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Vanishing generalized Orlicz—Morrey spaces
and fractional maximal operator

By FATIH DERINGOZ (Kirsehir), VAGIF S. GULIYEV (Kirsehir)
and STEFAN SAMKO (Faro)

Abstract. We find sufficient conditions for the non-triviality of the generalized
Orlicz—Morrey spaces M‘I’"P(R"), and prove the boundedness of the fractional maximal
operator and its commutators with BMO-coefficients in vanishing generalized Orlicz—
Morrey spaces VM®¥(R™) including weak versions of these spaces. The main advance
in comparison with the existing results is that we manage to obtain conditions for the
boundedness not in integral terms but in less restrictive terms of supremal operators
involving the Young functions ®(u), ¥(u) and the function ¢(z,r) defining the space.
No kind of monotonicity condition on ¢(z,r) in r is imposed.

1. Introduction

1.1. Some background. As is well-known, Morrey spaces are widely used to
investigate the local behavior of solutions to second-order elliptic partial differ-
ential equations (PDE). Recall that the classical Morrey spaces MP*(R") are
defined by

_ A
MP’A<R”>={feLfOC<R">:||fW — s v pf||Lp<B<x,r>><oo},

zER™, >0
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where 0 < A <n, 1< p< 0.

Here and everywhere in the sequel, B(z,r) is the ball in R™ of radius r
centered at x, and |B(z, )| is its Lebesgue measure.

By WMPAR") we denote the weak Morrey space defined as the set of
functions f in the local weak space WL, (R™), for which

PN
[fllwaws = sup v 2| fllwre(B,n) < oo
T ER™

v, r>0

The spaces MP¥ defined by the norm

1
”fHMp,«P = sup N

P x,r 1.1
P (p(x7r)||f||1: (B(z,r)) (1.1)

with a function ¢ positive on R™ x (0, c0) are known as generalized Morrey spaces.

Orlicz space was first introduced by ORLICZ in [34], [35] as a generalization of
Lebesgue spaces LP. Since then, this space has been one of important functional
frames in the mathematical analysis, and especially in real and harmonic analysis.
Orlicz space is also an appropriate substitute for L' space when L' space does
not work. For example, the Hardy—Littlewood maximal operator

1
M (@) = sup oy /B Wy (1.2)

>0

is bounded on L? for 1 < p < oo, but not on L', yet using Orlicz spaces, we can
investigate the boundedness of the maximal operator near p = 1, see [23], [24]
and [6] for more precise statements.

1.2. On vanishing generalized Orlicz—Morrey spaces and the goal of the
paper. A natural step in the theory of functions spaces was to study generalized
Orlicz—Morrey spaces

M®2(R™),

where the “Morrey-type measuring” of regularity of functions is realized with re-
spect to the Orlicz norm over balls instead of the Lebesgue one. Such spaces were
studied in [30] first, see also [9], [10], [20], [21], [31], [32], [42]. The most general
spaces of such a type, Musielak—Orlicz—Morrey spaces, unifying the classical and
variable exponent approaches, were an object of study in [29], where potential
operators in such spaces were considered.

The generalized Orlicz—-Morrey spaces we work with are precisely defined in
Section 2.5. The weakest restrictions on the functions ® and ¢, defining the
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space M®¥?(R"), for the boundedness of the maximal and singular operators,
were provided in [10], up to the authors’ knowledge, together with estimates in
weak generalized Orlicz—Morrey spaces.

Our definition of generalized Orlicz-Morrey spaces introduced in [10] and
used here is different from that of the papers [30], [42], and other papers.

Morrey and Orlicz—Morrey spaces are not separable due to the L°°-norm with
respect to r and x. The closure of nice functions in the Morrey or Orlicz—Morrey
norm gives a subspace of the corresponding space. Such spaces corresponding
to the classical Morrey space MP-*, known under the name of vanishing Morrey
space, appeared in connection with PDE in [46], [47], and they were also used
in [38]. The vanishing generalized Morrey spaces were introduced and studied
in [40], see also a study of commutators of Hardy operators in such spaces in [37].

Vanishing generalized Orlicz—Morrey spaces, including their weak versions,
appeared in [14], where the boundedness of the so called ®-admissible singular
operators and their commutators was studied. Then the boundedness of the
(®, ¥)-admissible potential operators and their commutators on these spaces was
investigated by the same authors in [15].

The results obtained in [15] for the fractional maximal operator and its com-
mutators provide boundedness conditions in terms of some integral inequality.

