On the mean convergence of interpolatory processes

By P. VERTESI (Budapest)

1. Introduction and preliminary results.

1.1. Let us denote by
2k—1
2n

the roots of the Chebysheff polynomials 7,(x)=cosnd (x=cos9), L,(f; x)=
= > f(Xiw) ia(x) the Lagrange interpolatory polynomials of degree =n-—1,
k=1

(1.1) Xgn = COS 3y, = COS s =1L . nhel &)

n
H,(f:x)=J f(x,)h,(x) the Hermite— Fejér interpolatory polynomials of
k=1
degree =2n—1. Here

2 jm T,(x) de (= 1% 2T, (xX) V1 — Xk -
(12) () = To () (X —Xp,) n(X—Xi) =l i
(1.3)
o 2
a9 = 1= )iy = [0 L) =120
As it is well known
(1.4) Lifixg) =fxg) =12 =12 )

(IS) Hn(f; xku) =f{.xlm)1 Hi:(j; xkn) =0 (k = l: 2) ;N = 19 2! '")'

1.2. According with a classical result of L. Feir [1] if f(x)€C[—1, 1] S;'.e.
f(x) is a continuous function on [—1,1]) we have with the notation |g(x)|=

=_max |g(x)|
(L.6) lim |[H,(f; x)=f(x)]| = 0.
So
: : dx
1. ] ; X)— , =0 i - o
(L.7) lim [0S0l =5=0 if feCI-1,1]
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For the L, process as a special case of the paper P. Erdés and P. Turan shows
(121, 13))
dx

(1.8) i [0 ~f@P =0 if feCl-1,1]

1.3. In his paper [3] P. Turin investigated the quasi Hermite—Fejér process
from the point of view of uniform convergence. More exactly he considered the
polynomial H,(f; x) of degree =2n—2 whose first derivative vanishes at all nodes
except at the exceptional 7y (;)=X,(s).n> 1.€.

(1.9 Hy(f;xw) =f(xw) (k=1,2,..,n); HY(fiXm) =0 (X # Nym)-
Later in [4] we considered the polynomial H,*(f; x) of degree =2n—3 such that
(110) H:*(f; xlul) =f(xkn) (k e 19 21 sery ?l); H:w(fa xl:n) =0 (xkn = nl(n)s n!(n))’

In both papers phenomena were found which were unexpected after (1.6). (In
the papers [5] and [6] were considered the processes whose first derivative vanishes
at all nodes except k or m,(m,~<=) exceptional roots.)

1.4. In connection with the good mean convergence behaviour of the L, and
H, processes (see. (1.7) and (1.8)) P. TURAN asked whether the “middle” processes
(Hy, HY*, a.s.0.) preserve or not the mentioned good convergence property. The
aim of this paper to give some theorems in this direction.

2. New results.

The following two theorems show that the H, and the H,* sometimes are not
good processes.

Theorem 2.1. If p is a fix positive even integer then for any fcC[—1, 1]

o —

2.1) {f[H:(f;x)—Hn(f; X)) dx ]l o ?) if [ =1—2 (e >0),

P ol
i O ?) if M = X

or for the convergence of H, process we have
(2.2)

1
{f [H:(f;x)—f(x)]"L}F= o)+0@ *) if Imml =1-¢ (=>0),

-1 Yi—x* 0% I My = Xpne

Further for a suitable fi(x)€C[—1, 1] we get')

1
dx }-} n?if |l =1-¢ (¢=0),
—x? 5

2.3) { i L2 (s D= Hy (s 9P =g '
= 7 = X,

1) a,~b, means that a,=0(b,) and b,=0(a,).
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Theorem 2.2. If p is a fix positive even integer then we can choose the sequences
{11} and {ng(m} such that for any feC[—1,1]

2.4)
: |
O(n ?) for certain {Nym}s N2}
: - d L _.l
{-_[ [H*(f; x)—H,(f; -\‘)]"‘Iljxa}" = O(n1 ?) for certain {Nym}s (M2}

1

3-— :
O(m *?) forcertain {Nyum)s (M2im}s

or
(2.5)

1
" I0(1)-4-0(1'1 P) for certain  {Nym}s Mo}
x = e 4 -
V1 —.\fs}p a 0(}1 . fOf’ certain {qlin)}s {'32 (n)}a

e,
O(n *?) for certain {’h(n)}; {nem}-

1
{ [ H* (s %)=
-1

Further for a suitable f,C[—1, 1]
(2.6)

1

!ﬂ p fOl’ certain {']1(,')}; [?h{u)}.
1

i i S

{ [ U )= Byl 91 =2 }%
K n 2» n\J2s " Vl—-x’

