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Common fixed points of compatible set-valued
mappings

By B. E. RHOADES (Bloomington, Indiana)

Abstract. In a recent paper IMDAD and AHMAD [1] proved several fixed point
theorems for set-valued mappings satisfying conditions weaker than commuting, such as
weakly commuting, quasi-commuting, and slightly commuting. In this paper we show
that two of these definitions are special cases of J-compatibility, and prove a fixed point
theorem for four maps satisfying the d-compatibility condition.

Let (X, d) be a complete metric space, B(X) the collection of all
nonempty bounded subsets of X. For A, B,€ B(X), define §(4, B) =
sup {d(a,b) : a € A, b € B}. Let F' be a multivalued map from X into
B(X), I a single-valued selfmap of X. From [4] and [2], the pair (F, ) is
weakly commuting on X if for any z in X,

§(FIx, IFz) < max {§(Ix, Fzr), diam IFx}

quasi-commuting on X if, for any x in X IFz C Flx,

slightly commuting on X if for any = in X,
§(FIz, IFz) < max {§(Ix, Fzx), diam Fx}.

From [3] the pair (F,I) is d-compatible if 6({Fx,, FIx,) — 0 whenever
{z,} is a sequence in z such that Iz, — t and Fxz,, — {t} for some
t € X. As noted in [3], weakly commuting and slightly commuting imply
d-compatibility.

Let ® be the set of all real-valued functions ¢ : (RT)% — R which are
semi-continuous from the right and nondecreasing in each of the coordinate
variables such that ¢(t,t,t,at,bt) < t for each t > 0, a,b >0, a+b < 4.

Key words and phrases: Common fixed point, set-valued mapping, §-compatible (1980)
AMS Subject Classification: Primary 54H25, Secondary 47H10.



238 B. E. Rhoades

Let ¥ denote the set of real-valued functions ¢ : Rt — R* which are
upper semi-continuous from the right and nondecreasing with 1 (t) < ¢ for
t> 0.

Theorem. Let F,G : X — B(X), I,J two selfmaps of X. Suppose
that (F,I) and (G, J) are j-compatible, one of the four maps is continuous,
F(X)CJX), G(X)CI(X), and ¢ € ®. Suppose that

(1) (Fz,Gy)
< ¢(6({z, Fx), 0(Jy,Gy), 6(Iz,Gy), d(Jy, Fz), d(Ix,Jy))
Y € U, satisfies, fort > 0, a,b >0, a+b <4,
(#) = max { QZEE?O?Z’ZZ,%))? #(t,0,0,t,0), &(0,0,t,t,t), } P
Then F,G,I and J have a unique common fixed point z such that 1z =

Jz =z and Fz = Gz = {z}. Also, z is the unique common fixed point of
F and I, and of G and J;ie.,z=1z2=Jz=Fz=Gz.

Proor. Let z¢g € X, y; an arbitrarily chosen point in X; := Fzg.
Since F(X) C J(X), there exists a point z; € X such that Jx; = y;.
Choose an arbitrary point y, in X5 := Gzy. Since G(X) C I(X), there
exists a point xo € X with Izy = yo. In general, for any x5, € X with
Yont+1 € Xont+1 := Fxo,, there exists an z9, 11 € X satisfying Jxo,11 =
Yont1- FOT Yoo € Xopyo := Grgy_1, there exists an xg,10 € X such
that I.ZL’Q»,H_Q = Yan+2- Set Vn = 5(Xn, Xn+1).

Case 1. Suppose there exists an n for which V,, = 0. Then, if n is
even we have 6(Gxa,_1, Fxo,) = 0. This implies that Fxo, = yopt1 =
Jropy1 = Graopy1 = Yonto = ITo,42. Since G and J are d-compatible,
from Proposition 3.1 of [3],

(2) GJ:L‘Qn_H = JGl‘Qn_H = CG$2n+1.
From (1),
d(Fxonto, Gront1) < ¢(0(Front2, GTant1),0,0,6(Fronta, GTanii),0)

< Y(6(Fzan+t2, GTan+1),0,0,0(Frant2, Grang1),0)
< 6(Frany2, GTony1)

which implies that Fxs,10 = Gro,y1. From the d-compatibility of F
and I,

(3) IFZL‘Qn_|_2 == FI:L‘27H_2 = FF$2H+2.
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Again from (1),

d(FFxonto, Fronys) = 0(FFxony2, Gronyq)
< ¢(0,0, 0(FFxonto, Fronia), 0(FFronto, Fro,io),
0(FFxoni0, Fronis))
< (0,0, 6(FFxopy2, Fropya), 6(FFronia, Fro,is),
d(FFxont2, Fronio))
< §(FFxopy2, Fronya),

and FFzo,yo = Fxonto. Therefore Frg, o is a fixed point of F. Using
(3), Fxonio is a fixed point of I. Since Faa, o = Grapny1, using (1),

§(Gront1, GGrony1) = 0(Grapye, GGropy1)
< ¢(0,0, 6(Grapy1, GGrani), §(Gront1, GGranyi1),
0(Grant1, GGTan11))
< (0,0, 6(Grapt1, GGrani1), 0(Grant1, GGrant1),
d(Gront1, GGxapy1))

which yields that Gxo,+1 = GGx2,41, and hence Gxa, 41 is a fixed point
of G and, from (2), a fixed point of J. Thus Fxg,42 is a common fixed
point of F, G, I, and J.

Case 2. Suppose that V,, > 0 for all n. Then, using the same ar-
gument as in [2], it follows that {y,} is a Cauchy sequence and hence
converges to a point z in X. Thus limys, = lim/Ixy, = limys,4+1 =
lim Jzg,41 = z and lim Fzy, = lim Gza,4+1 = {z}. From Proposition 3.1
of [3], im0(FIzyy,, IFxs,) =0.

Suppose that I is continuous. Then lim Iy,, = Iz, and, from the
argument in [2], Iz = z, Fz = {z}, and Gz’ = {z}, J2z' = 2. Since G and
J are d-compatible, it follows that GJz' = JGZ’, and hence that Gz = Jz,
which leads to z being a common fixed point of the four maps.

Suppose now that F' is continuous. Then, as in [2], lim Fys, = Fz,
and Fz = {z}. Since F(X) C J(X), there exists a point 2z’ in X such
that Jz' = z. Applying (1) to 6(Gz', Fzs,) and then taking the limit
as n — oo it follows that Gz’ = {z}. Since J and G are J-compatible,
GJZ = JGZ', which leads to Gz = Jz. Applying (1) to 6(F'za,, Gz) and
letting n — oo, we obtain that Gz = {z}. Thus Jz = Gz = {z}.
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Since G(X) C I(X), there exists a point z” in X such that 12" = z.
Thus

§(F2",z) = §(F2", Gz) < ¢(6(Fz2",2), 0,0, 6(Fz",z2), 0)
< Y(6(Fz2", 2), 0,0, 6(Fz2",2), 0) <4(F2",z2),

which implies that Fz” = {z}. Using the fact that F and I are J-
compatible it follows that F'z = Iz. Therefore z is a common fixed point
of the four maps.

The proofs for J or G continuous are similar and will be omitted.

The uniqueness of z follows from (1). O

Theorems 3.1-3.3 of [2] are special cases of the theorem of this paper.

We remark that Theorem 1 of [1] can also be extended to compatible
maps.
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