈ Γ(D), Y ∈ Γ(D⊥), Z ∈ Γ(D⊥ ⊕ {ξ}). Then by
using (1.16), we infer

(2.24) g((∇̃Zf)Y, fX) = −g(Y, (∇̃Zf)fX) =
1
4
g(Y, Nf (X, Z)).

Now, our assertion follows from Proposition 2.4 and (2.24)

3. Totally contact umbilical CR–submanifold
of a nearly cosymplectic manifold

The purpose of this paragraph is to establish some properties of totally
umbilical CR–submanifolds of a nearly cosymplectic manifold M̃ .

Definition 3.1. We say that a CR–submanifold M of the nearly cosym-
plectic manifold M̃ is totally contact umbilical if there exists a normal
vector field H so that
(3.1) h(X, Y ) = g(fX, fY )H + η(X)h(Y, ξ) + η(Y )h(X, ξ),

∀X, Y ∈ Γ(TM).

We say that M is totally contact geodesic if H = 0, that is,

(3.2) h(X, Y ) = η(X)h(Y, ξ) + η(Y )h(X, ξ), ∀X, Y ∈ Γ(TM).

Lemma 3.1. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . Then we have

(3.3) QAfZW = QAfW Z, ∀Z, W ∈ Γ(D⊥).

Proof. Let U,Z, W ∈ Γ(D⊥). Then by using (1.3), (1.6) and (1.10)
we infer

2Bh(Z, W ) = −QAfZW −QAfW Z,

which is equivalent with

(3.4) 2g(AfUZ, W ) = g(AfZW,U) + g(AfW Z,U).

From (3.4) we deduce

(3.5) 2g(AfZW,U) = g(AfW U,Z) + g(AfUW,Z).

Now our assertion follows from (3.4) and (3.5).
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Lemma 3.2. If M is a totally contact umbilical proper CR–submani-
fold of a nearly cosymplectic manifold M̃ , then either dim.D⊥ = 1, or the
normal vector field H is orthogonal to fD⊥.

Proof. Let X ∈ Γ(TM), Y ∈ Γ(D⊥). Then by using (3.1) we deduce

(3.6) g(h(X,X), fY ) = g(fX, fX)g(H, fY ).

Suppose dim.D⊥ > 1. Then there exists a unit vector field Z ∈ Γ(D⊥)
orthogonal to Y . Further, from (1.11) and (3.1) we deduce

g(H, fY ) = g(AfY Z, Z) = g(QAfY Z,Z)

= g(QAfZY,Z) = g(h(Y,Z), fZ) = 0,

which proves that H is perpendicular to fD⊥.

Proposition 3.1. Let M be a totally contact umbilical proper CR–
submanifold of a nearly cosymplectic manifold M with dim.D⊥ > 1. Then
M is totally contact geodesic.

Proof. Since dim.D⊥ > 1, from Lemma 3.2 and relation (1.8) there
follows

(3.7) fH = CH.

By using (1.3) we infer

(3.8) (∇̃Xf)fX = 0, ∀X ∈ Γ(TM).

Now from (3.7) and (3.8) and (1.3) obtain

0 = g((∇̃Xf)fX, H) = −g(fX, (∇̃Xf)H)

= g(fX,PAfHX)− g(fX, fPAHX)

= g(h(X, fX), fH)− g(h(X,X),H)

= −g(X,X)g(H, H), ∀X ∈ Γ(D),

which proves that H = 0. Therefore M is totally contact geodesic.

If dim.D⊥ = 1, we deduce a sufficient condition for totally contact
umbilical proper CR–submanifolds to be totally geodesic.

Definition 3.1. The distribution D (resp. D⊥ ⊕{ξ}) is autoparallel if
and only if, we have ∇XY ∈ Γ(D), ∀X,Y ∈ Γ(D) (∇XY ∈ Γ(D⊥ ⊕ {ξ}),
∀X,Y ∈ Γ(D⊥ ⊕ {ξ}) resp.).
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Theorem 3.1. Let M be a totally contact umbilical proper CR–sub-
manifold of a nearly cosymplectic manifold M̃ . If the distribution D is
autoparallel then M is totally contact geodesic.