The main goal of this paper is to find sufficient conditions for the non-
triviality of the generalized Orlicz—Morrey spaces, and to show that the bounded-
ness of the fractional maximal operator and its commutators in vanishing gener-
alized Orlicz—Morrey spaces may be obtained under weaker conditions, namely
in terms of the so-called supremal operators. More precisely, we find sufficient
conditions on general Young functions ®, ¥ and functions @1, @2, which ensure
the boundedness of the operators under consideration from one vanishing Orlicz—
Morrey space VM®#1(R") to another VMY:#2(R") including weak estimates.

1.3. Operators to consider. Let 0 < a < n. The fractional maximal opera-
tor M, and the Riesz potential operator I, are defined by

)

n |z —y|rme

Mof@) =swp B [ (f@ldy, Laf@) = [ dy.
t>0 B(z,t) R

If « = 0, then M = M, is the Hardy—Littlewood maximal operator defined

in (1.2).

It is known that the operator M, is of weak type (p,np/(n—ap))if 1 <p <
n/a, and of strong type (p,np/(n —ap)) if 1 <p < n/a. Also the operator I, is
of weak type (p,np/(n—ap)) if 1 < p < n/a, and of strong type (p, np/(n — ap))
ifl<p<n/a.
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The boundedness of I,, from Orlicz space L*(R™) to the corresponding an-
other Orlicz space LY (R") was studied by [33] and [45] under some restrictions
involving the growths and certain monotonicity properties of ® and ¥. Moreover,
in [6], there were given necessary and sufficient conditions for the boundedness of
both the operators M, and I, from L®(R") to LY (R"), and also from L®(R")
to the weak Orlicz space W LY (R™).

For the boundedness of the operators M, and I,, in Morrey spaces MP*(R"),
see [36] and [1].

It is well-known that commutators of classical operators of harmonic analysis
play an important role in various topics of analysis and PDE, see, for instance,
3], [4], [7] and [8].

The commutators generated by b € LL (R™) and the operators M, and I,
are defined by

Moal£)e) = sup B 014 [ ) sl (03)

t>0

[bala]f(x):/ M

e f(y)dy, (1.4)
respectively.

The fractional maximal and potential operators in Morrey-type spaces were
studied in various papers. In Orlicz—Morrey spaces they were recently studied
in [19], [20]. Commutators in Morrey spaces were studied in a less generality. We
refer, for instance, to [38] and [41] in the case of the classical Morrey spaces.

In the case of generalized Morrey spaces, we refer to [43] (where some mono-
tonicity assumptions were imposed on the function ¢, but on the other hand,
an anisotropic case was admitted), and to [17], [18] (where no monotonicity as-
sumptions on ¢ were imposed, including an anisotropic case in [18]), where other
references may be also found.

By A < B we mean that A < C'B with some positive constant C' independent
of appropriate quantities. If A < B and B < A, we write A &~ B and say that
A and B are equivalent.

2. Preliminaries

2.1. On commutators in Lebesgue spaces. We recall that the space
BMOR") ={be L. _(R") : ||b]|« < oo} is defined by the seminorm

loc

1
b|l« ;== sup 7/ b(y) — b(e.rm|dy,
|| ” z€R™,r>0 |B(Z‘,’I")| B(w,'r)| ( ) bl )|
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where bp(y,r) = er)l fB(_T’T) b(y)dy, and refer, for instance, to [44] for details
on this space.

The following characterization of the LP — L?-boundedness of the commu-
tator [b, I,] was given in [5] in terms of mean oscillation of b.

Theorem 2.1 ([5]). Let 0 <a <n,1<p< 2 and % = ]% — 2. Then [b, 1]
is a bounded operator from LP(R™) to L4(R™) if and only if b € BMO(R™).

The statement of Theorem 2.1 remains valid for M,  and for the operator

A

|I _ y|n a
Namely, the following theorem holds.

n

|b, I,| are bounded operators from LP(R™) to L4(R"™) if and only ifb € BMO(R™).

Theorem 2.2. Let 0 <a<n,1<p< % and % = % — &, Then M, , and

PROOF. The sufficiency in the case of the operator |b, I,,| is known even in
a more general case, see [11, Remark 3].

For the operator M, o, it was formulated in [28, Theorem 3.5.2], however,
its proof contains the unjustified inequality (3.5.7), valid if on the right-hand side
one replaces b(z) — b(y) by |b(x) — b(y)| inside the integral. By this reason, for
completeness of the proof, we justify the main statement in Theorem 2.2 using
other means, following known ideas though.

The sufficiency for My, in fact follows immediately from the known inequal-

ity
|b(x) — b(y)

Mha(hie) 5 [ D20 1)y (2.1)

and the above reference [11, Remark 3].

