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Some special subclasses of
univalent starlike functions

By N. SAMARIS (Patras)

Abstract. Let 0 < A < 1, a > 1, M < 1 and T'(\, @) the class of homomor-
phic functions in the unit disc for which f(0) = f/(0) — 1 = 0 and Re[(l - Nz I'(2)

f(2)
+A (1 + zf{/(/z()z))] < «a. We find sharp inequalities for the quantities Re {z];/((zz)) ,
Re { Z]}E'Ei) , Z]]:(S) , |f(2)] for f € T(A, a). A special result is that if f € T'(A, ) then

f is a univalent starlike function.

Introduction

If H(U) is the class of holomorphic functions defined in the unit disc
U = {z:|z| < 1} then we denote by:
(i) A the class of functions f € H(U) for which f(0) = f'(0) — 1 = 0.
(ii) T(A, @) the class of functions f € A for which Refy < o where
f'(z) 2f"(2)
A =0-N 2 (1422 gca<t, a1
M= )

(iii) P the class of functions f € H(U) for which f(0) =1 and Re f > 0.
NUNOKAWA [1] has proved the following Theorem.

Theorem 1. If f € T (1, %), then
zf’(z)} 4
0 < Re < - in U.
{ f(z) 3

The inequalities in Nunokawa’s Theorem are best possible. In the
present paper we prove the following Theorem:
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Theorem 2. If f € T(\, ), @ <1 and

BT
P()‘aa7z) - _/ ( Z) t%_l dt,
AJo 142
then
(1) P(Aaia*”’) < Z]J:(,S) < P(A,la,r) in UT = {Z : |Z| < T}'

(i) 0< Re [Z}”éj)] < P(\a,1) in U.

(i) P(\a,r) < Re [;}52)] < P(\,a,—r) in U,.

(iv) |f(2)| < u(\ a,7r) in U,, where
uOvaur) = e [ [P, — ¢ e
0
All the above inequalities are best possible.

Remark. If a = % + 1 then

1 z A+1+7)2
P\ a,z) = ot (/\+1)(Z+1),U(A,a,r)=r'ﬁ
If A =1 then
P()\,a,z):;{(l-i-z)—;_ ,U()\,O!,’I“)
(2a— 1)z (14 z)2a—1

1

=501 [(1 —i—r)za_l - 1} .

In the special case A =1, a = % it is now obvious that (ii) coincides with
Nunokawa’s Theorem. In the same case we also have that

\f(z)|<r<1+g) in U,, and ]f(z)\<ginU,

We now prove the following Lemma.

Lemma. If f € A then f\ = q,q(0) =1 if and only if
-1

T g
1

F(z) = exp X

[q(w) — 1w dw.

S
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PROOF. We consider a real intervall (0,¢) such that Re f(z) > 0 in
(0,¢). We shall first prove the required relation in this interval. Then by
the uniqueness Theorem for holomorphic functions we get the result in the
general case.

From the relation

- {1 ! ZJ{<(§)] 1
we obtain 0o { “;/((j)) _ ﬂ + Aff/'/((j)) = q(Z)z_ :
T () ] - 2
(+) (fi«Z))l_A (f'(2))* = cexp /0 %Cm

Since f'(0) = 1 for z — 0 we get ¢ = 1. Therefore from the relation (x)
we have

() Mf3) = f371 f =23 F(z)
and
z 1
(% * %) fx = %/0 u%_lF(u)du = %zi/o AP (tz)dt.

Dividing (%)% by (% * %) we obtain the required result.
Conversely, if we set

Q(z) = /0 w1 (u)du

we have ) )
JE) Q)
f(z) Q(z)
Let fy = q1. From ¢; we define, the functions F; and @), in the same
manner as F and @) were defined from ¢. It is now obvious that:

Q6 _ @)
Q) ~ Qi)

VzeU.

Vz e U.
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From the above relation we obtain succesively:

(%) —0,Q'=cQ}, f=ch.

Since F'(0) = F1(0) =1 then ¢ =1 and

/oz(q(”) ~ Do dw = /Oz@l(w) 1w ldw  VzeU.

Differentiating both sides of the above relation we have: ¢ = ¢;

PRrOOF of Theorem 2. If

n 1 n
pn(Z):Z)‘k( +€kz>, |€k|:1, )\kZO and Z)\kzl

1—¢epz

then we will prove the Theorem in case fy = (1 — a)p, + «. In this case
by simple calculations we obtain

2(a—1) Ak

(1) Fz)= ] -2 3
k=1

1+tz
el <
1+2

coincides with the open disc S(Rg, R), where

R—l 1+tr+1—tr R—l 1—tr 1+1tr
T o\ 1+ "1 ) T2\ 141 )7

Since the set

from the relation (1) follows

2(a—1) 2(a—1)
14+tr\ 2 F(tz) 1—tr\
2
2 ) <Rl )
The conclusion (i) follows from Lemma and (2).
Since

s - 2(a—1)
A Z v, E =1 2
|Argw| < 5 w € S(Ro, R), . 1)\k and \ <

it follows

(3) ReLw@]>0inU.
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The conclusion (ii) follows from (2) and (3).
The convexity of the function 7(w) = (Rg + Rw)w in U implies
1 2(a—1) 1 2(a—1)
+tz A +tr A
4 R
4) e<1+z) >(1+r)
If 7 (w) = Logr(w) then

Re {1 +w:{{l((f:))} = Re L](%oi)} >0 inU.

The convexity of the function Logr (w) implies hat for every z € U,. there
exists w(z) € U, such that

2(a—1)
F(tz) 1+tw(z)) *

(5) =
F(z) 1+ w(2)

The conlusion (iii) follows from (4), (5) and Lemma.

If % = h(z) from the relation () of the Lemma for A = 1 then we

have :
z) = zex h(w) — DNw ™ tdw
F6) = zexp [ (h(w) =1
or

£(2)] = |2] exp / Re[h(tz) — 1]t~ dt

Since Reh(tz) < m the relation (6) implies the conclusion (iv).

If fa(z)=(1—a)(1+2)(1—-2)"!+a« then ZJ]:ES) =P\ a,z).

It is now obvious that the inequalities of the theorem are best possible.

If p € P then it is known that there exists a sequence of functions
pn € P having the form we used such that lim,, . p,(z) = p(2) in U.

In the general case where Refy > aor fa=(1—a)p+a, p € P we

consider the sequence

211 (2) PET
=N +A[1+Zfrﬁ(2)]_(1 Pn(2) +

If F(z) and F,(z) are the functions of Lemma corresponding to f and

fn, respectively, then from the relation (l_a)p"z(z)Jro‘_l < Q(GT_I) in U, it

follows that lim,, .~ F,(2) = F(z) in U,. Continuiting in this manner we
prove that

o md m £ = 1)

 [5]-5

n—oo
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