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On projectively related spherically symmetric Finsler metrics

By XIAOHUAN MO (Beijing) and XIAOYANG WANG (Beijing)

Abstract. Spherically symmetric metrics and Randers metrics form two rich clas-

ses of Finsler metrics. In this paper, we find an equation that characterizes pointwise

projectively related spherically symmetric metrics. Some applications are given. In

particular, by using known spherically symmetric metrics, we produce a lot of Randers

metrics of quadratic Weyl curvature which are non-trivial in the sense that they are not

of Weyl type.

1. Introduction

Two Finsler metrics on a manifold are said to be (pointwise) projectively

related (projectively equivalent in an alternative terminology in [2]) if they have

the same geodesics as point sets.

For an example, consider the Funk metric F on the unit ball Bn⊂Rn given by

F (x, y) :=

√
|y|2 − (|x|2|y|2 − 〈x, y〉2)

1− |x|2
+
〈x, y〉

1− |x|2
, (1.1)

where y ∈ TxBn ≈ Rn. Then F is pointwise projectively related to the standard

Euclidean metric. Metrics of this type are called projectively flat. More generally,

Shen and Yu proved that two Randers metrics are projectively related if and only

if the corresponding Riemannian metrics are projectively related and they have

the same Douglas tensor [15]. A simple equation along geodesics for pointwise

projectively related Einstein metrics has been obtained by Shen Z. [16]. Similar
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results on pointwise projectively related (α, β)-type Finsler metrics have been

discussed in [20], [17], [1], [4].

The Finsler metric in (1.1) satisfies

F (Ax,Ay) = F (x, y)

for all A ∈ O(n), i.e., the orthogonal group acts as isometry group of F [18], [13].

Such metrics are called spherically symmetric Finsler metrics (or orthogonally

invariant Finsler metrics in an alternative terminology, see [6]).

Recently, the study of spherically symmetric Finsler metrics has attracted

a lot of attention. The classification of projective spherically symmetric Finsler

metrics with constant flag curvature has recently been completed by L. Zhou and

Mo–Zhu [13], [18], [8]. By establishing equations that characterize spherically

symmetric Finsler metrics of scalar curvature, Huang–Mo constructed infinitely

many non-projectively flat Finsler metric of scalar curvature [5]. A Finsler metric

is said to be of scalar (flag) curvature if the flag curvature K(x, y, P ) at a point

x is independent of the tangent plane P ⊂ TxM . In particular, F is said to be of

constant flag curvature if K is constant.

In [19], Zhou has found an expression of spherically symmetric Finsler metric

F on Bn(µ) := {x ∈ Rn; |x| < µ}, rewriting F as

F = |y|φ
(
|x|, 〈x, y〉

|y|

)
where (x, y) ∈ TBn(µ)\{0}. Recently, Huang–Mo obtained a second-order PDE

for φ expressing that the spherically symmetric Finsler metric F = |y|φ
(
|x|, 〈x,y〉|y|

)
on Bn(µ) is projectively flat [6].

In this paper, we find a PDE that characterize pointwise projectively related

spherically symmetric Finsler metrics. More precisely, we show the following:

Theorem 1.1. Let F = |y|φ(r, s) and F̃ = |y|φ̃(r, s) be two spherically

symmetric Finsler metrics on Bn(µ), where r := |x|, s := 〈x,y〉
|y| . Then F̃ is

pointwise projectively related to F if and only if φ and φ̃ satisfy

rφss − φr + sφrs
φ− sφs + (r2 − s2)φss

=
rφ̃ss − φ̃r + sφ̃rs

φ̃− sφ̃s + (r2 − s2)φ̃ss
.

Our theorem generalizes a result previously known only when F̃ is the stan-

dard Euclidean metric [5], [6]. At the same time, Theorem 1.1 tells us the following

interesting fact: the pointwise projective relatedness for two spherically symmetric

Finsler metrics on Bn(µ) is independent of the dimension n.
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In Finsler geometry, it is a natural problem to determine all Finsler metrics

which are pointwise projectively related to the given one [16]. As an applica-

tion of Theorem 1.1, we describe all spherically symmetric Finsler metrics which

are pointwise projectively related to Huang–Mo’s spherically symmetric Finsler

metrics of scalar curvature (see Theorem 3.2 below). In particular, we give a nec-

essary and sufficient condition for the projective equivalence of two Huang–Mo’s

spherically symmetric Finsler metrics of scalar curvature, see Theorem 2.4 below.