As regards the necessity, in view of the above inequality, it suffices to prove
it for Mp o. Suppose that M, , is bounded from L?(R™) to LI(R™). Choose any
ball B = B(z,r) in R™,

1 [, 160 balay
_ ﬁ/ ‘ﬁ/(b( dz‘dy< \BIQ/ / 1b(y) — b(2)|dyd=

|B|1+ / |B|1_7 / ‘b |XB(Z)dZdy < |B|1+ /Mba XB)(y)dy

g C 1
< 1+a B‘ (Mba(XB)(y))qdy < 1+u |B| |'B|1D =C.
|B| B |B|

Thus b € BMO(R™). O
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2.2. On Young functions. We start with recalling the definition of Young
functions.

Definition 2.3. A function ® : [0, +00) — [0, o¢] is called a Young function if
it is convex, left-continuous, hIEo O(r) = ®(0) =0 and lim,_, 4o (1) = 0.
r—

From the convexity and ®(0) = 0 it follows that any Young function is
increasing. If there exists s € (0,400) such that ®(s) = oo, then &(r) = 400
for r > s. The set of Young functions such that

0<®(r) <40 for 0<r <400

will be denoted by Y. If ® € ), then ® is absolutely continuous on every closed
interval in [0, +00) and bijective from [0, +00) to itself.
For a Young function ® and 0 < s < +00, let

&~ 1(s) = inf{r > 0: ®(r) > s}.
If ® € ), then ®~! is the usual inverse function of ®. We note that
(@ Hr) <r<dH®(r)) for 0<r<4oo. (2.2)

A Young function ® is said to satisfy the As-condition, denoted also as ® € Ag,
if
O(2r) <k®(r) for r>0,

for some k > 1. If & € Ay, then & € Y. A Young function & is said to satisfy the
Va-condition, denoted also by ® € Vy, if

O(r) < i@(kr), r>0,
for some k > 1. The function ®(r) = r satisfies the Ay-condition but does not
satisfy the Va-condition. If 1 < p < oo, then ®(r) = rP satisfies both conditions.
The function ®(r) = e” —r — 1 satisfies the V3-condition but does not satisfy the
As-condition. A Young function @ is said to satisfy the A’-condition, denoted
also by ® € A/, if
O(rt) < c®(r)®(t), r,t>0,

for some positive constant c. Note that each element of A’-class is also an element
of Asg-class.
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For a Young function ®, the complementary function i(r) is defined by

%m:{mﬂm—ﬂﬁw€MwﬂiH€Mm)

400 if r = 4o00.

The complementary function ® is also a Young function and ® = ®. If ®(r) = r,
then ®(r) = 0for 0 < r < 1, and ®(r) = oo for r > 1. If 1 < p < o0,
1/p+1/p/ =1 and ®(r) = r?/p, then &(r) = r? /p/. If ®(r) = " — r — 1, then
®(r) = (14r)log(l1+r)—r. Note that ® € V5 if and only if ® € Ay. It is known
that
r< )@ t(r)<2r for r>0. (2.3)
Note that Young functions satisfy the properties ®(at) < a®(t) for all 0 <
a<land 0<t<oo,and ®(Ft) > FP(¢) for all 5> 1 and 0 <t < co.
Definition 2.4. Let ® be a Young function. Let
t®'(t)

= 1 f b =
B R Y0

19/(1)
t€(0,00) q)(t) -

Remark 2.5. Tt is known that ® € Ay N Vs if and only if 1 < ag < be < 00,
see [25].

2.3. On Orlicz spaces.
Definition 2.6 (Orlicz space). For a Young function ®, the set

L*(R") = {f € Li . (R"): / O (k| f(x)|)dx < +oo for some k > 0 }

is called Orlicz space. If ®(r) = r?, 1 < p < oo, then L®(R") = LP(R"). If
®(r) =0, (0 <r <1)and &(r) = oo, (r > 1), then L*(R") = L>°(R"). The

space L (R") endowed with the natural topology is defined as the set of all

functions f such that fx, € L*(R") for all balls B C R". We refer to the books
[25], [26], [39] for the theory of Orlicz spaces.

L*(R™) is a Banach space with respect to the norm

||f|L4>=inf{/\>0:/n<I>(|f()\x))dmﬁl}.
Lo ( |||J;(||2)dx =t

For a measurable function f and t > 0, let

m(f,t) =z e R": |f(z)] > t}].

We note that
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Definition 2.7. The weak Orlicz space is defined as WL®(R") := {f €

L, (R™) : || fllwre < 400}, where

loc

I fllwre = inf {)\ >0 : sup @(t)m(f, t) < 1} .
>0 A
The following theorem is an analogue of Lebesgue differentiation theorem in
Orlicz spaces.

