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A general mean value theorem

By ZSOLT PALES (Debrecen)

Dedicated to the 75th birthday of Professor Laszlé Losonczi

Abstract. In this note a general Cauchy-type mean value theorem for the ratio
of functional determinants is offered. It generalizes Cauchy’s and Taylor’s mean value
theorems as well as other classical mean value theorems.

1. Introduction

The aim of the present note is to offer a unified approach to most of the mean
value theorems known in elementary analysis.

Let x1,...,z be arbitrary points in the real interval [a,b]. Then, one can
determine a permutation 7 of the set {1,...,k},n €N, & < -+ < &, in [a,b] and
ki,...,k, in N with k; 4+ --- + k, = k such that

(mﬂ(l),...,mﬂ(k)):(517...,517 ey frm,fn) (1)
N—— —
k1 times k., times
If wy,..., Wtk : [a,b] = R is a system of (k — 1) times differentiable functions
(m > 0), and uq, ..., Unir € R™ are vectors, then we define
w1, ey Wm+k
W( UL, oeey  Umtk )(x1,...,xk)
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Uty ... Uilm wi(6) .o wFTE) L w &) L w8
Unght oo Umikm Wnk(€1) - WY€) o wngk(€n) o win P ()

where the right hand side of this equation is an (m + k) x (m + k) determinant,
w® stands for the ith derivative of the function w, u; ; denotes the jth coordinate
of the vector u;, and &;, k; is determined by (1).

We also allow m to take the value 0, with the following notational conven-
tions: R? := {0} and

Wiy, ey W
W( ull’ o, u: )(xla"'vxk) ::W(wla'-'awk)(‘rlv"'axk>
wi@) -0 TE) (&) el T ()
we(@) o wFTE) L we(&) . w T (E)
Observe that if here x1 = - - - = x = &, then the above definition reduces to

wi(©) oow )
W(wr, ..., wi)(&, ..., ) = : : )
wi®) - w )
which is known as the Wronski determinant of the system wq, ..., wg.
The class of functions f : [a,b] — R that are k¥ — 1 times continuously

differentiable on [a, b] and k times differentiable on the open interval |a, b will be
denoted by D*([a, b]).

Now we are able to formulate the main result of this paper.

Theorem 1. Let 1 < k, 0 < m be integers and uq, ..., Un+r € R™ such
that (if 0 < m, then) u,...,u,, are linearly independent, i.e.,
U1,1 o Ulm
Vo:=| T # 0. (2)
Um,1 " Um,m
In addition, let wy, ..., wmix € D¥([a,b]) be a system of functions satisfying
W1, ..y Wmin
V() == W( (g ) A0 3)
Ui, -+ Um+n N——

n times
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for all £ € [a,b] and n =1,...,k. Then, for all nonidentical points x1,...,Zx41 €
[a,b], vectors p,q € R™ and functions f,g € D*([a,b]), there exists an intermedi-
ate point £ €] min x;, max ;[ such that

W( wi, ceey Wik, f )(57,5)
UL, -y Umdtks P
w e, W
X W( b ’ mtks g )($17...,xk+1)
Uy, vy Um+k, g
(4)
wi, ..., Wpgk, ¢
:W( : motks )(g,...,g)
Uy, ceey Umdk, q
XW( b y Wmths S )($17~-~7$k+1)~
Uy, -+, Um4k, P
We note that if m = 0, then u; = -+ = U5 = p = g = 0 by the convention
RY = {0}. Therefore, in this case, the vectors u1, ..., Umn1x,P,q do not play any

role in the formulation of the theorem.
The proof of this theorem is given in the next section. Now we list some of
its consequences.

