On n-distributive system of elements of a modular lattice

By A. P. HUHN (Szeged)

1. Introduction

A modular lattice is called n-distributive [2] if it satisfies the identity

D,: xAV y;=YV [x/\ V }’i]-
i=0 j=0 ::2

In [2] we proved the following

Theorem A. Let M be a modular lattice. Then the following conditions are
equivalent to each other and to their duals:
(i) M satisfies D,.
(ii) M satisfies the identity

n+1l n+1 n+1l n+1 n+41
M: A Vy=V A V »
i=]j J#k i#j.k

(For the *n-tributive” identity M, see also BERGMAN [1].)
It is well-known that in the classical case n=1 there is a stronger, local ver-
sion of the theorem:

Theorem B. For any modular lattice M and any elements x, y, z€ M, the follow-
ing conditions are equivalent to each other and to their duals:

(i) xA(yVz) = (xAy)V(xAz).

(i1) xaA(ynV zr) = (xnA yr)V (xnA zn)

for any permutation © of the set {x,y,z}.

(iii) xAYIV(xAZ)V(PAz) = (xVY)AXV2IAQV 2).

The purpose of this paper is to generalize Theorem B to a local version of
Theorem A.

Definition 1. An ordered system (g, Vi, ...y Vus1) Of elements of a modular
lattice is called to be an n-distributive system if the following relation holds:

y"+1f\ V = V [yn+'lA V yl']’
i=0 j=0 i=0

i=j
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This situation will be denoted by D,(yq, V1s -« s Vas1)- The system (yo, Yy, «ovs ¥

is called n-tributive if the relation

n+1 n+l n+ln+l n+l

Mn(.Vlns yly . syll-l-l) A V y == V A V Vi
J=0 i=0 k=0 j-ﬂ i=0
i#) J#k i#jk

holds. The relations dual to D, (resp. M,) will be denoted by D} (resp. M,).
Now we can formulate the two main results of this paper.

Theorem 1. For any modular lattice M and for arbitrary elements

Yos V1s ooy Yas1€EM

the following conditions are equivalent:

(A) -Dn(yth Y1s "'syn+1)'
(B) D, (Yom, Y17y s Yn41 )
for any permutation m of the set {yy, V1, ... Vus1}-
(C) Mu(J’o,J’n---,)’nu)-

Theorem 2. Let M be a modular lattice and let y,, ¥y, ..., Vas1€ M. Set
n+1
zj= V Vi (J'=0! I; "'$"+l)'
i#j—l.!—‘:?modn+!)

Then the following conditions are equivalent:
(A) D,(Yos Y15 s Yns1)-
(D) Pl i iik

nt1)

Remark. The geometrical background of this theorem is the following ob-
vious statement: If the four vertices of a square in a projective plane constitute
a system of general position then the four sides of the square are also of general
position and conversely (see Figure). Indeed, if the lattice M of Theorem 2 is
the subspace lattice of a projective plane, then the above statement and Theorem

2 coincide.

%
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To prove this theorems we need to generalize the technique used in [2]. First
of all we generalize the notion of n-diamond (cf. [3]).

Definition 2. An ordered system (b, by, ..., b,,,) of elements of a modular
lattice is called a A-n-diamond if for any choice of the (n+ 1)-clement subsets
Uos Jus -os Ju} and {ko, Ky, ..., k,} of the index set {0, 1,...,n+1} the relation

B AV By, =BV B,
i=1 i=1

holds. (by, by, ..., b,+y) is called a V-n-diamond if for any choice of the (n+1)-
element subsets {jg, j;- ..., jn} and {kg, ky, ..., k,} of the index set {0, 1, ...,n+1}

V b=V b,
i=0

i=0

holds. If ([by, bol, [b1, Byl, .., [Bas1s Busa]) is an ordered system of intervals of
a modular lattice so that (b, b,, ..., b,+,) is @ A-n-diamond and (b, by, ..., by+1)
is a V-n-diamond, then we call this system a generalized n-diamond. A generalized
n-diamond (resp., A-n-diamond, V-n-diamond) is called non-trivial if its elements
are pairwise disjoint (resp., distinct).

The basic tool in proving Theorems 1 and 2 will be the following

Theorem 3. For any modular lattice M and elements y,, ¥y, ..., Vo+1€M the
following two conditions are equivalent:
(D D,(¥gs Y15 -+ s Yn+1) does not hold.
(I11) There exists a non-trivial generalized n-diamond ([by., by), ..., [by+1s Bys1]) in M
such that y[b;, b] for i=0,1,...,n+1.