Theorem 2.8 ([22]). Suppose that ® is a Young function and let f € L®(R™)
be nonnegative. Then

lim inf ”fXB(x,r) HL‘I’

———— = > f(x) for almost every x € R".
r—0+ ||XB(w,T)||L‘1>

If we, moreover, assume that our ® satisfies the A’ condition, then

lim HfXB(:E,r) HL‘P

= f(x) for almost every x € R".
N e P

For a Young function ® and its complementary function E), the following
analogue of the Holder inequality is known:

gl < 2[fllzellgll - (2.4)

The following lemma is valid.

Lemma 2.9 ([2], [27]). Let ® be a Young function and B a set in R" with
finite Lebesgue measure. Then

1
IxXsllwre = lIxsllze = W

2.4. On boundedness of the fractional maximal operator and its com-
mutators in Orlicz spaces. Necessary and sufficient conditions on (®,¥) for
the boundedness of M,, and I, from L*(R") to LY(R") and L*(R") to WL¥ (R")
have been obtained in [6, Theorem 1 and 2]. To formulate the results from [6], we
recall that, for functions ® and ¥ from [0, c0) into [0, o], the function ¥ is said to
dominate ® globally if there exists a positive constant ¢ such that ®(s) < ¥(es)
for all s > 0.
In the theorems below we also use the notation

) = [ B ()P dr, (2.5)

0
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where 1 < P < oo and :I/\;(s) is the Young conjugate function to ¥p(s), and

Pp(s) = / ’ PN AS (P ) dr, (2.6)

0

where Bp'(s) and Ap'(s) are inverses to

s Uit Bt
BP(S) :/0 tl‘EP)/ dt and AP(S) :A tl-‘,—LP)'dt’

respectively. These functions ¥p(s) and ®p(s) are used below with P = 2. In

the case P = oo, the function ¥, is interpreted as s fos \pt(;) dt, see [6].

Theorem 2.10 ([6]). Let ® and ¥ be Young functions and 0 < o < n. Then

(i) The fractional maximal operator M, is bounded from L®(R™) to W LY (R")
if and only if

® dominates globally the function @, (2.7)
whose inverse is given by
Q' (r) = r/"u ().

(ii) It is bounded from L®(R™) to LY (R") if and only if
R0
/ 7)dt < oo and ® dominates globally the function W,, /. (2.8)

o t1+n/(n—a

Theorem 2.11 ([6]). Let ® and ¥ Young functions and 0 < o < n. Then
(i) The Riesz potential I, is bounded from L*®(R™) to W LY (R") if and only if

1
/ B(t)/t* ("=t < 0o and ®,,/o dominates W globally. (2.9)
0
(ii) The Riesz potential I,, is bounded from L®(R") to LY (R") if and only if
1 1
/ B(t) /(I < oo, / () /(=) qt < oo, (2.10)
0 0

and ® dominates ¥,/ globally and ®,,,, dominates ¥ globally. (2.11)



134 Fatih Deringoz, Vagif S. Guliyev and Stefan Samko

Remark 2.12. Note that condition (2.9) implies the condition (2.7). For the
proof of this fact, see [20, Lemma 12].

The following lemma was proved in [19]. In the case of LP-spaces it was
proved in [16].

Lemma 2.13. Let ® and ¥ be Young functions and 0 < o < n, f € L _(R")
and B = B(z,r). If ® and VU satisfy the conditions (2.7), then

Mo fllwre sy S ) Sup THE) N Lo (Ba)- (2.12)

1
y-1 (T—n
If @ and ¥ satisfy the conditions (2.8), then

Mo fllow sy S ) sup T E) (11 Lo (Bae))- (2.13)

1
U-t(r—n

The known boundedness statement for the commutator operator [b,I,] in
Orlicz spaces runs as follows.

Theorem 2.14 ([13]). Let 0 < o < n and b € BMO(R™). Let ® be a Young
function and U defined by its inverse U~1(t) := &~ (t)t=/". If &, ¥ € Ay N Vs,
then [b, I,] is bounded from L®(R™) to LY (R").

Remark 2.15. Note that the operator |b,I,| is bounded from L*®(R") to
LY (R") under the conditions of Theorem 2.14. The proof of this fact is similar
to proof of Theorem 2.14.

In [12], it was proved that the commutator of the Hardy—Littlewood maximal
operator M with b € BMO(R"™) is bounded in L®(R"™) for any Young function ®
with ® € AsNVy. This result, together with the inequality (2.1) and Remark 2.15,
implies the following theorem.

Theorem 2.16. Let 0 < a < n and b, ® and ¥ the same as in Theorem 2.14.
If &,V € Ay NV, then My o is bounded from L®(R™) to LY (R"™).