Corollary 1 (Cauchy’s Mean Value Theorem). Let f,g € D'[a,b]. Then
there exists £ €]a, b such that

f(©)(gla) = g(b)) = g'()(f(a) = f(b)).
Proor. Let k=1, m =0, w; =1 and x1 = a, x2 = b in Theorem 1. Then
the statement follows immediately from (4). O
Corollary 2 (Taylor’s Mean Value Theorem). Let f € D*([a,b]). Then, for
all x €la, b, there exists £ €]a, b] such that

f* D (a)
(k— 1)

(k)
f (6) ((E _ (J,)k.

k-1
(z—a) + x

f(x):f(a)+f/(a)(x—a)++

PRrOOF. Let m =0,

(v —a)~1

(i—1)!
Then, for all £ € [a, ],

w;(z) = for i=1,...,k and g¢g(z)=

W(wi)(€) = =W(wi,...,wi)(&....&) =1,
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therefore, (2) and (3) are satisfied. Thus, taking z1 = -+ =2 =a and 241 =«
in Theorem 1, we obtain that there exists £ €]a, [ satisfying

W(wl,...7wk,f)(§,...7f,§)~W(w1,...,wk,g)(a,...,a,x)

=W(wi,...,wi, 9)(&,-...66) - W(wy, ... ,wy, f)(a,...,az). ®)
A simple computation yields that
W(wy, ..., w, f)(a,...,a,)
= 1@ = 1@ - a0 oo~ L e,
(@ —a)t

furthermore

W(wy, ... owp, )., 68) = fFE) and W(wy,...,wk, g)(, ..., &) =1.

Thus, Taylor’s theorem follows from (5) at once. O

Let wy(x) = 1,...,wi(z) = ¥ "1 wyy = 2% for v € [a,b] and let @ < 77 <
co < xpq1 < b with a < 2541 and 1 < b. Then the ratio

L W(wlv"'awkvf)(xlv'"7xk7xk+l)
[(L’l, N ,.’Ek+1]f = W
(wl, PN ,wk,wk_,_l)(xl, SR ,ij,ka)

is called the kth-order divided difference of f € D*([a,b]) over the points w1, ...,
Zp41 (c.f. [Sch81, p. 45]). Divided differences are usually defined in an inductive
way in the literature, see e.g. [AHT9, Sect. 3.17] and [HA38, Sect. 2.3]. The
proof of the equivalence of the above definition to the usual one can be found in
[Sch81, Theorem 2.51, p. 47].

Concerning divided differences, the following result is well known (c.f. [AHT79,
p. 274] and [Sch81, (2.93)]).

Corollary 3. Let f € D*([a,b]) and a < 1 < - < 211 < b with 11 <
Zg+1. Then there exists € €|xy, x11] such that

[1’1,...7$k+1]f: A . (6)
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PROOF. Apply Theorem 1 when m = 0 with the function g(z) = wiy1(z) =
2%, Then we find that there exists & €]z, 2p41[ such that

(k)
@1, o] f=[&...,&]f = f k'(f)'
~—— !
k41 times
Thus (6) is proved. .

The following result, called Cauchy Mean Value Theorem, is due to RATZ
and RUsseL [RR&7].

Corollary 4. Let f,g € D*([a,b]) such that g*)(¢) # 0 for &€ €]a, b[ and let
a <z < < xRy < b with ©1 < xy1. Then there exists £ €|xy, xp11| such

that
[9017 ‘e 7$k+1]f _ f(k)(f). (7)

[$1,~-~,$k+1]9 g(k)(f)

ProOOF. Applying Corollary 3 for the function g first, we can observe that
[xla <o 7xk+l]g # 0.
Hence the left hand side of (7) exists. Clearly,

[T, ., 2pqa]f W(wy, ..., wk, f)(@1,. .., Tk, Tha1)

[xlv e 7Ik+1}g W(U}l, .. .,'LUk;,g)(xl, e axkvxk}-‘rl)

Therefore, by Theorem 1, there exists & €|xy, x5 such that

@1, . apqalf W, owe, £)E .., 68 fP(E)

1, analg . Wwr, w9666 gP(E)

whence (7) follows. O

2. Proof of the main result

In the proof of Theorem 1, we shall need the following notion: a function

f € D¥([a, b)) vanishes k + 1 times in [a,b] if there exist points xq < --- < z,, in

[a,b] with 1 < b, a < x,, and natural numbers k1, ..., k, with k1 +---+k, = k+1
such that

fO@x)=0 for j=0,....,ki—1, i=1,...,n. (8)



166 Zsolt Pales

For instance, the function f(x) = z(x — 1) vanishes twice in [0, 1]. However, the
function f(x) = 22 does not vanish twice in [0, 1], but it does in [~1, 1], (that is,
all the zeroes of f should not be concentrated at the endpoints of the interval).