There are two classes of Finsler metrics with important Weyl curvature prop-

erties. The first one is the class of Weyl metrics [5], [10], [14], the second one is

the class of W -quadratic metrics [2], [9]. Note that every Weyl metric must be

W -quadratic. In [9], Li–Shen find equations that characterize W -quadratic Ran-

ders metrics. It seems that W -quadratic Randers metrics form a broader class

than Weyl Randers metrics although there is no example supporting this. As

an important application of Theorem 1.1, in this paper we find a lot of Randers

metrics of quadratic Weyl curvature which are non-trivial in the sense that they

are not of Weyl type.

Theorem 1.2. Let F̃ (x, y) be a Finsler metric on Bn(µ) defined by

F̃ (x, y) =

√
κ2〈x, y〉2 + ε|y|2(1 + ζ|x|2)

1 + ζ|x|2
+

κ〈x, y〉
1 + ζ|x|2

.

where κ, ζ and ε are arbitrary constants such that ε > 0; µ = 1/
√
−ζ if ζ < 0

and µ = +∞ if ζ ≥ 0. Then the Weyl curvature of F̃ is given by

W i
j = − (ζε+ κ2)2

[(ζε+ κ2)r2 + ε]
2

[
1

n− 1

(
|x|2|y|2 − 〈x, y〉2

)
δij − |y|2xixj

+ 〈x, y〉xiyj +
〈x, y〉
n− 1

xjyi − |x|
2

n− 1
yiyj

]
, (1.2)

with r = |x|, therefore F̃ is a non-trivial W -quadratic Randers metric when

ζε+ κ2 6= 0.

For a proof of Theorem 1.2, see Section 4 below. In particular, we show that

Chern–Shen’s Randers metrics are non-trivial W -quadratic Finsler metrics with

isotropic S-curvature, see Corollary 4.3 below.

Recall that a Randers metric F on a manifold M is a Finsler metric in the

form F = α+β, where α is a Riemannian metric and β is a 1-form with ‖β‖x < 1

at any point x of M . Recently, a signification progress has been made in studying

Randers metrics [2], [11], [7].
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2. Projectively related spherically symmetric metrics

Let F be a Finsler metric on Bn(µ) := {x ∈ Rn; |x| < µ}. F is said to

be spherically symmetric if it satisfies F (Ax,Ay) = F (x, y) for all x ∈ Bn(µ),

y ∈ TxBn(µ) and A ∈ O(n).

Let F = |y|φ(|x|, 〈x,y〉|y| ) be a spherically symmetric Finsler metric on Bn(µ).

Let

Q :=
1

2r

rφss − φr + sφrs
φ− sφs + (r2 − s2)φss

, r := |x|, s :=
〈x, y〉
|y|

. (2.1)

Let x1, . . . , xn be coordinates on Rn and let y =
∑
yi∂/∂xi. Then the geodesic

coefficients of F are given by

Gi = |y|Pyi + |y|2Qxi, (2.2)

where

P :=
rφs + sφr

2rφ
− Q

φ

[
sφ+ (r2 − s2)φs

]
. (2.3)

Let F̃ = |y|φ̃
(
|x|, 〈x,y〉|y|

)
be another spherically symmetric Finsler metric on

Bn(µ). Then we have

G̃i = |y|P̃ yi + |y|2Q̃xi (2.4)

where we denote the corresponding objects with respect to F̃ by adding a tilde .̃

Proof of Theorem 1.1. Assume that F̃ is pointwise projectively related

to F . Then

G̃i = Gi +Ryi (2.5)

where R is positively homogeneous of degree one [17], [15], [1], [4], [16]. Plugging

(2.4) and (2.2) into (2.5) yields |y|2(Q̃−Q)xi + [|y|(P̃ −P )−R]yi = 0. It follows

that

Q̃ = Q, |y|P̃ = |y|P +R. (2.6)