2.5. Generalized Orlicz—Morrey spaces. Various versions of generalized
Orlicz-Morrey spaces were introduced in [10], [32] and [42]. We used the def-
inition of [10], which runs as follows.

Definition 2.17. Let ¢(z,7) be a positive measurable function on R™ x (0, co)
and ® any Young function. We define the generalized Orlicz—Morrey space
M®#(R™) as the space of functions f € LE_(R™) with finite norm

loc

£l e (B,
[fllpmee = sup ————.
cern >0 o(x,7)



Vanishing generalized Orlicz—Morrey spaces. . . 135

Lemma 2.18. Let ® be a Young function, and ¢ be a positive measurable
function on R™ x (0, 00).
(i) If
sup @(x,r)t =00 (2.14)
t<r<oo
for all t > 0 and for all z € R™, then M®¥?(R") = O, where O is the set of
all functions equivalent to 0 on R".

(ii) If ® € A" and
1

S e (B (2.15)

for all t > 0 and for almost all z € R", then M®¥¢(R") = ©.

PRrOOF. (i) Let (2.14) be satisfied and f be not equivalent to zero. Then
A= ”fHL“’(B(mO,tO)) > 0 for some g € R™ and ¢ty > 0. Hence

1fllpgoe = sup (@0, 7)™ I fllpo(peg,m = A sup @(zo, 7)™
to<r<oo to<r<oo
Therefore, || f]| ., = 0.
(ii) Let f € M®¥(R") and (2.15) be satisfied. Then by Theorem 2.8, for almost
all x € R?,

lim ||fXB(x,r)||L<I> 7| (x)|

ALV L 2.16
r—0+ HXB(I,T)HL‘I’ ( )

We claim that f(z) = 0 for all those z. Indeed, fix  and assume |f(x)| > 0.
Then by Lemma 2.9 and (2.16) there exists to > 0 such that

@ (B 1 o ey = L

for all 0 < r < ty. Consequently,

|/ ()] 1

sup
2 o<r<ty pla, ) @7H(|B(x, 7))

||f||,/\/l‘1>y</> > sup @(Iar)il ||fHL‘I>(B(:E,T')) 2
0<r<to

Hence || f|| yqo..=00, s0 f ¢ M®#(R"), and we have arrived at a contradiction. O

Remark 2.19. Let ® be a Young function. We denote by Q¢ the sets of all
positive measurable functions ¢ on R™ x (0, 00) such that for some t1,¢5 > 0,
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sup ||¢($7T)71||L°°(t17oo) < 00,
reR™
and

1
e(z,r) @~ H(|B(z,r)|~1)
respectively. In what follows, keeping in mind Lemma 2.18, we always assume
that ¢ € Q¢ and ® € A,

sup
TER™

< 00,
L°C(O,t2)

Also, we define the weak generalized Orlicz—Morrey space WM®#(R") as
the set of functions f € WLE _(R") for which
Ifllwares =  sup | fllw e (B,r) >
TER™ >0 p(z,7)
According to these definitions, we recover the generalized Morrey space MP:%?
and the weak generalized Morrey space W MP¥ under the choice ®(r)=7P,1<
p<oo:

MP? = M®# , WMP$ =W M®P®

®(r)=rp B(r)=rp
The following theorem was proved in [19]. Our results for vanishing spaces
are based on this theorem.

Theorem 2.20. Let 0 < a < n, ¢; € Q¢, w2 € Qgy, ®, ¥ € A’, and the
following condition be satisfied:
sup U () ess>i%1f p1(z,8) < Cpalz, )T (r ™), (2.17)
t>r s
where C' does not depend on x and r. Then the operator M, is bounded from
M®#1(R") to MY#2(R"™) under the conditions (2.8), and from M®%1(R") to
W MY#2(R") under the conditions (2.7).

3. Vanishing generalized Orlicz—Morrey spaces

The vanishing generalized Orlicz—Morrey spaces were introduced in [9], see
also [14], [15]. We used the definition of [9], which runs as follows.

Definition 3.1. The vanishing generalized Orlicz-Morrey space V M®#(R")
and its weak version VW M®¥(R") are defined as the spaces of functions f €
M®#(R"™) and f € WM®#?(R") such that

lim sup 7||fHL¢(B(I’T)) =0 and lim sup —HfHWL@(B(w’T)) =
r—=04cRrn @(xa T) r—=0 zcRn gO(.TJ, T)

respectively.

