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An observation on Asanov’s Unicorn metrics

By CSABA VINCZE (Debrecen)

Abstract. Finsleroid-Finsler metrics form an important class of singular (y-local)
Finslerian metrics. They were introduced by G. S. Asanov in 2006. As a special case,
Asanov produced examples of Landsberg spaces of dimension at least three that are
not of Berwald type. These are called Unicorns [5]. The existence of regular (y-global)
Landsberg metrics that are not of Berwald type is an open problem up to this day. In
this paper, we prove that Asanov’s Unicorns belong to the class of generalized Berwald
manifolds. More precisely, we prove the following theorems: a Finsleroid—Finsler space
is a generalized Berwald space if and only if the Finsleroid charge is constant. Especially,
a Finsleroid—Finsler space is a Landsberg space if and only if it is a generalized Berwald
manifold with a semi-symmetric compatible linear connection.

Introduction

Finsleroid—Finsler metrics were introduced by G. S. Asanov in 2006. As a
special case, Asanov produced singular (y-local) examples of Landsberg spaces of
dimension at least three that are not of Berwald type. The existence of regular
(y-global) Landsberg metrics that are not of Berwald type is an open problem up
to this day, see D. BAO [5]. The cronology of the basic steps:

e 1998 — the central symmetric version of the Finsleroid-Finsler metric in
AsANov [3].

e 2003 — the non-symmetric version of the Finsleroid—Finsler metric in
VINCZE [15] as Asanov-type Finslerian metric functions.
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e 2006 — Asanov’s examples for (non-symmetric) Finsleroid—Finsler metrics
that are of Landsberg but not of Berwald type in AsANOV [4];

¢ 2016 — non-symmetric Finsleroid—Finsler metrics with closed Finsleroid axis
1-forms as the solutions of a conformal rigidity problem, VINCZE [26].

In this paper, we prove that Asanov’s Unicorns belong to the class of gen-
eralized Berwald manifolds. More precisely, we prove the following theorems: a
Finsleroid—Finsler space is a generalized Berwald space if and only if the Finsleroid
charge is constant. Especially, a Finsleroid-Finsler space is a Landsberg space if
and only if it is a generalized Berwald manifold with a semi-symmetric compatible
linear connection.

1. Notations and terminology

L ..., u". The induced coordi-

Let M be a manifold with local coordinates u
nate system of the tangent manifold TM consists of the functions !, ...,z and
yl,...,y", where x’s refer to the coordinates of the base point, and y’s denote
the coordinates of the direction. A Finslerian metric is a continuous function
F: TM — R satisfying the following conditions: F'is smooth on the complement
of the zero section (regularity), F'(tv) = tF(v) for all £ > 0 (positive homogeneity),
and the Hessian

2
Gij = % of the Finslerian energy F = %FQ
is positive definite at all nonzero elements v € TM (strong convexity). It is called
the Riemann—Finsler metric of the Finsler manifold. The Riemann—Finsler metric
makes each tangent space (except at the origin) a Riemannian manifold with
standard canonical objects such as the volume form

dp = \/det gij dy' A--- Ndy",
the Liouville vector field

C:=y'0/oy' + - +y"0/0y",
and the induced volume form on the indicatrix hypersurface

0K, =F ' (1)NT,M (pe M).
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The coordinate expression is

n

. i . .
w= /det ij Z(_l)z—lyfdyl A« A dyl—l A dyi-‘rl e A dyn

i=1

As a general reference of Finsler geometry, see [6]; we will use the following
notations and terminology:
_OF i

li = oy 9" = (9i5)"", Cujn =

lagij
2 Oyk’

where Cij = glkCijk

is the so-called first Cartan tensor. The first Cartan tensor is totally symmetric
and ykcijk = 0. The geodesic spray coefficients and the horizontal sections are
given by

1 0’FE OF ) 0 0
L L om |k _9& -t 2 1
¢ 29 (y Aymoxk 8:17’") and ozt Ozt Gi oyt’ (1)
where .
oG
l =
Gi ayz .