We recall the following lemmas from [Pal94] and, for readers convenience, we
also provide their proofs.

Lemma 1. If f,g € D*([a,b]) and f vanishes k + 1 times in [a,b], then fg
also vanishes k + 1 times in [a, b].

PROOF. By the assumption, there are 7 < --- < x, in [a,b] with 21 < b,
a <z, and ky,...,k, € Nwith ky +--- 4+ k, = k+ 1 such that (8) holds. Then,
using Leibniz’s Product Rule, one can check that

(f)D(x;)=0 for j=0,....k;—1, i=1,...,n.
Thus fg also vanishes k + 1 times in [a, b]. O

Lemma 2. If f € D*(|a,b]) vanishes k + 1 times in [a, b], then f' vanishes k
times in [a, b].

ProoF. We have (8) for some z; < -+ < x, with 1 < b, a < z, and
ki,...,k, € Nwith k1 +---+k, = k+1. If n = 1, then there is nothing to prove.
Otherwise, by Rolle’s Mean Value Theorem, there exist x; < & < x;41 such that

fl&) =0 for i=1,....,n—1.
These equalities combined with (8) yield that f’ vanishes k times on [a, b]. O

The following lemma generalizes [Pal94, Lemma 3]. The result obtained
therein corresponds the case m = 0 below.

Lemma 3. Let 1 < k, 0 < m be integers and uy,...,Unt+r € R™ such
that (2) holds (if m > 0). Let wy,...,w, € D*([a,b]) be a system of functions
satisfying (3) for all £ € [a,b]. For f € D¥([a,b]), define the following operators

. Wy, eey Wmdn, f B
W@ =W )6 a8) =0k
n—+1 times

where £ € [a,b] if n < k, and £ €]a,b] if n = k. Then the following recursive
formula

d (War(DEY  [Va(©)]”
w00 = 5 (M) v v
holds for all € € [a,b] if 1 < n < k, and for all £ €]a,b[ if n = k. (Here V and
V,. (1 <n < k) are defined in (2) and in (3), respectively. In the case m = 0, we
set Vo =0.)
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PROOF. The argument described below works for m # 0. The case m = 0 is
completely analogous, therefore it is omitted.

The vectors ui,...,u, are linearly independent in R™, hence they form

a basis of R”. Thus, we can find real numbers v; ,,...,Vm,» such that, for
n=1,...,k,

—Umgn = Y1,0UL + -+ VmnUm. (10)

Then define the functions v, : [a,b] — R by
Upn = Wmtn + V1,nW1 + - + Ym,nWn- (11)

Now we show that the functions v1, ..., v, form a linearly independent system of
solutions of the equation

Wa(f)(€) =0,  &€lab] (12)

which is an nth-order homogeneous linear differential equation for the unknown
function f.

To see this, we first compute W, (v;) for any 1 < j < k and 0<n <k. Multi-
plying the first m rows of the determinant W,,(v;) by v1,j,...,%m,j, respectively,
subtracting their sum from the last row, then using (10), we get

W)@ =W 0 e e E DL Y g
Ui, cevy Um4n, 0
w e, W W+ j
:W( 1, m+n mm+] )(57,5)
Uy, --y Um4n, — Zi:l Vi, Wi
:W( wi, ooy Wmin, Wmj )(g £)=0
Uy, ey um+n7 Um+j 7 7

If j < n, then this formula results W, (v;) = 0. On the other hand, with j = n+1,
we have W, (v,41) = Va1

The function v; cannot be identically zero because Wo(v1) = V1 # 0. Hence
{v1} is a linearly independent set of solutions of W;(f) = 0. Assume now that
v1,...,0, form a linearly independent system of solutions of W,,(f) = 0. The
function v,41 is not a solution of this equation, hence, it cannot be a linear com-
bination of vy, ...,v,. Thus, v1,...,v,41 is also a linearly independent system.