0,
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Remark 3.2. Let ® be a Young function. We denote by Q¥ the sets of all
positive measurable functions ¢ on R"™ x (0, 00) such that

J:1€n]an Tlg%(p(x,r) >0 for some 0 > 0, (3.1)
and 1
lim — 0. (3.2)

r—0 =1 (r—")inf,crn @(z, 1)

Taking into account Lemma 2.18 for the non-triviality of the space VM®#(R™),
we always assume that ¢ € QY% and ® € A’

The spaces VM®#(R") and VIV M®#(R") are closed subspaces of the Ba-
nach spaces M®¥(R") and W M®¥(R"), respectively, which may be shown by
standard means.

We will also use the notation

||f||L‘I’(B(x T)) 1774 ||f||WL‘I’(B(x r))
Ao o(fi2,7) = ——F——"> and A fixyr) = ——F——22
AL = b0 = T
for brevity, so that
VME#(R") = {f € M®#(R") : lim sup Wp o (fr2,7) = O},

r—0 zERN

and similarly for VW M®:#(R").

4. Boundedness of the fractional maximal operator
in the spaces VM (R"™)

In this section, we give sufficient conditions for the boundedness of the
fractional maximal operator M, in vanishing generalized Orlicz—Morrey spaces
VM2 (R").

Theorem 4.1. Let 0 < a < n, ®, ¥ be Young functions, ¢1 € Q% 2 € QY
and ®, 0 € A'. If
mes :=sup sup ¢1(z, )T (") < o0 (4.1)
t>6 w€R"
for every 6 > 0, and
sup U (E7) 1 (w, )

t>r
< C 4.2
W*l(r*”)wg(x,r) = (42)

where Cy does not depend on x and r, then the fractional maximal operator M,
is bounded from V M®¢1(R") to VIW M¥:#2(R") under the conditions (2.7), and
from VM®#1(R™) to VMY#2(R"™) under the conditions (2.8).
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PROOF. The norm inequalities follow from Theorem 2.20. Thus we only have
to prove that
lim sup Ap o, (f;2,7) =0 = lim sup Ay ,, (Maf;z,7) =0, (4.3)

r—0 zERRP r—0 zERRP

under the conditions (2.8), and

7111_% Iseuﬂgl Ap o, (fr2,7) =0 = 711_% Isgﬂg 2[&,‘%2(Mf; x,r) =0, (4.4)
under the conditions (2.7).

In the proof of (4.3)—(4.4), we follow the ideas of [40], where the authors
investigated the boundedness of some classical operators on vanishing generalized
Morrey spaces, but base ourselves on Lemma 2.13.

We start with (4.3). We rewrite the inequality (2.13) in the form

SUP¢>p vt (t_n) Hf||L‘1>(B(z,t))
pa(2, ) U=t (r=m) '

To show that sup Ay o, (Maf;z,r) < e for small r, we split the right-hand
TER™
side of (4.5):

Ay gy (Mo fi2,7) < C (4.5)

A o (Mo fiz,7) < Cllsy (z,7) + J5, (2, 7)), (4.6)
where dp > 0 will be chosen as shown below (we may take dg < 1), and

Is,(z,7) := SUPr<t<do ‘y_l(t_n)HfHL‘I’(B(x,t))
0 bl . ()02(,%"7")\1/_1 (7"_") b
supys5, U () fll Lo (B2,

pa(z,r) W=t (r=m) ’

JIso (z,7) :=
and it is supposed that r < §y. Now, we choose any fixed dy > 0 such that

sup Us o, (f12,t) < for all 0 <t < &y,

3
reR™ QOCO ’

where C and Cj are constants from (4.6) and (4.2), which is possible since f is
assumed to be in VM®#1(R"). Then ||fl|lre(ps) < 300, P1(z,t), and we
obtain the estimate of the first term uniform in r € (0, do):

sup Cls,(x,r) < E, 0<r<dp,
x€R™ 2

by (4.2).
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The estimation of the second term now may be made already by the choice
of r sufficiently small thanks to the condition (3.2). We have

m50||fHM‘I’*‘P1
UL (r=)pa(@, 1)’

Js(z, 1) <

where ms, is the constant from (4.1) with § = 9. Then, by (3.2), it suffices to
choose r small enough such that

1 IS
sup <
vern WTHr™) (1) T 2mig, || fl peen

7

which completes the proof of (4.3).
The proof of (4.4) is, line by line, similar to the proof of (4.3). O

Remark 4.2. The condition (4.1) may be omitted when o(x,r) does not
depend on z, since (4.1) follows from (4.2) in this case.

If we take ®(t) = t, U(t) = ¢? with 1 < p,q < oo at Theorem 4.1, we get
the following new result.