The second Cartan tensor or Landsberg tensor is

1 g, oG
! l k k k l
P = 59 m <6;T —2G7Cikm — Gi9km — Gimgjk> , where Gj; = ayjl'
The mized curvature of the Berwald connection is defined as
OG!.
l 1 1
Pljk = _Gljk" Where Gljk‘ = ayzj .
By some direct computations, we get the identity
F
! Kl
Pij = _Elmg Zﬁc- (2)

Definition 1. Let M be a Finsler manifold; a linear connection V on the base
manifold M is called compatible to the Finslerian metric if the parallel trans-
ports with respect to V preserve the Finslerian length of tangent vectors. Finsler
manifolds admitting compatible linear connections are called generalized Berwald
manifolds. Berwald manifolds are generalized Berwald manifolds with torsion-free
compatible linear connections.



254 Csaba Vincze

Definition 2. A Finsler manifold is a Landsberg manifold if the Landsberg
tensor vanishes.

The notion of generalized Berwald manifolds goes back to V. WAGNER [27].
The basic questions of the theory are the unicity of the compatible linear con-
nection and its expression in terms of the canonical data of the Finsler manifold
(intrinsic characterization). In the case of a classical Berwald manifold (com-
patible linear connection with zero torsion), the intrinsic characterization is the
vanishing of the mixed curvature tensor of the Berwald connection. This means
that the quantities Géj’s depend only on the position. They constitute the co-
efficients of the compatible linear connection on the base manifold. In general,
the intrinsic characterization of the compatible linear connection is based on the
so-called averaged Riemannian metric

(v, ) = /3 aow) 3)

Using average processes is a new and important trend with a rapidly increas-
ing number of papers in Finsler geometry: R. G. TORROME [14], T. AIKoU [2],
M. CrAMPIN [7] and [8], V. S. MATVEEV et al. [9], [10] and [11], Cs. VINCZE
[16], [17], [22] and [24]. For further references, see also [20], [21] and [25].

Theorem 1 ([17]). If a linear connection on the base manifold is compatible
with the Finslerian metric function, then it must be metrical with respect to the
averaged Riemannian metric 7.

It is well known that a metric connection is uniquely determined by the
torsion tensor. Following AGRICOLA-FRIEDRICH [1], consider the decomposition

T(X,Y):=Ti(X,Y)+ To(X,Y),

where

Ty(X,Y):=T(X,Y) —

T is the trace tensor of the torsion, and

1

n—1

TQ(X, Y) =

(T(X)Y - T(Y)X) .

Note that the torsion tensor of a metric linear connection on a manifold of di-
mension 2 is automatically of the form T = T(X)Y — T(Y)X (cf. Definition 3).
Otherwise, the trace-less part can be divided into two further components

TV(X,Y) = A1 (X,Y)+51(X,Y) = T(X,Y)=A1(X,Y)+51(X,Y)+T5(X,Y),
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by separating the totally anti-symmetric/axial part A;. Therefore, we have eight
possible classes of generalized Berwald manifolds depending on the surviving
terms, such as classical Berwald manifolds admitting torsion-free compatible lin-
ear connections SzZABO [12] (we have no surviving terms) or Finsler manifolds
admitting semi-symmetric compatible linear connections VINCZE [22].

Definition 3. A linear connection is said to be semi-symmetric if the torsion
tensor is of the form

T(X,Y)=AMY)X — AM(X)Y, (4)
where A is a one-form on the manifold.

The problem of the intrinsic characterization of compatible semi-symmetric
linear connections is completely solved [22]: it can be expressed in terms of metrics
and differential forms given by averaging. For the special case of exact (or at least
closed) differential forms in the torsion (4), see [16].