2. Proof of Theorem 3
First we recall the following statement from [2].
Lemma 1. Let M be a modular lattice and let yg, yy, ..., Vos1€ M such that
Va2 AV Yi#V [J"-+1f'\ V .Vi]-
i=0 =0 i=0

iwj

Set

wl] Y _}’,,+1A V yis Uy = V [yui-l/\ V yi]
i=0 J=0 i=0
isj
yi:fvuyi (j=0, l,...,ﬂ)
i#J
v =J'Ao (woVy), bj=VugAv (j=0,1,...,n),
b,-=/\ b;- (i=0, l,...,ﬂ), u=A b’, W=HVW0.

j=0 j=0
Jwti
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Then the elements b; generate a Boolean sublattice B of length n+1 in B such that
u is the g.lb., v is the L.u.b. of B and w is a common relative complement of the dual
atoms of B in [u, v].

Lemma 2. The elements u and v defined in Lemma 1 can be written in the form

n+1ln+1 n+1 n+1 n+l
u=V AV y v=A V

k=0 j=0 i=0 J=0 i=0

J#=k i=jk i=]

Proor. Compute:

v =j/30 (woV ) =J_/:\o [()’nn/\ :\:/u JV'J)V ‘\20 .Vi] =

i#]j
n+1 n+l n+l
= /\ [(yn+1V V J’.')A V }’s] - /\ V i\ V n=A V »
i-u hlJ' f#n-l-l s il:.f
= Ab = A 05VudAe] = oA A 47V o)

Now we write y;Vu, in a more suitable form.

ViVt =Vy; =V [yassA V 1]V V y: =

1=k i#j

- k\-/o [y,. s 1\-/0 y,] X i\u'-/o ion t\-/o [(y,, #\ r\={o y;) i s\-/o y,] G

kej 1=k i=j kwj Ik i

=k\="/0[( Gl V )V V YW= V {[(7ns1V V yi)A V Vg =

k=j fﬂk taejk t;ej uej i f;dk

=V A[0waV V2NV V3V =
k#j i#j.k Ik

~ \L"/o {[(}’,.HV ,_\_;0 Ay VI ,\:/o .V:V)’x]} =

kot j i k 1],k
=V VWV [V V ¥)AY;].
=0 k=0 i=0

I#j k=j i=jk

Then
u = vA /\ {V nv V [(asaV V y)Ay;1}-
.f

#J k#; huk



On n-distributive system of elements of a modular lattice 111

In the above expression [(}’,,HV V y,)f‘u ]‘—"'- V R if j=j’

V
Nis
fo rm of the modular 1dent1ty

k=0
thus we can use the following
(1) VeVAa=APNVNg)

i=1 i=1 i=1
provided p;=gq; if i#j. Hence we obtain

u—vA{/\ v };VV \/ [(PasaV V YAy}

-0=

I#j t J a#J‘ i

n n
Now write the join \/ \/ [...] in the form V V [...] and apply the
Jj=0 k=0,k=j k=0 j=0, j=k

dual of (1) to the join V' [...]. Then

u=oA{ A vy,vv [v y;AA(ymv v yl} =

J=0 I=0
I#j aek _n-k Jau k
n n+l n+l n+l n+l n+1
-+v/\{/\ Vy;V\/ AV y}=vAV A V n=
i=0 I=0 k=0 j=0 i=0 k=0 j=0 i=0
14 J=k i#j k J=k i=]k
n+1l n+l n+l n+l n4l n+l a4l n4l
=AVWANV AV =V AV »
J=0 i=0 k=0 j=0 i=0 k=0 j=0 im0
i J=k iz=jk i=k i=j.k

as claimed.

Lemma 3. Let M be a modular lattice, y,, yy, ..., Vo416 M, and let b=y;Vu.
by=yA\v (i=0,1,...,n+1). Then (b, by, ..., b,+,) is a A-n-diamond and g.l.b,
{bg Bys ..., Bps1}=ut, (B byy vevy bysy) isa V-n-diamond and l.u.b. {by, by, ..., b,.1}=0.

Proor. It suffices to show that

) oV u)!\(‘\:/l VW) = u
and
(3) .\;u (7 Av) = .