’ fOI' certain {"l(u}}! {’?3(“)}-‘
1
— '
L » for certain {Mm}s (N2}
Finally we mention the following interesting result.
Theorem 2.3. For any f€C[—1, 1]
L AR
V-

QN [ S0~ H(f )] ==
il l l—x
or

(2.8) f LHY (f; X)—f(x)]

1
= f[H:*(f; x)—H,(f; x)]
-1

l—t’

: * % g dx
= JEESD~-S D=

= [ ) ~f0) Vl‘*_"—x, = o(1)

Sfurther

29 f (LS ) Sl == [ [f ]]
or

(2.10) f (L,(f: x)—H,(f; %)] = o(1).

}/_

Here w,(f; t) is the m-th modulus of smoothness of f(x).
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Remark. Some theorems at p=-o were proved for the H," and the H;* in [3]
and [4].

3. PROOFs.
3.1. ProoF of theorem 2.1, As Turén proved in [3], (5.1)

T(r)l

Zn' Nkn f(xkn),

soby H,(f:x)= j’ f(xp,) I, (x) for any positive even integer p
k=1

(3.2)
.13 <
] {f[ - n? j"'j(J‘-k")] Vl—. }n:

1
[ TP (x) _ dx ]?= o
—m)P y1—x2

(3.1) Hy (f;x) = Z'f(xn.)hu( g g

1
{ [ H (f; x)—H,(f; X)) _.1
- X

f( im

Here J' x,f(xy,)=0 (n) further using for the polynomial Q,,,-,= T ?(x)(x—1n,)"?
k=1

of degree 2np —p the Gauss—Jacobi quadrature formula we have

2k—1]l
2p P
!an;r,.[coszpn‘ﬁy

nijn, =
D 1[(:0

s Zn; rr«-rh
2% —1 2% —1 |-s—11 wor o (k1
Now T,,[cos 3 rr] =¢ >0, cos == n—Co - |1r—-—25m e +
psll i P Sl e s S If |n,]=1—¢ then s~n on
4n 4np 4n = et
the other hand for n,=x,,, s=1. So

Al "7 for |ny| =1-e,
i - k+s)?
nln ;.:1 s ( T s s,

according with (2.1).
To prove (2.2) let us consider that

(3.3) H (f: x)=f(x) = Hy (f; x)— H,(f; )H,(f; x)=f(x).
Using (1.7) and (2.1) we obtain (2.2).
Finally, if we take the function fj(x)=x into account we get that J x, f(xi,)=
k=1

n
= > xi,~n. The remaining parts are the same as above.
k=1
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3.2. Proor of theorem 2.2. As we proved in [4], (3.10)
H*(fix) =

72(x)
(x—n)(na—

= j J(Xin) i (X) + 5 [’?2 ZH' S ) X0+ j S (x;n)(l—zx?n)]+
k=1 mn i=1 j=1

X T3 (x) [
(x—na2)(ny —no)n*

n 3t 3 0-260)]-
J=- -
To prove the relations (2.4) and (2.5) let e.g. n, (,,)=x[i] qz=x[,,] (S0 my—n=
ry i £y b

=c=0); m=x % m’?az—" l:. N $O ’h_’h"’E s M= Xqns N2=Xa, [50 ’11_'12"‘;],
respectively. Using that [...]=0(n) and the above mentioned quadrature formula,
we obtain the relations.

For (2.6) we can use the same s and the function f;(x)=1—2x* because > x;-
k=1

«(1-28)=0 and 3 (1 —2x%)*~n.
k=1

The remaining part is the same as above.

T,(x)
—m)n s

3.3. ProoF of rtheorem 2.3. By Q,,_.l(x)-— Zu' Xpn f(Xx,) We ob-

tain from (3.1)

1 1
JUHE(f: )= H,(f: ) ,,ldx == [T,(0)Q-1(x)
-1 i -]

I
J1—x2
We can use similar argument for H,*. We get (2.8) by (3.3) and (2.7). To prove
(2.9) let P,(f; x) be a polynomial such that _max | f(x)—P,(f; x)|=cwy, [f; %] ?
Then

—

f (L, (2 0)~fN

D [

-f; Z o)~ 3 P 2

= C0, [f; %]

Using that L,(f; x)—H,(f:x)=L,(f:x)—f(x)+f(x)—H,(f:x) and (1.6) we
get (2.10).

i f[P.,(f x)—f(x)] +clmm[f,-'1;-]-.s

l—-\.2
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