Theorem 2 ([22]). A non-Riemannian Finsler manifold is a generalized
Berwald manifold admitting a semi-symmetric compatible linear connection if
and only if o(p) > 0 for any p € M, and the linear connection

v * 1 * *

VY = V5Y + o (0" (Y)X = 7(X,Y)n")
is compatible with the Finslerian metric function, where E* and V* are the
Riemannian energy and the Lévi-Civita connection of the averaged Riemannian
metric, h* and S* are the horizontal endomorphism and the canonical spray
associated with V*; see formula (1) with substitution of the Riemannian energy
function E*,
_dpE 1S*Ed;E” E*

_ — log ——
E 25 5 d Ji=lsp

P P B
J(f?xi)_@yi and J(ayi>_0

is the canonical vertical endomorphism/almost tangent structure on the tangent
manifold. Furthermore,

*

where

* o * o, ISE o 1 2
0X) = /QK; di'(©. Xt 2 EXpt and ofp) = /HK; s 17017
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where X¢ and X" denote the complete and the vertical lifts of the vector field X,
respectively. The vector field JO is defined by the formula

9" (JO,X") = E"d; f(X°),

where g* is the Riemann—Finsler metric of E* as a special Finslerian energy, the
norm of JO is also taken with respect to g*, and p* is the induced volume form
on the indicatrix hypersurface 0K, as a Riemannian submanifold in T, M.

Remark 1. Note that JO is enough to be defined to compute the integrand,

because of
djp*(Q17 Qg) = d,{)*(JQl7 JQQ),

where €27 and )5 are vector fields on the tangent manifold.

1.1. Randers metrics, («,()-metrics, the sign property. The complete
solution of the intrinsic characterization is also given in the special case of Randers
manifolds, without any special requirement for the torsion tensor. Let (M, «) be
a connected Riemannian manifold, and suppose that the one-form 3 in Al(M)
satisfies condition
sup S(v) < 1. (5)
a(v,v)=1

The Randers metric on the manifold M is defined as F(v) = v/a(v,v) + B(v).

Theorem 3 ([23]). A Randers manifold is a generalized Berwald manifold
if and only if there exists a linear connection V such that Va =0 and V5 = 0.

The following theorem formulates a necessary and sufficient condition for
a Randers manifold to be a generalized Berwald manifold in terms of the dual
vector field o (8%, X) = B(X).

Theorem 4 ([23]). A Randers manifold is a generalized Berwald manifold
if and only if 5% is of constant Riemannian length.

The compatible linear connection is given as

a(Vy B, Y)BE — a(Y, )V B*
a(pH, B) '

If the compatible linear connection is semi-symmetric, then we also have a struc-

VxY = VE(Y + (6)

ture theorem for the Riemannian manifold admitting a perturbation £ such that
the Randers manifold is a generalized Berwald manifold with a semi-symmetric
compatible linear connection [23]. By the main result in [23], the manifold carries
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a warped product metric structure; for the special case of exact (or at least closed)
differential forms in the torsion (4), see VINCZE [18], and also VINCZE [19]. These
results have been generalized by TAYEBI and BARZEGARI in [13] for (o, 8)-metrics
satisfying the sign property

&' (—5)P(s) + P(—s)P'(s) >0 or P'(—s)®(s)+ P(—5)P'(s) <0, (7)

where F' = a® (g) is a Finslerian metric function, and ®: (—bg,bg) — RT.

According to the positivity of ® the sign property, (7) is equivalent to

@' (=8)p(s) +o(=8)¢'(5) >0 or ¢'(=s)p(s) +p(—5)¢'(s) <0,  (8)
where ¢ = ®2.

Theorem 5 ([13]). A Finsler manifold with an («, §)-metric satisfying the
sign property is a generalized Berwald manifold if and only if there exists a linear
connection V such that Va =0 and V3 = 0.

Theorem 6 ([13]). A Finsler manifold with an («, §)-metric satisfying the
sign property is a generalized Berwald manifold if and only if B is of constant
Riemannian length.