PROOF OF (2). First we compute A \/ y for all k(=0,1, ...,n+1).
Ik i, i=dk
(a) If k=0, then by the dual of (1)

n+l n4l n41 n+l n+1l n+1 n41l
AV =V »w\ A V w=V [)"jA V )’l]-
Jj=0 i=0 i=0 j=0 i=0 j=0 i=0

i=0i=j,0 i=0,n+1 J=0,n+1 i%0,J J=0,n+1 i=0,J)
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(b) If k=n+1, then similarly

n+1 n+1
on ‘Vo B V [.V ;A V .Vi]
J#En41 i#j,n41 j-m a+1 faej n+1
(¢) If k=0,n+1, then
n4l n4l n41l n+41
AVu=V AV yl=
Jj=0 i=0 Jj=0 i=0
J#k i#jk J#Ek, n+1 i=ik
n+1 n+1 n+1
= V. DAV VDA V y].
j=0 i=0 i=0
J#0,k,n+1 i=jk i=0,k

(d) Let yP=yA V ;. Then, by Lemma 2,

i=0
iej.k
n+l n+l n+l
u=V A V n=
k=0 j=0 i=0
J#k i#jk
n+1 n41
_[ V y(o)v V y(u+llv v V y§t)]v V y{k}
j#n J#ﬂ k#ﬂ J#O k¢o
J#n+1 Jjrn+1 k#n+117nt1 k#=n+1
e

Now let this latter join be abbreviated by AV B. Then it is easy to see that
A= V y; and B=y,. Thus again by the dual of (1)

J,Jw0,jsn+1
n+1 n41
J #{): +1 i #Jl'l,-no-}— 1

n+1
= 0uh V. y)VAVE = yrOVAVE =y Vu =,
J#0,n41

since for all yi, y(W=u.

PROOF OF (3).
n+1 n+1ln+l
Xﬂ i\v) = V (.V:'A /\ V .V:) — (.ViA V J"J) =
iaé:+l. |==n+l. .\'#J f¢u+1 Jaﬂ
n41 n4+l n4l n4+1 n+1
=V AN Vyi=A V Fi=1.
i=0 i=0 [=0 i=0 I=0
izn+1 ivn+1 Isi I=i

This completes the proof of the Lemma.
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PROOF OF THEOREM 3, (I)=(II). The intervals [by, bol, [By, B, ---s [Bas1> Bus1l,
formed from the elements by, by, ..., b,+, and by, by, ..., b,., defined in Lemma 3,
satisfy the conditions given in (II), provided they are disjoint. Assume that there
exist integers /,me{0, 1,...,n+1} such that [b, b]N[b,,b,]#%0. Then b=
=b,A\b,,=u. Hence, computing by Lemma 3,

n+l ndl n+l n4l
v=A V b /\(V be;)Ang
Jj=0 i=0 Jj=0 " i=0
i=j Jwml isj,l h-il
n+l n+1 n+1 n+1
/\(\/ be,)E/\(VBVu) AV b=u
J#f oy .f;u Bory) 1;?:;,01

This yields v=wu which is a contradiction since, by Lemma 1, the length of the
interval [u, ¢] is at least n+1. Q.e.d.

PrROOF OF THEOREM 3, (II)=(I). Let a=glb. {by, by, ...,b,+,} and let
v=1Lu.b. {by, by, ..., b,+1}. Assume that both (II) and [" (I) hold. Then

bys1 = bys1\v= byiaA V bi = ypsa/ V n=

n n n n
= ] = b1\ V b] =1
J'YD [yn+lf\ IYO yl’] qu [ n+l IYIJ l'] u
i=j is]
Hence, by a similar computation as in the proof of (I)=(II) we obtain p=u. This

yields that b,=v=iu=b; which contradicts the assumption that the intervals
[b;, b)) are disjoint. Q.e.d.

3. Proof of Theorems 1 and 2

Proor oF THEOREM 1. (A)<(B). is obvious from Theorem 3.

(B)=(C) has been proved in [2] (see the proof of [2], Corollary 2.3).

[ (A)=T (C). Assume that D,(yg, 15 -..» Vu+1) does not hold. Then, by The-
orem 3, there is a non-trivial generalized n-diamond ([by, by, [b1, By, ---» [Bas1s D))
in M such that b,=y,=b, (i=0, 1, ..., n+1). Now assume that M,(Vo, V1s --+» Vu+1)
holds. Then we obtain that

n+l n41 n+1ln+l

Lu.b. {baa Dissins n+l} =AYV b; AV =
j=0 .f..o J=0 i=0
#J i#j
n+l n+l n+l n+l n+l1 n+1
V A V -"IE V A V 5 _gfb {.B’B.l’ ""Bn-i-l}’
k=0 j=0 k=0 j=0
J#=k iaﬁ:‘.k i=k uéJ k

a similar contradiction as in the proof of Theorem 3, (II)=(I).

