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1. Introduction

In [4] the concept of complement was generalized in the following manner:

Definition 1. Let a, u, v be arbitrary elements of a lattice L. An element x of
L is called a (u, v)-complement of a (or: a generalized complement of a with respect
to v and v) if ax=u and alUx=v.

Definition 2. A lattice L is called complemented in generalized sense (or: gen-
eralized complemented) if, given arbitrary elements a, u, v of L, there exists at least
one (u, v)-complement of @ in L.

These generalized concepts were discussed also in the papers [2], [3], [6], [7]
and a few of the results obtained were natural extensions of theorems concerning
the complements and the lattices complemented in the classical sense. In the pre-
sent paper we are going to continue the investigation of this sort.

For the concepts not defined here we refer to [1] or [3].

2. Projectivity of principal ideals

We recall the following definitions:

Definition 3. Two intervals [a, b], [c, d] of a lattice are said to be transposed
if either the equations ad=c¢ and aUd=b or the equations b(c=a and
bUc=d hold. In this case we write [a, b]~[c, d].

Definition 4. Two intervals [a, b], [c, d] of a lattice L are said to be projective
if there exists a finite sequence [x;, »;] (i=0, 1, 2, ..., n) of intervals in L such that
[a, B]=[x,, yol. [c, d]=[x,, y,] and [x;_,, y;_\]~[x;, ] for i=1,2, ..., n.

By a well-known theorem ([1], Theorem III. 19, p. 77), the principal ideals
[0, a] and [o, b] of a complemented modular lattice L are projective if and only if
there exists a finite sequence ¢,, ¢,, ..., ¢, of elements in L such that a=c¢,, b=c,
and any pair ¢;_;,¢; (j=1,2,...,r) has a common complement. We are going
to generalize this theorem for section complemented lattices.

First we prove the following lemma (conf. [7], Lemma):

Lemma 1. Let L be a modular lattice with least element o and let p, q, v be ele-
ments of L such that p and q have a common (o, v)-complement ¢ belonging to [o, v].
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Then ¢ is a common relative complement in [o, v] of the elements p,=p(v and
go=¢gMNv.

Proor. Since c=v=cUp by our assumptions, we get
cUpy=cU(Nv)=(Up)Nv=v
and, similarly, c¢Ug,=v. Moreover, cp,=cNpNv=0 and cMg,=o.
Now we formulate the main theorem of this paper:

Theorem 1. Let L be a generalized complemented modular lattice with least
element o. The principal ideals (o, a] and [o, b] of L are projective if and only if there
exists an element v=a, b and a finite sequence ¢y, ¢, ..., c, of elements in L such
that a=cy,b=c, and any pair c¢;_y,¢c; (j=1,2,...,r) has a common (o, v)-
complement belonging to the interval [o, v].

We recall that a modular lattice is generalized complemented if and only if
it is relatively complemented ([4], Theorems 2 and 3).

Proof. First we show that the condition given in the theorem is sufficient for
the principal ideals [o, a] and [o, b] to be projective. In fact, this condition and
Lemma 1 imply that the elements d;=c;Nv (j=0,1,2,...,r) form a sequence
such that dy=a,d,=b and any pair d;_,,d; (j=1,2,...,r) have a common
relative complement r; in [o, v]. Consequently,

[o,d;_4] ~ [rj»v] ~ [o, dj] (U=12,..,7)

which verifies the projectivity of the principal ideals [o, @] and [o, b].

Next we show that the condition is necessary, too. Suppose that [o, a] and
[0, b] are projective, i.e. that there exists a sequence [x;, y;] (i=0, 1,2, ..., n) with
the properties described in Definition 4. Consider an element v such that v=y;
for all indices i. Then each interval [x;, ;] is included by the sublattice [o, v] which
is complemented and modular. Thus the existence of a sequence ¢, ¢,, ..., ¢, with
properties given in the theorem follows at once from Theorem I1I. 19, cited above,
of [1].

3. Congruence kernels

Let L be a complemented lattice and © a congruence relation on L. Let, further,
K denote the kernel of @. Then, as well-known, K is an ideal of L and it has the
following property:

(P,) If the element a, b of L have a common complement, then a€ K implies b€ K.