Conversely, suppose that the first equation of (2.6) holds for two spherically

symmetric Finsler metrics F = |y|φ
(
|x|, 〈x,y〉|y|

)
and F̃ = |y|φ̃

(
|x|, 〈x,y〉|y|

)
. By using

(2.2) and (2.4) we have

G̃i −Gi = |y|P̃ yi + |y|2Q̃xi − |y|Pyi − |y|2Qxi = Ryi,

where R := |y|(P̃ − P ). Together with (2.3), we obtain that R is positively

homogeneous of degree one. According to Theorem 2.1 in [4] or (2.2) in [15],

F̃ must be pointwise projectively related to F . The above arguments and (2.1)

complete the proof of Theorem 1.1. �
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As a consequence of Theorem 1.1, by taking the standard Euclidean metric F̃ ,

we obtain the following result obtained by Huang and the first author (see [6,

Theorem 1.1]):

Corollary 2.1. Let F = |y|φ
(
|x|, 〈x,y〉|y|

)
be a spherically symmetric Finsler

metric on Bn(µ). Then F is projectively flat if and only if φ satisfies rφss − φr +

sφrs = 0.

Corollary 2.2. The pointwise projective relatedness for two spherically sym-

metric Finsler metrics is independent of the dimension of the base space.

Proposition 2.3. Let F1 = |y|φ1
(
|x|, 〈x,y〉|y|

)
and F2 = |y|φ2

(
|x|, 〈x,y〉|y|

)
be

two spherically symmetric Finsler metrics on Bn(µ) with

φj(r, s) = s · hj(r) +
mj !

(2mj − 1)!!

(2r2)mj

(aj + bjr2)(2mj+1)λj

− (r2 − s2)mj

(2mj − 1)(aj + bjr2)(2mj+1)λj

− 1

(aj+bjr2)(2mj+1)λj

mj∑
i=2

mj !(2mj − 2i− 1)!!

(2mj−1)!!(mj− i+1)!
(2r2)i−1(r2−s2)mj−i+1

+
εj

(aj + bjr2)λj
(2.7)

where mj ∈ {1, 2, 3, . . . }, εj , aj , bj and λj are constants satisfying εj > 0 and

aj+bjr
2 > 0 and hj are differentiable functions. Then F1 is pointwise projectively

related to F2 if and only if aj , bj and λj (j = 1, 2) satisfy

b1b2(λ1 − λ2) = 0, λ1b1a2 = λ2b2a1. (2.8)

Furthermore, F1 and F2 are projectively flat if b1b2 = 0 or b1b2 6= 0, λ1 = λ2 = 0;

F1 and F2 are of scalar curvature if b1b2 = 0 or b1b2 6= 0, λ1 or λ2 ∈ {0, 1}; F1 and

F2 are non-trivial W -quadratic metrics if λ1(λ1 − 1)b1 6= 0 or λ2(λ2 − 1)b2 6= 0.

Proof. According to Theorem 1.1, F1 is pointwise projectively related to

F2 if and only if

Q1 = Q2 (2.9)

where

Qj =
1

2r

r(φj)ss − (φj)r + s(φj)rs
(φj)− s(φj)s + (r2 − s2)(φj)ss

, j = 1, 2. (2.10)
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On the other hand, (2.7) gives solutions of (2.10) with

Qj :=
λjbj

aj + bjr2
, j = 1, 2 (2.11)

where aj , bj and λj are constants satisfying aj + bjr
2 > 0 [10]. Thus F1 is

pointwise projectively related to F2 if and only if

λ1b1
a1 + b1r2

=
λ2b2

a2 + b2r2
. (2.12)

It is easy to see that (2.12) holds if and only if

b1b2(λ1 − λ2)r2 + (λ1b1a2 − λ2b2a1) = 0.

Together with the second equation of (2.1) we have (2.8). “Furthermore . . . ” is

an immediate consequence of Theorem 1.1 in [10]. �

Theorem 2.4. Let F1 = |y|φ1
(
|x|, 〈x,y〉|y|

)
and F2 = |y|φ2

(
|x|, 〈x,y〉|y|

)
be two

spherically symmetric Finsler metrics on Bn(µ) with

φj(r, s) = s · hj(r) +
mj !

(2mj − 1)!!

(2r2)mj

(aj + bjr2)2mj+1
− (r2 − s2)mj

(2mj − 1)(aj + bjr2)2mj+1

− 1

(aj + bjr2)2mj+1

mj∑
i=2

mj !(2mj − 2i− 1)!!