8 D
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PROOF OF THEOREM 2. Define y; and z; as in the Introduction and set

Vi= A z; (i=0,1,...,n+1).
j?—i+1,H{;?modrr+!)

First we prove the following statement:
(a) Dn(}’o:yn ""yn+l:) fmp!ms Du(y—th fu weay ?ll*‘l)' g

Indeed, y;=z; if jZi+1,i+2(modn+2), thus j=z; if iZj—1,
j—2(mod n+2). Hence

n+l = n41 &
‘Vn yl'é 2j= Ivo .V: (} =0s l’ seey "+l)’
l:J-l,j—;(mod n+2) iZzj-1, J'--z(mod n+2)
thus

n+1 n41
VisEV
i=0 i=0
i=j i

holds for any j(=0,1,...,n+1). Also y;=jy;, whence

n+1 n4+l n+l n+ln+l n+l n+ln+l n+1l a1

YA MVRhEY A VIV EE2ANNVN

kmQ jm0 j=0 k=0 j=0 i=0 J=0 i=0 J=0 i=0
J=k i=].k i=k i#jk ij i=J

This proves (a).
Therefore, it suffices to show the following two statements:

(b) r‘Du(y(H yl! Ll yn-l-l) imphes I_D:(zl]s le sy zn+l)-
(C) FD:(ZQ! zl'! seey zn-l) fmpk‘es an(fO’ J_’n cold ] y-ll+l.)'

But, by symmetry and duality, (c¢) follows from (b), thus it is sufficient to prove
only (b).

Now assume that D,(yg, yy, ..., Vu+1) does not hold. Then there is a non-
trivial generalized n-diamond ([by, bo), [y, by, ..., [Bus1s Bas1]) In M such that

bi=y,=b;,. We finish the proof in the following three steps.
n+1

1. Obviously z;= V b;. Hence, computing in the gen-
i=0, lﬁf—l,f—z(modﬁ:il
eralized n-diamond, we obtain that A z;=glb. {by, by, ..., 0,4y} Thus
j“ ] j ik
n+1ln4+1 oy
V A z;=glb. {by, by, ..., b,.,}.
k=0 j=0
i=k
n+1 n+1 n+1

2. We prove that A A  z;=Lub. {by, by, ..., b1} It is easy

I1=0 k=0,k=1 j=0,j=k,1
to show (see, for instance, the proof of [2] Corollary 2.3), that

n+1 n+l n+1 n+1 n+l n+1
AV Az=AAlzVA 2]
k=0 j=0 i=0 J=0 k=0 i=0

Ik i i,k kyj i j,k
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Thus, by symmetry, it suffices to show that

n+1
vajél ZJ' E I.u.b. {bn, bl’ seey II+1}
inl

holds for all /(=1, 2, ..., n+1). This is trivial if /=1 or /=n+1. Indeed, if, for
instance, /=1, then

n4l n=1
zijAa Z; = .VnyiVyu-l-l = Lu.b. {by, by, ..., u-u}-
Assume that /51, n+1. Then
n+1 1 n+1

-1
Zov JA Zj = ZQV[ ZjA A Zj] =
=1 i

=1 j=i+1
Jj=l

n—1 n -2
=V »wilVv J’iA(_V YiVyns1)] =

i=0 i=l=1 i=0

-2 n—1 n -2
=VnwyV J"sV[ V yiA(V .VIV.Vu+1)] =

i=0 i=1-1 i=l—1 i=0

-2 n n—1 1-2
— [V ywWV ¥IALV WV 2Vl =
=0 imi-1 mi=1" =

= Lu.b. {bﬂl bl) eny bu-l-l]v

as claimed.

3. Because of the two previous observations D;(z,, z;, ..., Z,4+,) Would mean
that g'l'b' {50! Elv sasy 5u+l}=l'u‘b‘ {bﬂv bb ¥y bn—f—l}'! i'e'! gl'b {50! 51! savy 5u+l}€{bh Ei]
for all i (i=0, 1, ..., n+1). This contradicts the fact that the intervals [b;, b;] are
disjoint. Thus D, (z,, 2y, ..., 2y+1) does not hold which completes the proof.
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