Under the additional condition of modularity, also the converse statement
is true: If K is an ideal of a complemented modular lattice and K satisfies the con-
dition (P,), then there exists a congruence relation of L which has K as its kernel
([1], Theorem III. 20, p. 78). We generalize these results.

Theorem 2. Let L be a lattice with least element o and © a congruence relation
of L. Let, further, K denote the kernel of @. Then K has the following property:
(Py) If the elements a,b of L have a common (o, allb)-complement, then a€K
implies be K.
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PROOF. Let a, b be any elements of L that have a common (o, alJb)-comple-
ment ¢. Then aUc=alUb=b. Thus acK implies

b=>bN@Uc) =bN(eUc) = bNc =0(O),
i.e. bEK, indeed.

Theorem 3. Let L be a generalized complemented modular lattice with least
element o and let K be an ideal, satisfying (Py), of L. Then K is the kernel of some
congruence relation of L.

Corollary. In a generalized complemented modular lattice the congruence rela-
tions correspond one-to-one with the ideals satisfyving (P,).

PrOOF. Let @ be defined by a@,=a,(@) to mean that there exists an element
tin K such that a,Ut=a,Ut. Then, obviously, @ is a join-congruence (even without
any assumption for the lattice). Thus we have only to show that a,=a,(@) implies
a,Nu=a,Nu(@) for any elements a,,a,,u of L.

Suppose a,=a,(@). Then, by the definition of O,

(1) a,Ut = a,Ut for some €K
and

(2) xUt=x(@) for each x€L, (€L,
because (xUr)Ur=xUzr It is sufficient to show that

(3) (@Nu)Ut=@UnNuUt) (a = a,,a,),

because (1)—(3) imply
a,Nu = (@ NuUt =@ UnNwuUr) =
= (a,Un)NuUt) = (a,Nu)Ut = a,Nu(O).
In order to verify (3) consider the elements
p=(@Nuw)UNnuUNa),
,=@Uw)NUnnUa),
e=mN)U(@NmU),
f= (tﬂa)U(uﬂ(tUa)),
g = (aNu)U(tN(aUu)) = ((aNu)Ut)N(aUu),
s=(aUu)Nt,
v=(@NnU@nNi)
and introduce the brief notations
r=(aNu)Ut,
w=(@Un)NuUr)
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for the elements in (3). Then

(4) [r, wl ~ [g, q] ~ [P, f] ~ [e, q] ~ [P, &] ~ [v, s],
because

rNg=rN((@Uu)Nw)=rN@Uu) =g
rUg=rU((@Uu)Nw) =(rUaUu)Nw = w
by r=w and by the modularity,
gNf=fNe=eNg=p
gUf=fUe=eUg=gq
by [1], Lemma II.3 (p. 38), finally
sUp=g and sNp=wv

and

and

by the dual of the computation made for r and q. Since the lattice L is (generalized
complemented and therefore, by Theorem 3 of [4], also) relatively complemented,
there exists a relative complement r” of r in [0, w] and a relative complement v’
of v in [o, s]. With these relative complements we have

(5) [o, wNr'] ~ [r,w] and [v,s] ~ [0, sNv’].
Relations (4) and (5) show that the principal ideals [0, s(Mv’] and [o, wr’] are
projective.

It follows, by Theorem 1 and by the first part of its proof that there can be
given an element m and a finite sequence d,, d,, ..., d, in [o, m] such that d,=sNv’,
d,=w(r’ and any pair d;_,,d; (j=1, 2, ..., n) has a common (o, m)-complement
d;. Since d;_,Ud;=m, the element d; is, a fortiori, a common (o, d;_,Ud))-
complement of d;_; and d;. Moreover, by s(v’=s=t and €K, the element
dy=sMNv" belongs to the ideal K. It follows, by (P,), that d,€ K whence d,€K and
so on; finally wr'=d,€K. Hence, by the definition of @ and by r=w we get

r=rU@nNw) =0rUr)Nwv = w(O),

verifying (3). Thus the theorem is proved. The corollary is obvious.
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