(2mj − 1)!!(mj−i+1)!
(2r2)i−1(r2−s2)mj−i+1

+
εj

aj + bjr2
(2.13)

where mj ∈ {1, 2, 3, . . . }, εj , aj and bj are constants such that εj > 0, aj+bjr
2 > 0

and hj are differentiable functions. Then F1 is pointwise projectively related to F2

if and only if a1, a2, b1 and b2 satisfy b1a2 = b2a1.

Proof. The result follows from Proposition 2.3 by taking λ1 = λ2 = 1. �

Theorem 2.4 tells us that the pointwise projective relatedness of two Huang–

Mo’s spherically symmetric Weyl metrics is independent of the functions hj , the

natural numbers mj and the constants εj , j = 1, 2.

3. Projectively related Weyl quadratic metrics

Given a Finsler metric on a manifold M , a natural problem is to determine all

Finsler metrics which are pointwise projectively related to the given metric [16].

In this section, we study the following problem: given a Weyl quadratic

spherically symmetric Finsler metric, describe all spherically symmetric Finsler

metrics which are pointwise projectively related to the given one.



On projectively related spherically symmetric Finsler metrics 255

Proposition 3.1. Let φ be a function defined by

φ(r, s) = s · h(r) +
m!

(2m− 1)!!

(2r2)m

(a+ br2)(2m+1)λ
− (r2 − s2)m

(2m− 1)(a+ br2)(2m+1)λ

− 1

(a+ br2)(2m+1)λ

m∑
i=2

m!(2m− 2i− 1)!!

(2m− 1)!!(m− i+ 1)!
(2r2)i−1(r2 − s2)m−i+1

+
ε

(a+ br2)λ
(3.1)

where m ∈ {1, 2, 3, . . . }; ε, a, b and λ are constants such that ε > 0 and a+br2 > 0

and h are differentiable functions. Then any spherically symmetric Finsler metric

which is pointwise projectively related to F = |y|φ
(
|x|, 〈x,y〉|y|

)
is given by

F̃ = |y|φ̃
(
|x|, 〈x, y〉

|y|

)
where

φ̃(r, s) = s

(
f(r)−

∫
η(ϕ(r, s))

s2
√
r2 − s2

ds

)
, (3.2)

with ϕ given by

ϕ(r, s) = − r2 − s2

(a+ br2)2λ
; (3.3)

f and η are arbitrary differentiable real functions of r and ϕ respectively, and

−
√
r2 − s2
s

∂η

∂s
> 0, when n ≥ 2,

with the additional inequality

η√
r2 − s2

> 0, when n ≥ 3,

where r2 − s2 > 0 and s 6= 0.

Proof. According to the proof of Theorem 1.1 in [10], we have

1

2r

rφss − φr + sφrs
φ− sφs + (r2 − s2)φss

= Q =
λb

a+ br2
(3.4)

where we have used the first equation of (2.1). Together with Theorem 1.1 we

obtain[
(r2 − s2)

2λb

a+ br2
− 1

]
rφ̃ss + φ̃r − sφ̃rs +

2λbr

a+ br2
(φ̃− sφ̃s) = 0. (3.5)

By Lemma 4.1 in [12] and (3.4), F has vanishing Douglas curvature. Then Propo-

sition 3.1 follows from Theorem 1.2 in [12]. �
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As a consequence of Proposition 3.1, by taking λ = 1, we obtain the following:

Theorem 3.2. Let φ be a function defined by

φ(r, s) = s · h(r) +
m!

(2m− 1)!!

(2r2)m

(a+ br2)2m+1
− (r2 − s2)m

(2m− 1)(a+ br2)2m+1

− 1

(a+ br2)2m+1

m∑
i=2

m!(2m− 2i− 1)!!

(2m− 1)!!(m− i+ 1)!
(2r2)i−1(r2 − s2)m−i+1 +

ε

a+ br2

where m ∈ {1, 2, 3, . . . }, ε, a and b are constants such that ε > 0 and a+ br2 > 0

and h is a differentiable function. Then any spherically symmetric Finsler metric

which is pointwise projectively related to F = |y|φ
(
|x|, 〈x,y〉|y|

)
is given by

F̃ = |y|φ̃
(
|x|, 〈x, y〉

|y|

)
where

φ̃(r, s) = s

(
f(r)−

∫
η(ϕ(r, s))

s2
√
r2 − s2

ds

)
,

with ϕ given by

ϕ(r, s) = − r2 − s2

(a+ br2)2
;

f and η are arbitrary differentiable real functions of r and ϕ respectively, and

−
√
r2 − s2
s

∂η

∂s
> 0, when n ≥ 2,

with the additional inequality

η√
r2 − s2

> 0, when n ≥ 3,

where r2 − s2 > 0 and s 6= 0.