Corollary 4.3. Let 0 < a <mn, 1 < p < 2, % :%—%andgal GQX,
P2 € Q}I/, Let also 1, 2 satisty the conditions
T% _n
im ——— =0, sup sup ¢i(x,t)t" 7 < oo
r—0 inf egrn @2 (z,T) +>6 TER™
for every § > 0, and
z,t z,r
sup 901(@7 ) < 0302(37 )’
t>r  ta ra

where C' does not depend on x and r. Then the operator M, is bounded from
VMP#1(R™) to VML#2(R™) when p>1, and from VMP#1(R") to VIWML#2(R")
when p > 1.

Remark 4.4. Theorem 2.20 leads us to the corresponding mapping properties
in the vanishing spaces stated in Theorem 4.1. Note that for vanishing spaces we
have to impose the condition (4.2) more restrictive than the condition (2.17).
Indeed, if the condition (4.2) holds, then

sup essinf ¢ (z, s) \Ilfl(t*") <supgi(z, ) (tT"), 1 e (0,00),
t>r t<s<oo t>r

so the condition (2.17) holds.
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On the other hand, the functions
8

v R 5 |
X(l,oo)(t)7 902( ’t) v (t )(1 +t )7 8>0 (4 7)

(pl(xvt) =

with supremal regularity condition

sup U1 (tfn)tﬁ <yt (7’7”)7"6
t>r

satisfy the condition (2.17), but do not satisfy the condition (4.2).

To compare, we formulate the following theorem (proved in [15]) and remark
below.

Theorem 4.5. Let 0 < a < n, ®, ¥ be Young functions ¢, € Qg, o € Qg
and ®, ¥ e A’ If

oo lIJ_l tn
s ::/ sup cpl(x,t)ydt < 00 (4.8)
5 zeRn t
for every 6 > 0, and
* —1(4—n dt —1(.—n
o1 (2, t) U (¢ )? < Copa(z, )T (r™™), (4.9)

where Cy does not depend on x € R™ and r > 0, then the operator I, is bounded
from VM®#1(R") to VMY#2(R"™) under the conditions (2.10)~(2.11), and from
VM®#1(R") to VIWMY#2(R") under the conditions (2.9).

Remark 4.6. Although fractional maximal function is pointwise dominated
by the Riesz potential, and consequently, the results for the former could be
derived from the results for the latter, we consider them separately, because we
are able to study the fractional maximal operator under weaker assumptions
than derived from the results for the potential operator. More precisely, under
the nondecreasingness condition on i (x,r) in r, conditions (4.9) and (4.8) imply
the conditions (4.2) and (4.1), respectively. Indeed, by (2.3) we have

1/ -m oy o [0 dt At
V) s e [ s [ g
This inequality implies that

pa(x, )0 (r ") 2 /OO ‘Pl(x,t)\lfl(fn)? R /Oo wl(xvt)‘l’fl(ﬁn)@

t
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x —1(4—n dt —1(.—n
Zi(x,s) [ U )? 2 iz, )T (s™"),
S
where we took s € (r,00), so that

sup @1 (z, )0 (s7") < ol r) T (r ™).
s>r

The proof of implication “(4.8) = (4.1)” can be made similarly.

Note that if we did not impose the monotonicity condition on @1 (z,r) in r,
these implications could not be true. For example, for the function ¢q(z,r) =
ZZO:() X[n,n+2-"] (r)

P—1(p—n)
the functions ¢ (z,t) = pa(x,t) = \1/7% satisfy (4.2), but not (4.9).

()

, the implication “(4.9) = (4.2)” is not true. Also note that

5. Commutators of the fractional maximal operator
in the spaces VM®¥

For a possibility to compare with our new results, we formulate the following
theorem, which was proved in [15].

Theorem 5.1. Let 0 < o < n and b € BMO(R"). Let ® be a Young
function and U defined, via its inverse, by U=1(t) := &1 (¢)t=*/" and &, ¥ €
A’ NVs,. Let also ¢, € Qg, po € Qg,

/OO <1 +1In :)gol(x,t) () ? < Copa(z, )T (r ™), (5.1)

where Cy does not depend on x € R™ and r > 0,

i o ; ~0 5.2
50 U—L(r=n)inf,cpn @o(z,7) (5:2)
and
[e%¢) \I/fl t—n
cs 1= / (14 |In ¢]) suﬂg <p1(x,t)¥dt < o0 (5.3)
S5 TzER™

for every § > 0. Then the operator [b,1,] is bounded from V M®%1(R") to
VMY#2(R7).
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We find it important to underline once again that the results of this section
for the commutator M, of the fractional maximal operator are obtained in
supremal terms, i.e., under weaker assumptions than derived from Theorem 5.1.
More precisely, the supremal condition (5.6) is weaker than the corresponding
integral condition (5.1), see Remark 4.6.