Temporarily, denote the operator defined by the right hand side of (9) by
W (f). It is clear that W} (f) is also an nth-order linear differential operator
of f. We show that vy,...,v, also solves the equation W (f) = 0. This is
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obvious if f = vy,...,v,-1 (since these functions are solutions of the equation
W,—1(f) =0). On the other hand,

_d (wn_1<vn><§>> Va© _d (ws)) V@l
TANNAG Vai(© e \Va©)) Vi

Observe that the coefficients of f(™) in W, (f) and W (f) are equal to V,,
which does not vanish anywhere in [a,b]. Therefore, having the same solution

W (0n)(€)

space, these two operators have to coincide for all 1 < n < k. O

Lemma 4. Let 1 < k, 0 < m be integers and uy,...,Unt+r € R™ such
that (2) holds (if m > 0). Let wy, ..., w, € D¥([a,b]) be a system of functions
satisfying (3) for all £ € [a,b]. Assume that the function f € D*([a,b]) vanishes
k + 1 times in [a,b]. Then, for each 0 < n < k, the function W, (f) defined in
Lemma 3 vanishes k + 1 — n times in [a, b].

PROOF. We prove by induction. If n = 0, then Wy (f) = Vo f, hence, in this
case, there is nothing to prove. Let n > 1 and assume that W, _1(f) vanishes
k+1—(n—1) times. Then, applying Lemma 1 and Lemma 2, one sees that the

function )

d (War(HE©Y [Val)]

Py ' (€ € [a,b])

dg V() Vio1(€)
vanishes kK +1— (n— 1) — 1 = k+ 1 — n times. Therefore, due to the recursive
formula established in Lemma 3, W,,(f) vanishes k£ 4+ 1 — n times. O

Now we are ready to prove the main result of the paper.

PROOF OF THEOREM 1. Let 7 < .-+ < xp41 be in [a,b] with minz; <
max z;. Then there exist a permutation 7 of {1,..., 2541}, n €N, & < - < &,
in [a,b] and kq,...,k, € N with ky +--- 4+ k, = k + 1 such that

(xﬂ'(l)a"'axﬂ'(k-‘rl)):(617"'5617 A 6%7’6”) (13)
—— ———
k1 times k, times

holds. Define the function F': [a,b] — R by

F(z)
Uty ... Ulm wi(&)  owPTE) o w T w(x)
T Uk e Umdkm Wmgk(€1) - wi:iil)(gl) wf,'fi;”(ﬁn) Wik ()
P Pm fE) M) e TG f)

@ Gm g(&) ... g™ V&) .o gP &) gla)
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It is obvious at once that

FO(E)=0 for j=0,....k —

1, i=1,...

7n’

169

therefore F vanishes k+ 1 times in [a,b]. Thus, by Lemma 4, there exists £ €]a, b]

such that

Wi(F)(©) =W( I

Ui,

Now determine the contstants +; ,, such that they satisfy (10) and define vy, . ..

by (11). Similarly, choose aq, ..

—p=Qiuy + -+ Qp Uy,

and define

<oy Wmtk,
sy Umdks

Sy and By, ...

and

F
0

)

€,....6)=0.
——

k+1 times

, Bm such that

¢=f+ow+-+opwy and =g+ Fws+ -+ frnwm.