2. Asanov’s Finsleroid—Finsler metrics

Using ASANOV’s original notations in [4], the general form of Finsleroid—
Finsler metrics is given by

F =92 \/12 4 gqb+ ¢, (9)

where b = b;y’ is the Finsleroid axis 1-form, ¢ = \/ri;y'y?, rij = a;; — b;bj, and
a;; is a Riemannian metric such that a® bib; =1,

g=g(p) and —2<g(p) <2 (the Finsleroid charge),

9
+3 + arctan % —arctan 2% if p>0

2 b
h= 1—%, G=g/h, ®= ’
—%—l—arctan%—arctan ‘H};E if b<O.

G
The common limit of the right hand sides as b — 0 is arctan ok
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2.1. An alternative formulation. In what follows, we present the metric in a
more compact form. If

q+3b
b) := arct
f(b) := arctan W
then
. g G qh
bgrinoof(b) = arctan oh = arctan 5 and f'(b) = R (10)
because h? + ¢g%/4 = 1. In a similar way, if
x 2b
f(b) := arctan 2—;ng7
then "
. m = q
| b) =+— d flb)= 5—F——. 11
i SO =25 and SO = g )

Therefore, f + f is constant on the connected parts of the domain. Taking the
limits b — oo and b — —o0, respectively, we have

+g +arctan € if >0

+2b 2b 2
arctan 227 | arctan 2; 97 _ ? =
q —g—i—arctan% if b<0.
2b
® = arctan + 9q. (12)
2hq
Using the notations o = y/a;;y'y?, B = biy (Finsleroid axis 1-form) and

K
9= (Finsleroid charge), it follows that

2 2 /16 — K2
qg=+a?—p2 h:\/li\/lﬁlflf{,

2K
V16 — K2
Definition 4. The Finslerian energy E = (1/2)F? of a Finsleroid-Finsler
metric is

and

G=g/h=

I N ———— 7413
E= (a2 + gﬁ\/oﬁ - »32) e o= MO (w2—ff2 +K>. (13)

N =
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The metric (13) is formally an («, 8)-metric

E = 1oz2<p (6) , (14)
2 a
where

2K arctan 1 4s
o(s) = (1 + gsx/l — 32> e TS (ﬁ”{) (15)

s € [-1,1], and the value at £1 is defined by the continuous extension

K

1 £+ 265 =
= FB(£p% = ieiwe—xﬂ. (16)

42K =«
e 16—K2 2

p(¥1) = lim o(s) =

Actually, (14) represents a more general form of metrics, because ¢ depends on
the position by the Finsleroid charge K /2, too. In the case of a standard («, §)-
metric, @ is a function of the single variable s.

Lemma 1. The function ¢ is of class C' with respect to the variable s.

ProOOF. Fix a point p € M; in what follows, we prove that ¢ is of class C!

at +1. We discuss the case of s = 1 in details. The case of s = —1 is similar. By
definition,
1y e 2(8) — (1)
P 1) = 21—% s—1

For any fixed s < 1, we can use the Lagrange mean value theorem

p(s) — (1) = ¢'(t)(s = 1),
because ¢ is continuous on the closed interval [s, 1] (see formula (16) of the con-
tinuous extension), and differentiable on ]s, 1[. Therefore,

¢'(1) = lim ¢'(t) = 0 (17)

t—1
as a simple calculation shows:

f:=s->(1+K*s*sqrt (1-s72)/2)*
exp ((2%K/sqrt (16-K~2))*tan"~ (-1) ((1/sqrt (16-K~2))*
((4xs/sqrt(1-s72))+K)));

g:=s->diff(£(s),s);

simplify(g(s));

sqrt (1-s72) *K*
exp ((2*K/sqrt (16-K~2) ) *tan” (-1) ((1/sqrt (16-K~2))*
((4*s/sqrt(1-s72))+K)));

V V. V V V V VvV VvV
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i.e.

