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A note on means of entire functions.

By S. M. SHAH in Cambridge (England). .

1. Let f(z) be an entire function of order ¢ and lower order 4 and let

PP Iog n(r)
ke ORT

2, —lim log n(r)
—~« logr

where n(r) denotes the number of zeros of f(z) in |z| = r. Let G(r) and g(r)
denote the geometric means of |f(z)| on the circumference |z|=r and the
circle |z| = r respectively. Then for r >0,

2n

G(r)= exp‘2 !log‘f(re‘*)ld-‘f:,

o(r) - cxp‘ =3 [ [log f(oe'®)| odgd‘}%

r

We have G(r) = exp(7(r)), g(r) = exp 2 % [T((}) odo E . If n(r)=0 then
G = If©)| — g . "

Suppose now that n(r) >0 for r > r, and write

la (')
Ko hm[ g(r)

r—=-m (J()
k*llm[ g(r) ]] gl
e\ Gir) i
It is known that') (I) if O < o, < oo, then
, A T
(1)_ kiexpl2+ ):K

1) See [1], IL p. 10, problems 64, 65, 66,
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and that (I) if n(r)~r"Il(r) or r [(r) where [(r) is a monotone increasing
function such that /(2r)~ [(r) then k— K. | prove here

Theorem 1. If lim n(r) >0, then

L i

Theorem 2. Let ®(x) be positive and continuous for x>1 and satisfy
the condition ®(ax)~ ®(x), as x-—»oo, for every fixed positive a. If
n(r)~r"@(r) then k— K.

2. Let M(r) and m(r) denote the arithmetic means of |f(2)!| on |z|—=r
and |z| = r respectively. Let

___ [ m(r)\'ioer
L= lim (..—()]

r-» @ M(r)

- [ ’n(r) y1/log v
[=lim |

r=+ 00 M(r)

It is known that') when o < o, [— ¢ °. | prove here

Theorem 3. For 0=/7=o, L—e¢* When o ~, [ —=0.

3. Proof of Theorem 1. Let (z,)7 denote the zeros of f(2), |z.|=r, and
suppose that O=r = ... =r, <rpi =rp2--- (@ =0).

() Let n>q+ 1,1 =r<run, f(2)=2"F(2). Then G(r,f)=1"G(r,F);
g(r,f) =r eﬂr‘-’g(r! .F),

® (65 =eol-ztzmm 25 )
Further

r r

;‘_(ru)” -fx”dr:(x) - r?n(r)—zl‘xn(x)dx_

r ¥
o 0

Hence

r

(4) (%({r))]w e exp (-— ?"l (F)}[xn (x) dx-]

and so k‘:'_‘_exp(—-%-),!(r-: &

(I) We now prove k = exp‘fl—;-]. We suppose 2, < oo, for if 4, ~
\ 1.

then this follows from the relation g(r) = G(r). We also suppose that n(r)—=,
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for if n(r)— O(1), it would follow from (3) that k — K — exp(—%). We have

log n
- im 28
— logr.’

H=»x

Hence if #>4,, limn ri—0. Hence we can find a sequence of integers

L o -]

n,(p=1,2,...) such that?)
}—Y—.{_%, u=q+1,9g+2,...,N—1; N=n,.
Iy nd "

Hence 7y > rx.;. Choose r such that ryv ;< r<ry and

N I
=g for u=g+1,4+2,...,N—1

e

Then
fo g r o \28
('rJ = [—;,— for ma=l, 2o N1,
S(ra) < (N=1Y
—1'(\}} 2-|-p' s
Hence for these values of r we have from (3)
B 1000 ka8 1 1 _((N—D)¢, ”
gl R tament as Y

and our statement follows.

(I11) We now prove that when o, o, K==1. Since o,=— o, we have
for any (arbitrary large) positive constant A, lim n(x) x" = ~. Hence we can

£-r T

choose a sequence of points R, (n-1,2,...) such that
A _ aRk,)

o for rgn =X=Rs.

Set R,— R. Then

x” + n(R) dx
R"n(R) fxn(x)dx ‘"(O(l)jL ] B ) Rﬂn(R) SRty H+2

o+l

Hence

v

e A ) .
T J xn(x)dx =0

and from (4) we get K— 1. This completes the proof of Theorem 1.

?) See [1], I, p. 18, problem 107.
D7
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4. We now show that (2) is “best possible”.
Example 1. Given p, 0 <o < o, let

a,~=2""(n=1), a,—0, p=—1+1o],
=[] —lat], f&) = I 1+ 2-{ .

Then f(2) is a canonical product of order o and /

function & exp(— IIZJ’K: |

Example 2. Given 7, and o,, 0< 4, <9, < o, let p—1--[o], x,— 3,
Xt =0l (1), o, =a—=1,

am — ml':\?l

0 2. For this

for x, =m = x,!
= mit for x,!<m < x,!!=2z, (say)
=Am+B for z,=m= x.n,

where A and B are chosen such that

Qo1 = (Xus1)'®, a5, —(2)''™; (n=123,...)
Let

&5 A
WS
so=H1+(Z) )
Then f(2) is a canonical product of order o, for which
. logn(r) . —1 —1
tin ek e( 25 ) K= em( 25 )
5. Proof of Theorem 2. We have?)

r

~ . r-_:,.o
]xn(x)dxw‘ " D(x) dx ~ A
N

1
Hence from (4), the theorem follows.

6. Proof of Theorem 3. If f(2)—

a Z' and M(:)—Max f(2)| then
we have | '

YT, < Py Ia, | !

M(r) P4 la,|’r",m(r) = ) .'. Frm
Let

- 42
H(z) - |a;! oy (r) — maximum term of £(2).
Then
riue(ny

Y+ 1 <H@)<r{M()}.
3) See [2], p. 54, Lemma 5.
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Hence ¢==o(f) — ¢(H) and 2=4(f) = Z(H), (0 = ¢ = o). Further
M(r) _ _TH'()
m(ry  2H(®)
and 4) '
-
,I',, T g - log — HG) 0,

rH’(r)

hm logr —— log —- Hn — A,

Hence Theorem 3 follows.

References.

il. Berlin, 1925,

[1] G. Porya und G. Szea6, Aufgaben und Lehrsatze aus der. Analysis I,

[2] G. H. Haropy and W. W. Rocosinki, Notes on Fourier series. lIL
(Oxford series) 16 (1945), 49—58.

Quarterly J. Math.

i3] S. M. Suan, A note on the derivatives of integral functions. Bull. Amer. Math. Soc.,

53 (1947), 1156—1163.

(Received April 6, 1951.)

%) See [3], pp. 1156—59.