Proof. Let X ∈ Γ(D) so that g(X, X) = 1. Then by using (1.3,
(1.10) and (3.1) we deduce

0 = g((∇̃Xf)X, BH) = −g(X, (∇̃Xf)BH)

= g(X, AfBHX) + g(fP∇XBH, X)

= g(H, fBH) + g(BH,∇XfX) = −g(BH, BH),

which implies that BH = 0. From this point the proof of Proposition 3.1
applies.

Proposition 3.2. Let M̃ be a nearly cosymplectic manifold. Then we
have

(3.9)
K̃(X,Y, fY, fX)− K̃(X,Y, Y, X)

= ‖(∇̃Xf)Y ‖2 + ‖(∇̃Xη)Y ‖2, ∀X,Y ∈ Γ(TM̃)

The proof follows from (1.2), (1.3) and (1.13) by straightforward calcula-
tion.

Definition 3.2. Let M be a CR–submanifold of a nearly cosymplectic
manifold M̃ . If X ∈ Γ(D ⊕ {ξ}) and Y ∈ Γ(D⊥), (or X ∈ Γ(D) and
Y ∈ Γ(D⊥⊕{ξ})) then we say that the sectional curvature K(π) generated
by X and Y is a CR–sectional curvature.

Theorem 3.2. Let M be a totally contact umbilical proper CR–sub-
manifold of a nearly cosymplectic manifold M̃ . Then any CR–sectional
curvature of M̃ is non negative.

Proof. By using (1.4) we deduce

K(X ∧ ξ) = g(∇̃Xξ, ∇̃Xξ) ≥ 0, X ∈ Γ(D ⊕D⊥).

Next, by using (3.1) and the equation of Codazzi we obtain

K(X, Y, fX, fY ) = g(Y, fX)g(∇⊥XH, fY )− g(Y, fX)g(∇⊥Y H, fY ) = 0,

∀X ∈ Γ(D), Y ∈ Γ(D⊥).

Finally by using (3.9) we infer

K(X ˆY ) = ‖(∇̃Xf)Y ‖2 + ‖(∇̃Xη)Y ‖2,
which proves our assertion.

From Theorem 3.2 we obtain
Corollary 3.1. There exist no proper totally contact umbilical CR–

submanifolds of negatively curved nearly cosymplectic manifolds.
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4. Totally contact geodesic CR–submanifolds
of a nearly cosymplectic manifold

First we prove
Lemma 4.1. Let M be a totally contact geodesic CR–submanifold of

a nearly cosymplectic manifold M̃ . If (2.7) holds, then D is autoparallel.

Proof. Let X, Y ∈ Γ(D). Then, for Z ∈ Γ (D⊥⊕{ξ}), and by using
(1.3), (1.10) and (3.2) we deduce:

(4.1) 0 = g((∇̃Zf)Y, X) = g((∇Zf)Y, X) = g(Z,∇Y fX),

which proves our assertion.
From Corollary 2.1 and Lemma 4.1 we infer
Corollary 4.1. Let M be a totally contact geodesic CR–submanifold

of a nearly cosymplectic manifold M̃ . If (2.7) holds, then D is integrable

and its leaves are totally geodesically immersed in both M and M̃ .

Proof. Let M be totally contact geodesic and X, Y ∈ Γ(D), Z ∈
Γ(D⊥ ⊕ {ξ}), and M1 a leaf of the distribution D. Denote by ∇1 the
Riemannian connection on M1 and by h1 the second fundamental form of
the imersion M1 ↪→ M . Then from Gauss’ formula we deduce
(4.2) ∇XY = ∇1XY + h1(X, Y ).

By using Lemmas 4.1 and (4.2) it follows that M1 is totally geodesic in M .
From (3.2) follows h1(X,Y ) = 0. Finally, by using the formulas of Gauss
for the immersion of M1 in to both M and M̃ and for the immersion of
M into M̃ we obtain that M1 is totally geodesic in M̃ .

Lemma 4.2. Let M be a totally contact geodesic CR–submanifold
of a nearly cosymplectic manifold M̃ . Then the distribution D⊥ ⊕ {ξ} is
autoparallel.