2K arctan L ds
¢'(s) = K1 — s2eVie-x2 " rewe <V1*52+K>. (18)

Theorem 7. The function ¢ satisfies the sign property

>0if K >0,
als) = ¢/ (—5)p(5) + @ (—s)p(—s) = 2K /1 = s2e2A—+24()
<0if K <0,
where
K 1 4s
A(8) := ———arct K.
(s) \/167K2&MrC a][1\/167K2 <\/152+ )

PRrROOF. The proof is a straightforward calculation:

h:=s->sqrt(1-s72) *Kx*
exp ((2*K/sqrt (16-K~2) ) *tan” (-1) ((1/sqrt (16-K~2)) *
((4xs/sqrt(1-s72))+K)));

a:=s—>f (-s)*h(s)+f(s)*h(-s);

simplify(a(s));

2xsqrt (1-s72) xK*
exp((2*K/sqrt (16-K~2) ) *(tan~ (-1) ((1/sqrt (16-K"2))*
((4*s/sqrt(1-s72))+K)) ) *
exp ((2%K/sqrt (16-K~2))*tan~ (-1) ((1/sqrt (16-K~2) ) *
((-4*s/sqrt(1-s72))+K)));

V V. V V V V V V VvV V

The worksheet is the continuation of the previous one. O

Theorem 8 ([4]). A Finsleroid—Finsler space is a Landsberg space if and
only if the function K is constant and

div gt

(V'B)X.Y) = 5

(a(X,Y) = BX)B(Y)). (19)

Remark 2. The original formulation of Theorem 8 in [4, Theorem 3, p. 278§]
is that a Finsleroid—Finsler space is a Landsberg space if and only if the Finsleroid
axis 1-form f is closed, the Finsleroid charge is constant, and

(VB)(X,Y) =k (a(X,Y) = B(X)B(Y)) (20)
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for some scalar field k: M — R. Note that if (20) holds, then the closedness of
is redundant because

(20)

dB(X.Y) = V*B(X,Y) - V*B(Y, X) = 0.

On the other hand, condition (20) is obviously equivalent to

div 8¢

a(ViBLY) = k(a(X,Y) ~ AOBY)) = k="t

because of the unit length of 8 with respect to a.

3. The main results

Theorem 9. A connected Finsleroid—Finsler space is a generalized Berwald
space if and only if the Finsleroid charge is constant.

PROOF. Suppose that there exists a linear connection such that it is compat-
ible to the Finsleroid—Finsler metric. Since the parallel transports preserve the
Finslerian norm of tangent vectors and they are linear between the tangent spaces,
it follows that they preserve the Riemann-Finsler metric g;;, and the indicatrices
with the induced Riemannian metric are isometric. Asanov’s Finsleroid—Finsler
metric has indicatrices of constant curvature

LK),
1
see [4, formula (2.32)]. Therefore, the Finsleroid charge K must be constant on a
connected manifold. Conversely, suppose that the function K is constant. Then
the Finsleroid—Finsler metric is an («, §)-metric of the form

F=ad (6) . where @2 =,
@

because ¢ does not depend on the position; see formula (14) and Definition 4.
We have two possible cases:
e If K = 0, then the space is Riemannian as a special generalized Berwald
manifold.
e If K # 0, then Theorem 7 implies that the function ¢ satisfies the sign prop-
erty (8), and, by Theorem 6, it is a generalized Berwald manifold, because
the Finsleroid axis 1-form /3 is of constant (unit) length with respect to . O
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Theorem 10. A connected Finsleroid—Finsler space is a Landsberg space if
and only if it is a generalized Berwald space with a semi-symmetric compatible
linear connection such that the torsion tensor is of the form
div gt

n—1

T(X,Y)=AXY)X — X(X)Y, where \=-— B.