The following lemma and theorem were proved in [19].

Lemma 5.2. Let 0 < o < n and b € BMO(R™). Let also ® be a Young
function and ¥ defined, via its inverse, by W=1(t) := &1 (t)t=*/" and &,V ¢
Ao NVa. Then

b, AV
| My o fll L% (B(zo,r)) S ol sup (1 +1In r)‘l’ I e (Bt (54)

-1 (7'*") t>2r

for any ball B(zg,7) and all f € LY _(R™).

loc

Theorem 5.3. Let 0 < o < n and b € BMO(R™). Let also ® be a Young
function and ¥ defined, via its inverse, by W=1(t) :== &=L (t)t=/", &, ¥ € A'NV,
and Y1 € Q@, Y2 € Qg. If

sup (1 +1In t) essinf o1 (2, s) U7 (") < Copa(z,r) U1 (r7 "), (5.5)

t>r r ) t<s<oo

then the operator My, , is bounded from M®*#1(R™) to M¥:#2(R").
These results lead us to the following theorem.

Theorem 5.4. Let 0 < a < n, b € BMO(R"), ® be a Young function and
U defined, via its inverse, by U=(t) := &~ 1(¢t)t=*/" and ®, ¥ € A’ N V,. Let
also o1 € QY , @2 € QY satisfy the conditions (5.2) and

sup (1 +1In ;)gol(x, HOH(ET) < Copal,r) U H(r™"). (5.6)

t>r

Suppose also that

sup (1+ [Int|) U= (t™") sup ¢1(z,t) < oo (5.7)
t>6 z€Rn

for every 6 > 0. Then the operator M, , is bounded from VM®#1(R") to
VMY#2(R7).
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ProoF. The norm inequality have already been provided by Theorem 5.3,
hence we only have to prove the implication

‘ z,r My o g
i sup W @En) _ o g oo Sl e
=0 ern 01(z,7) =0 zeRrn pa(z,7)

0. (58)

To check whether

[ Mb,o fllLv(B(x,r) <
rER? SDQ(:L',T)

e for small 7,

we use the estimate (5.4):

”Mb afHL‘P(B(:v r)) ||bH>,< < t)
7 < su 14ln— | O™ -
P2(x,7) P2(@ )T L (1) Lt , ") e Be0)

We take r < dp, where g will be chosen small enough, and split the integration:

HMb Otf”L‘I’(B(m T))
’ — < (1, J, 5.9
(,02(.%‘,7“) >~ [ 50(337T) + Js, (x’r)]a ( )
where
Is, (z,7) := ! sup 1+ lnE g1 (t*") Il
o\ . \11_1(7“_”)@2(33,7“) r<t<do r L®(B(z,t))»
and
JIso (@, 1) i= L sup (1 ~t—1nE \Iffl(t*”)HfH ®
o ' \Ijil(rin)(p2(wv7n) do<t<oo r L*(B(z.t):

We choose a fixed §y > 0 such that

sup £l e (B0 .
zeR™ ¥Y1 (.’E, t) 2000 ’

t§60a

where C' and Cj are constants from (5.9) and (5.6), which yields the estimate of

the first term uniform in r € (0,dp): sup Cls,(z,7) < 5, 0 <1 < do.
IGR’H
For the second term, writing 1 +1In£ <1+ |In ¢/ +In 1, we obtain

ms, + 777:;/0 In %
U)o (z,7)

J&)(xv'r) < Hf”./\/l"’v“”

where mg, is the constant from (5.7) with 6 = dg, and ¢5, is a similar constant
with omitted logarithmic factor in the integrand. Then, by (5.2) we can choose
small r such that sup,cgn Js,(z,7) < §, which completes the proof. O
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If we take ®(t) = t?, U(t) = ¢? with 1 < p,q < oo at Theorem 5.4, we get
the following new result.

Corollary 5.5. Let 0 < a <n, 1 <p < 2,
(,01691‘,/,(,0269;/ and

sup (1 +In t) Llii’ 2 < (707%32(%7 r)
T q r

— 2 b e BMO(R™),

1 1
q P

t>r o

be fulfilled, where Cy does not depend on x € R™ and r > 0. If

ra ln% —0
r% infmeRn ©®2 (3?, ’f‘) o
and
1+ |Int|
sup —5—— sup ¢1(z,t) < 00
t>8 ta z€R™

for every § > 0, then the commutator My, is bounded from VMP¥1(R™) to
V M%#2(R™). In particular, this holds for the spaces V MP(R") with ¢, (z,7) =
rv and wa(z,7) = ra,0< A <n.
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