On the behaviour of Laplace-integrals
under conformal mappings of the region of convergence

By RALF SCHAPER (Marburg)

Let { be a complex number with 0<[{|<1 and by

Vo) =

denote a conformal mapping of the unit circle onto itself. TURAN [9] proved

Theorem A: Given any { with 0<|{|<1 there is a function
fi(Z) = Zﬂavzv

regular for |z|<1 with convergent > a, and such that the series

v=0

£6) = A@) = .ff by(0)2"

diverges for the corresponding

2=y = 1

E

L |

If fi(z) = 3 a,z" is convergent at z=1 then f,(z) is Abel-summable at z=y~'(1).

v=0
Several authors investigated similar problems (see e.g. the references in [5]).
Especially ALPAR [1] proved

Theorem B: Given any [ with 0=\(|<1 there is a function

fl(z) = g' avzy

vs=0
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regular for |z|<1 with 3 |a,| << and such that
y=0

£, =A@) = S b(O)z"
with

2 5,0 = <.

v=0

In this note we shall prove some similar results for Laplace-integrals.
Let o, B, v, 6 be real numbers with

(1) ad—py = 1.
Then the right halfplane Re s=0 is mapped conformally onto itself by

as+if
d—iys

?@) =

In the following we consider nontrivial conformal mappings, i.e. we assume

(2) ay # 0.
Consider s with Re s=0 and set

fis) = [ e F(ndt+K,.
0
Then in general neither of the following relations hold for Re s=0:

£2(8) = file(®) = [ e *Fy(t)dt+K,

f:(s) = fi(e(®) = [ e~ dF, (1)

As an example take (Re s=0)

X gy B = ‘“em_eir _il
f"(s)_log_i(s—Zi) _Gf e - dt 3
and
25 +1i
12(s) _fl[l-is] = logs.

(See [4; vol. 1, p. 251, ex. 12].) But as a positive result we have

Theorem 1. Given a function f,(s) for Re s=0 with the representation

fi(s) = [ e F(ar
U]
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such that the folloving integrals exist:

oo lar tgn
@) o= [ e_TF(t)VTJl[% VE]dr for t=0
0
(ii) f ‘v F(t)dt
0

where J,(z) denotes the Besselfunction

2v+1
o 1" [%]
@) = 2 —TaTD1

v=0

Then

idt _iar

£2) = fil0(®) = f e~ T 13d(dt+ f e 7 F(1)dr.

The analogue to Theorem B is

Theorem 2. Let o, B, v, 0 satisfy (1) and (2). Then there exists a function f,(s)
having for Re s=0 the form

fo=f e-”a(r)dwxa
0

with

[ 1R@)|dt < =,
but such that
£2(5) = file®) = [ e Fu()di+K,

with

[ |Fe(t)| dt = <.

Finally we obtain an analogue of the second part of theorem A.

Theorem 3. Suppose k=0 and let o, 5, v, é satisfy (1) and (2). Assume for Re s=0
the existence of

fix(s) = lim =, f (x—t)ke = dF,(t) = L*(F)*)

f2,k(8) = fr,u(0(s) = LH*(F).

*) For this notation see [3, p. 314], [6, p. 4].
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a) Then the existence of f,(s) at s=0 implies

lim f; , [—~£+r] = llm fi k(r),

r+0+
i.e. if f1,(0) exists then f,,(s) is Abel-summable at s = @~1(0) = ——%.
b) If f1.1(s) is bounded in a Stolz-region, i.e. for s with
args| <¥ <=, |s| <1,

then the existence of lim f, \(r) implies

r=0+
lim f“[--ﬂ+ = lim f; (),
r=~0+ r=0+

i.e. if f1,(s) is Abel-summable at s=0 then the same is true for f;;(s) at s=¢~1(0)=
ip

o
PrROOF OF THEOREM 1: It is known [4; vol. 1, p. 245, ex. 36] that for a=0 and
Re s=0
1 f -t |f = J,(2Vat)dt
hence

< 1 = o ml/— [ ]
l—exp[ o ys-{-:&] ?Bf Ji =Vt |

Theorem 1 is proved if in the following repeated integrals the change in the order
of integration may be justified. Since (i) and (ii) we have

oo iat oo lat
afe 7 F(‘r)dr—f e“?Cx F(t)dt = f e ? F(r){l—exp[ iy ys-i—:é]}dt:

1 5 = s ——]/r 2
— | e ?"F(r) | e e 7| —J [—Prr]dta't=
7! ;f e B

idt o iar

% af e~%e 7t~} af e 7 F(7) ]/?Jl[%]/;]dtdr.

]

The proof of the change in the order of integration is similar to the proof of

t

f i £ f L2VE)G@) dedt = - f e *VtG(r)dr
0 0 0

5

For this see [3, p. 133] or [8].
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ProOOF OF THEOREM 2: Theorem B was proved by connecting the coefficients
a, and b,({) by a non-absolute-regular matrix method. We cannot generalize this
proof since in general f;(¢(s)) is no Laplace-integral.

We prove theorem 2 by giving an example of functions satisfying the conditions
of theorem 1.

Let «, B, v, o satisfy (1) and (2) and define F,(7) by
=

BT it

Fi(t) = tye-1

0 t=1
It is known that [4; vol. 2, p. 18, ex. 3]

=1

far

[ 7 R@VTL [% Vr‘f] de=yer7tsin 27
0

and [4; vol. 1, p. 136, ex. 26] for Re s=0

ia
fi(s) = rrErfc[V s—%l = fe-“ﬁ(z)d: =n-2Vrn f : e~ dt.
0 0

From Theorem 1 and [4; vol. 1, p. 154, ex. 34] we deduce

S =
Fo(t) =—e 7 -'p-r“sin?l/t

and for Re s=0, s= —id/y

_1_' 1
g . 1§ = Ty
x—fo(s) = n Eef I—— = [ e*Fy(dt=2Vn IR Ly ]
}' l'.(s 0 0
l/ S4+—
b
Hence we have
~ ~ W
F,(2)|dt = ——dt <
5[l 10] .fm—l
and
- o sin—z-ff
[IR@d=[1—Tla=-c
0 0 4
PROOF OF THEOREM 3: Let r=0. We have f, [r—-ﬁ] =5 [ 2ls ]and for
oo x LA —doryr

Re i:—O the functions f] ,(s), £ «(s) are holomorphic (see [3, p. 330], [7, p. 284]).
l—f l'f:}”' apprc aches 0 inside an angle <m with vertex at 0 so that the generalized
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Abel-limitation theorem can be applied [3, p. 331], [7, p. 284] in case a). By proving
case b in a similar way we use theorem I of [2, p. 457].

I am grateful to Prof. DR. W. MIesNeR for drawing my attention to this
problem.
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