Proof. By using (1.7) and (1.8) we obtain

g((∇̃Xf)Y,Z) = g(∇̃XfY − f∇̃XY, Z)

= g(−AωY X +∇⊥XωY − t∇XY

− ω∇XY −Bh(X, Y )− Ch(X,Y ), Z)(4.3)

= −g(h(X,Z), ωY )− g(t∇XY + Bh(X,Y ), Z) = 0,

for any X ∈ Γ(D), Y, Z ∈ Γ(D⊥ ⊕ {ξ}).
Next, from (4.3) we infer

0 = g((∇̃Xf)Y,Z) = g(X, (∇Y f)Z) = −g(X, t∇Y Z)∀X ∈ Γ(D);

Y ∈ Γ(D⊥), Z ∈ Γ(D⊥ ⊕ {ξ}),
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which proves that ∇Y Z ∈ Γ(D⊥ ⊕ {ξ}).
From Lemma 4.2 we deduce

Corollary 4.2. Let M be a totally contact geodesic CR–submanifold
of a nearly cosymplectic manifold M̃ . Then the distribution D⊥ ⊕ {ξ} is
integrable.

Lemma 4.3. Let M be a totally contact geodesic CR–submanifold
of a nearly cosymplectic manifold M̃ . Then any leaf of the distribution
D⊥ ⊕ {ξ} is totally geodesic in M and M̃ .

Proof. By using (3.1) and Lemma 4.2 our assertion follows.

Lemma 4.4. Let M be a totally contact geodesic CR–submanifold of
a nearly cosymplectic manifold M̃ . If

(4.4) (∇Zf)Y ∈ Γ(D ⊕ {ξ}), ∀Y ∈ Γ(D ⊕ {ξ}), Z ∈ Γ(D⊥),

then the distribution D ⊕ {ξ} is autoparallel.

Proof. Let X,Y ∈ Γ(D⊕{ξ}). Then Z ∈ Γ(D⊥) and by using (1.3),
(1.10) and (3.2) we infer

(4.5) 0 = g((∇̃Zf)Y, X) = −g((∇Xf)Y, Z) = g(∇Y fXZ),

which proves our assertion.

From Corollary 2.4 and Lemma 4.4 we obtain

Corollary 4.3. Let M be a totally contact geodesic CR–submanifold
of a nearly cosymplectic manifold M̃ such that (4.4) holds. Then the
distribution D ⊕ {ξ} is integrable and its leaves are totally geodesically

immersed in both M and M̃ .

Lemma 4.5. Let M be a totally contact geodesic CR–submanifold of
a nearly cosymplectic manifold M̃ such that (2.16) and (2.17) hold. Then
the distribution D⊥ is autoparallel.

Proof. Let X ∈ Γ(D), Y, Z ∈ Γ(D⊥). By using (1.3), (1.10) and
(3.2) we infer

(4.6) 0 = g((∇̃Zf)Y, X) = −g(Y, (∇̃Zf)X) = g(∇ZY, fX),

and
0 = g((∇̃ξf)Y, fZ) = g(ξ, (∇̃Y f)fZ) = −g(ξ,∇Y Z).

From (4.6) and (4.7) there follows our assertion.
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Lemma 4.5. Let M be a totally contact geodesic CR–submanifold of
a nearly cosymplectic manifold M̃ such that (2.16) and (2.17) hold. Then
the distribution D⊥ is integrable and its leaves are totally geodesically
immersed in M and M̃ .

By using the lemmas 4.1, 4.2 and 4.3 we deduce

Theorem 4.1. Let M be a totally contact geodesic CR–submanifold
of a nearly cosymplectic manifold M̃ . If the distribution D is integrable,
then M is locally the Riemannian product M1 × M2 where M1 and M2

are the leaves of the distributions D and D⊥ ⊕ {ξ}, respectively.

Theorem 4.2. Let M be a totally contact geodesic CR–submanifold
of a nearly cosymplectic manifold M̃ . If the distribution D ⊕ {ξ} is in-

tegrable and ∇̃Y ξ ∈ Γ(D ⊕ {ξ}) for any Y ∈ Γ(D⊥), then M is locally
the Riemannian product M1×M2 where M1 and M2 are the leaves of the
distributions D ⊕ {ξ} and D⊥, respectively.
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DEPARTMENT OF MATHEMATICS
POLYTECHNIC INSTITUTE OF IAŞI
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