4. Non-trivial W -quadratic Randers metrics

In this section, we are going to find Randers metrics of quadratic Weyl cur-

vature which are non-trivial in the sense that they are not of Weyl type. Recall

that a Finsler metric is called a Weyl metric if it has vanishing Weyl curvature

[5], [10], [14] and Finsler metric is said to be W -quadratic if it has quadratic Weyl
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curvature [2], [9]. According to M. Matsumoto’s result, a Finsler metric is of Weyl

type if and only if it is of scalar curvature.

As a consequence of Proposition 3.1, for λ = 1
2 , b = ζε + κ2, a = ε and

hence ϕ(r, s) = −(r2−s2)
(ζε+κ2)r2+ε , with the choice η(ϕ) = ε

√
−
(
1
ϕ + κ2

)−1
, we get the

following result:

Corollary 4.1. Let φ(r, s) be a function defined by

φ(r, s) = s · h(r) +
m!

(2m− 1)!!

(2r2)m

[(ζε+ κ2)r2 + ε]
2m+1

2

− (r2 − s2)m

(2m− 1) [(ζε+ κ2)r2 + ε]
2m+1

2

− 1

[(ζε+ κ2)r2 + ε]
2m+1

2

m∑
i=2

m!(2m− 2i− 1)!!

(2m− 1)!!(m−i+1)!
(2r2)i−1(r2−s2)m−i+1

+
ε

[(ζε+ κ2)r2 + ε]
1
2

(4.1)

where m ∈ {1, 2, 3, . . . }, ε, ε, ζ and κ are constants such that ε > 0 and (ζε +

κ2)r2 + ε > 0 and h is a differentiable function. Then the spherical symmetric

Finsler metric

F = |y|φ
(
|x|, 〈x, y〉

|y|

)
(4.2)

is pointwise projectively related to F̃ (x, y) = |y|φ̃
(
|x|, 〈x,y〉|y|

)
where

φ̃(r, s) = sf(r) +

√
ζεr2 + κ2s2 + ε

ζr2 + 1

with any real function f such that φ̃(r, s) is positive.

In particular, when

f(r) =
κ

1 + ζr2
,

we have the following:

Corollary 4.2. Let φ be a function defined by (4.1). Then the spherical

symmetric metric

F = |y|φ
(
|x|, 〈x, y〉

|y|

)
is pointwise projectively related to the Randers metric

F̃ (x, y) =

√
κ2〈x, y〉2 + ε|y|2(1 + ζ|x|2)

1 + ζ|x|2
+

κ〈x, y〉
1 + ζ|x|2

. (4.3)
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Proof of Theorem 1.2. According to Corollary 4.2, F̃ (x, y) is pointwise

projectively related to F = |y|φ
(
|x|, 〈x,y〉|y|

)
where φ is defined by (4.1). Since the

Weyl curvature is a projective invariant, the Weyl curvature formula of Mo–Liu

[10, Theorem 1.1] gives (1.2). �

When 0 < ζ = ε and κ2 = 1− ε2 we get the following:

Corollary 4.3. Let F be a Finsler metric defined by

F (x, y) :=

√
(1− ε2)〈x, y〉2 + ε|y|2(1 + ε|x|2)

1 + ε|x|2
+

√
1− ε2〈x, y〉
1 + ε|x|2

with 0 < ε ≤ 1. Then F is a non-trivial W -quadratic Randers metric of isotropic

S-curvature. Moreover, the Weyl curvature of F is given by

W i
j = − 1

[ε+ |x|2]
2

[
1

n− 1

(
|x|2|y|2 − 〈x, y〉2

)
δij − |y|2xixj

+ 〈x, y〉xiyj +
〈x, y〉
n− 1

xjyi − |x|
2

n− 1
yiyj

]
.

Recall that the S-curvature is one of most important non-Riemannian quan-

tities in Finsler geometry. It interacts with the Riemann curvature in a delicate

way [2], [7], [9].
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