(14)

(15)

(16)

Using these choices of the constants, add linear combination of the first m rows
of F to the rest of the rows to obtain

Uil .-+ Ul,m wl(fl)
Um,1 - Umm  Wm (1) ...
_ 0 0 ’01(51)
0 0 Uk(fl)
0 0 ¢(&1)
0 0 ¥(&1)
Ul(fl) ’Uikl_
=Vo- ve(€r) oo ot
$(&1) .. oM™
D) .opT

gt

F(z)

U’gkl_l)(fl)

wﬁ,’fl—'”(gl)

oY)

C o ()
- ot

&1)
&1)

V(&)

wi V(&) wi(a)
wg']fn_l)(gn) wm(x)
WFDE) ()
() T )
s D(E,) )
PE(g,) ()

oF () v ()

v (&) o)

¢t D(E,) ()

Pn=(g,)  p(x)
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Expanding by the last column, we get

k
F(z) =Y C;i-vi(z) — Ap(x) + Bij(x),
i=1

where A, B, C; are the values of the corresponding subdeterminants. Substituting
the above form of F into (14), and using that Wy (v;) = 0, we get that

A-Wi(0)() = B- Wi (¥)(E) (17)

In the rest of the proof we show that (17) reduces to (4).
Indeed, adding a certain linear combination to the last row of Wy, we get

e =W e TERR e e g
_ w1, ey Wmak, f
= ( ULy ey Uik — o oy )(ﬁ,,g)
_ Wi, vy Wik, f
_W( Ui, o, Umgks P )(5,...,5),

For the constant A, due to its origin, we have

v) ..o o) L oY)

or(&) .o E) o o)
P(&) o p®TD(E) L pteT(g)

A=V,

Now, using an argument similar to that applied in the computation of F', one can
get that

Ui, --- Urm W1 (51) cee wﬁ’“_l)(fl) s U’%kn_l)(gn)

Ut - U W (€1) - wat V(&) L wi Y (6

A= 0 0 1}1(51) ’nglil)(gl) ’ngnil)<§n)
0 ... 0 &) ... o™ V) o W)

0 ... 0 Y(&) opEbE) L D)
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’U,171 e ul,m w1 (51) . ’wgklil)(gl) e wgknil) (gn)
um+k,1 e ’U,erk’m wm+k(§1) . wﬁfj_?)(fl) . ’wi::_;l)(fn)
@ m g(&) o g®B &) o BT
:W wq, sty Wm+k» g .
( Ui, ..., Umik, 4 )(xla axk-‘rl)

Thus, we have checked that the left hand side of (17) coincides with that of (4).
The equality of the right hand sides follows similarly, and therefore, the proof is
complete. (|

We now derive a useful consequence of Theorem 1.

Theorem 2. Let I C R be an interval and [a,b] be a proper subinterval
of I. Let 1 < k, 1 < m be integers and yi,...,ym € I\ [a,b]. Assume that

Wi, ..., Wmtk I — R are sufficently many times differentiable functions such
that
W(w17'~-7wm+n)(yl7"‘7ym7§7"'7€)#0 (18)
——
n times
for all £ € [a,b] and n =0, ..., k. Then, for all nonidentical points x1,...,Zx11 €

[a, b], and functions sufficiently many times differentiable f, g : I — R, there exists
an intermediate point £ €] min x;, max x;[ such that

W(wlv"')wm-‘rk?vf)(yl)'"73/771755"'75)

k41 times
X W(wla"'awm+k7g)(y17'"7yWL7x17'~'axk+1)
(19)
= W(UH,. --;wm+k7g)(yl7"~7yma ga"wf )
~—
k—+1 times
X W(wla“-awm+k7f)(y1a-"aymaxla"'v'xk-}-l)-
PROOF. Let 7 be a permutation of the set {1,...,m}, m,...,m € I, and
mi,...,m; € N with mj; +--- 4+ m; = m such that
(y’lr(l)a"'7y7r(m)):(nla'“anh ) "717"'7771)'
— ——
my times m; times

Set, fori=1,...,m+k,

U; = (uil, e ,uim)
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= (i), w™ V), wim), e w™ Y (),
and

P = (ph . apm)

= (f(nl)a"'a.f(mlil)(nl)a ey f(nl)v"wf(mlil)(nl)),

q:=(q1,---+qm)

= (gm),-- g™ V), .., gln),-...g" P (m)).

Observe, that with this notations, the conditions of Theorem 1 are satisfied and
therefore there exists £ such that (4) holds. It is immediate to see that (4) is
equivalent to (19). O
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