PROOF. Suppose that a Finsleroid—Finsler space is a Landsberg space. Then,
by Theorem 8, we have that the Finsleroid charge K is constant, i.e. the space
is a generalized Berwald space in the sense of Theorem 9. By formula (6), the
compatible linear connection is

V5S4 Y)B — oY, B) Vi B
a(Br, BY)
= VXY +a(Vi L Y) B — oY, B) Vi B,

VxY = V}Y-ﬁ-

because 3% is of unit length with respect to . On the other hand,

a(Vxf5Y) = (VB)(X,Y) =

. div gt
L

1 v f
(19) % (@(X,Y) = BX)B(Y)) =

(X = B(x)5)
and, consequently,

div 3t div j3*

= V%Y — i
Vay = iy - gy x ¢ o (x v, (21)
ie.
VxY =V5Y + AY)X —a(X,Y)N, where A= — 1 B. (22)
" —

Formula (22) determines the only metric linear connection with torsion
T(X,Y)=AY)X - A(X)Y.

Conversely, suppose that we have a Finsleroid—Finsler space such that it is a
generalized Berwald manifold with V in formula (21) as a compatible linear con-
nection. Then, by Theorem 9, the Finsleroid charge is constant, and we have an
(c, B)-metric. We have two possible cases:

o If K =0, then the space is Riemannian as a special Landsberg manifold.

o If K # 0, then Theorem 7 implies that the function ¢ satisfies the sign
property (8), and, by Theorem 5, V3 = 0. This implies the special form (19)
of V*f3, and the statement follows by Theorem 8. ([l
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4. Appendix: regularity properties of Finsleroid—Finsler metrics

Finsleroid—Finsler metrics belong to the class of y-local Finslerian metrics,
because the third order partial derivatives with respect to the variables y’s are
singular at +3%. In what follows, we prove that the partial derivatives with respect
to the variables y’s exist, and continuous up to order 2, i.e. Finsleroid-Finsler
metrics are of class C? on the complement of the zero section.

4.1. The first y-derivatives of a Finsleroid—Finsler energy function. By
Lemma 1, the function ¢ is of class C'. Therefore,

OF (14) 1 . (B , (B 08/«
o 25 (e (B) +erv (3) 50)

. bior — i
o (0o () )

is of class C' on the complement of the zero section. For the sake of simplicity,

we can use an orthonormal coordinate system
y',...,y" suchthat y" =p3ie b =06" and o? = (y")2+ --+(@y™)2 (24)

In terms of an orthonormal coordinate system (24),

@

v (e
87E (15)7(1:8)7(23) e\/IG—K2 arcta 16— K2 <\/1(£¥)2+K yz + E(Slna 1 </B)2 ,
oy* 2 o

ok 2K__ arctan L 4K i K
- i i () (o mmR) e

oyt
By (16), (17) and (23),

9L et Viewt, (26)
Y (0,...,0,41)

4.2. The second y-derivatives of a Finsleroid—Finsler energy function.
To compute the second order partial derivatives, it is useful to introduce the
function

A= K arctan ! 15 +K|.
16 — K? V16 — K2 \ /a2 — 32
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It can be expressed as the function of the variable s = 8/«

arctan

K 1 4s
A= oo N <\/1 —= " K) '

Since formula (25) can be written as

it follows that

OPE 024 [ . K oy (., K,y — BT
— iy Den /o2 32 24(8) (5o L Bsn P T P% ) 97
oyidyt Oyl (y TR A ) e <5J K a?—p2 )’ 7

where

8624__ 2A g ! ﬁ aﬂ/a
B =P (7) 50

() bj = (B/a)y’
i@ (s )

as a straightforward calculation shows:

=K

> f0:=5->

> exp ((2*K/sqrt (16-K"2) ) *tan” (-1) ((1/sqrt (16-K~2))*
((4*s/sqrt(1-s"2))+K)));

f1:=s->diff(£0(s),s);

simplify(£1(s));

(K/2)*(1/ (sqrt (1-s72) * (1+K*s*sqrt (1-s72) /2) ) ) *
exp ((2%K/sqrt (16-K~2))*tan~(-1) ((1/sqrt (16-K~2))*
((4*s/sqrt(1-s72))+K)));

V V. V V VvV V

Therefore,

He2A ezA(g) n .
ra? = Byl), (28)

, 1)
0y’ 2/a” =7 (a2 + f;gm)(

and we have

B

O*E  (27),(28) e2A(%) a7 — Byl < K )
i K—2 L —on/a? - 32
Iy’ dy* a2+ §fy/a2 =52 2/a? - 2 YT Vai-g
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2A(2) (5 757} yi— 887 >< LK ﬂﬂ)

T e\ 2
where
25n ﬁyj K, Ry
K= ( 2" W)
. <5 0 ) (02 + K aver =)
Vo2 - p?
2 n n 2
(a o7 ﬁy])\y/iﬁ(:lj 07 )a 4 <a2+ I;BW)
2
+ KT((S;?QQ — By)on + Bé"( — Bo7)
a2<5;yi+5fyj)—ﬂ(yiywa%?é?) s <a2 LK Nm)
2/a? - B2 : 2
K? 2
+ =08 (@ = 57).
Finally,
PE 2A(2) a?(67y" +07y?) — By'y’ + 0707
WOy a2+ KpJa? - 2 Nm
e2A(%) ; nsn
s ( 5 (a ; 6\/042—62> B arsria —52>). (29)

4.3. The continuity of the second order partial derivatives.

4.3.1. Thecase ofi=1,...,n—1and j=1,...,n—1. By (29),

0’FE 24(3) —KByly? ; K

o+ 5B\/a? — 2¢/a? —
and
Yy = y : <1 (boundedness).
a2 =32 V)P )P ()2
Therefore,

= 0 as 3 =0
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and, consequently,

O’E  (30) +—2K_z

im =T Vie-kZ 2§ 31
v=(0,...,0,+1) Iy Jy? ¢ (81)
By definition,
) OE _ OE
0°E . 9Y'(0,..,0,5,0,....,0,£1)  9¥'(0,...,0,1)
_— = lim .
OYI0Y" (o, 0,41y 50 s

Using that the first order partial derivatives are continuous (Subsection 4.1), the
Lagrange mean value theorem shows that the second order partial derivatives at
(0,...,0,£1) are just given by the limit (31):

OF OF _ 9%E
Y (0,.,0,5,0,,041) O (0,.041)  OWOY (0,...0,4,0,....0,41)

where t is between 0 and s, i.e.

0’E . 0*FE (31) +—2K =z
OYI0Y" (o, 0,41y 100YIOY (o 040,..0,41)

and we have the continuity of the second order partial derivatives.

4.3.2. The case of i =1,...,n—1 and j = n. Using that y"” = 3, formula (29)
implies that

02FE e24(%) a2yt — B2y ( K
;= K + 07 (o + =By a2 — 2)
Oy oy’ o2 + %6 /a2 — 32 24/a? — 32 2 B B

e?4 K
5Y
062+§5 a2 — (2 2

i 042—52~

Therefore,
0°FE
li - =0
UH(O,%.I.I}O,:I:I) oynoyt,

The computation of the second order partial derivative at (0,...,0,+1) by def-
inition needs the same step based on the Lagrange mean value theorem as in
Subsection 4.3.1.
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4.3.3. The case of i = j = n. Since y" = j, it follows by (29) that

O’E 2A(5)
oyroy" o2+ Kp /a2 — g2
K2C¥25 — B(B* +a?) La?a 55 o? — B + K:(Oﬁ —- 5%

24/ a2 — [32 2

€2A
S ik (15

Therefore,

2 x
lim aiE — ei \/1§Ifk2 5.
v=(0,...,0,+£1) Y™ Y™,

The computation of the second order partial derivative at (0,...,0,£1) by def-

inition needs the same step based on the Lagrange mean value theorem as in
Subsection 4.3.1.
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