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Connected Hausdorff topologies weaker
than the Euclidean topology of the rationals

By T. TZANNES (Patras)

Abstract. We prove that for every countable regular space without isolated
points there exists a weaker topology such that the new space is either first count-
able, connected, locally connected Hausdorff (respectively anti-Urysohn, Urysohn, or
almost regular) or first countable connected Hausdorff (respectively Urysohn, or almost
regular) with a dispersion point.

In [6] M. RAJAGOPALAN and A. WILANSKY conjecture that every
weaker Hausdorff topology for the space of rational numbers is homeomor-
phic to the Euclidean topology. A negative answer to this conjecture can be
given using the countable connected Urysohn almost regular space with a
dispersion point, constructed by V. KANNAN and M. RAJAGOPALAN in [3].
Since there is an one-to-one continuous map from the space of rationals
with the usual Euclidean topology onto the above space, it follows that
there exists a connected Urysohn almost regular topology with a disper-
sion point on the rationals which is strictly weaker than the usual topology
and not homeomorphic to the usual topology. A similar result holds for
all countable regular non-compact spaces. The Rajagopalan-Wilansky’s
conjecture we mentioned above can be also answered by a Theorem of
S.F. CviID [1], stating that if (X, 7) is a countable completely regular non-
compact space, then there exists a topology 79 C 7 such that (X, 79) is a
connected Urysohn space with a dispersion point.

We extend the previous results by proving that for every countable
regular space M without isolated points there exists a weaker topology
on M such that the new space is first countable connected and locally
connected Hausdorff (resp. anti-Urysohn, Urysohn, or almost regular).

For the construction of each one of these spaces we need first to con-
struct an appropriate pair of countable spaces (X, 7), (X,7*) having the
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following properties: (1) The space (X, 7) is first countable regular with-
out isolated points. (2) 7* C 7. (3) The space (X, 7) is first countable
Hausdorff (resp. Urysohn, almost regular) containing two points not sep-
arated by a continuous map from (X,7*) into (X, 7). For each such a
pair of spaces, applying the method in [2], or [4] and the SIERPINSKI’s
Theorem [8] stating that all countable first countable regular spaces with-
out isolated points are homeomorphic, we finally construct the required
countable connected, locally connected spaces.

We note that by the construction of these spaces it follows that we can
include the corresponding cases with a dispersion point, that is, we also
prove that for every countable regular space M without isolated points
there exists a weaker topology on M such that the new space is first
countable connected Hausdorff (respectively Urysohn or almost regular)
with a dispersion point.

A space X is called: (1) Anti-Urysohn, if it is Hausdorff and no two
points of X have disjoint closed neighbourhoods, (2) Urysohn, if every pair
of distinct points of X have disjoint closed neighbourhoods, (3) Almost
regular, if X contains a dense subset at every point of which the space is
regular.

A point z of a connected space X is called a dispersion point if X \ {z}
is totally disconnected.

1. The auxiliary spaces

We first construct three pairs of countable spaces which will be used in
the sequel for the construction of the required countable connected spaces.

(A) The spaces (X, 0), (X, 0"). On the set
X ={(k,y): k=1,2,...,y € Q} U{p,q},

where (@ is the space of rational numbers, we define a topology o as follows:
For every point (k,y) a basis of open neighbourhoods is the collection of
sets

Vel(k,w)) = {(k,0) [t ] <.

For the point p a basis of open neighbourhoods is the collection of sets

Va(p) ={pyu |J Vai(k,—1), n=1,2,... .

k=n
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For the point ¢ a basis of open neighbourhoods is the collection of sets
o
Valg) ={q}u | J Va(k,1), n=1,2,....
k=n

On the set X we define a second topology o* as follows: Every point
(k,y) has the same basis of open neighbourhoods as in the topology o. For
the point p a basis of open neighbourhoods is the collection of sets

Wn(p):{p}u{(k‘,y):an, y<0}, n=12,....

For the point ¢ a basis of open neighbourhoods is the collection of sets

Wn(q):{q}u{(k,y):k:Zn, y>0}, n=12....

It is obvious that the countable spaces (X, g), (X, 0*) have the follow-
ing properties:

(A1) (X, p) is first countable regular without isolated points.

(A2) o Co.

(A3) (X, ") is first countable totally disconnected Hausdorff but

not Urysohn since the points p, g cannot be separated by disjoint closed
neighbourhoods.

(A4) For every continuous map f from (X, o*) into (X, o), f(p) =
f9)

(B) The spaces (Y,0), (Y,0"). Since the space (X,0*) is not
Urysohn we construct a pair of spaces (Y,o), (Y,0*) having all corre-
sponding properties of (Y, ), (Y, 0*) and in addition the space (Y, o) is
Urysohn.

Let C;, k= 0,£1,42,... be disjoint dense subsets of the space @
of rational numbers. On the set

Y:{(r,k) .r e Ch, kzO,:I:l,:I:2,...}U{p,q}

we define a topology o as follows: For every point (r, k) a basis of open
neighbourhoods is the collection of sets

Ve((r k) = { (6. ) : [t = r] < e}
For the point p a basis of open neighbourhoods is the collection of sets

Vn(p):{p}U{(r,k):r>2n, k:ZQn}, n=1,2....
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For the point ¢ a basis of open neighbourhoods is the collection of sets
Va(q) ={q} U {(r,k) cr>2n, k< —Qn}, n=12,....

On the set Y we define a second topology o* as follows: The points
p,q and every point of the form (r,2k) have the same bases of open neigh-
bourhoods as in the topology o. For every point of the form (r,2k — 1) a
basis of open neighbourhoods is the collection of sets

Wo((r, 2k — 1)) = {(t,m) Jt—r|<e m=2k—2, 2k—1, Qk}.

It is obvious that the countable spaces (Y, o), (Y, 0*) have the follow-
ing properties:

(B1) (Y,0) is first countable regular without isolated points.

(B2) o* Co.

(B3) (Y,0*) is first countable totally disconnected Urysohn, regular
at the points p, ¢ but not almost regular.

(B4) For every continuous map f from (Y,c*) into (Y,0), f(p) =
/().

(C) The spaces (Z,7),(Z,7*). Since the space (Y, 0*) is not almost
regular we construct a pair of spaces (Z, 7), (Z, 7*) having all corresponding
properties of (Y,0),(Y,0") and in addition the space (Z,7*) is almost
regular. For the construction of these spaces we will use the previous
spaces (Y,o) and (Y, 0™").

Consider the space @ of rational numbers where we fix a point d. We
set T =@ \ {d} and let T,;, y € Y \ {p, q} be disjoint copies of the space
T. To every point y € Y \ {p, q} we attach a copy T} setting the point y
in the place of the point d.

In the sequel, if t € T" then by ¢, we denote the copy of the point ¢ in
Ty, and if O (t) is a basis of open neighbourhoods of ¢ in T" then by (O.(t)),
we denote the copy of O(t) in T,. By (D.(d)),, where D(d) = Oc(d)\ {d}
we denote the copy in T}, of the basis of deleted open neighbourhoods of
the point d in T.

On theset Z =Y U U T; we define a topology 7 corresponding
teY\{p,q}
to the topology o of Y, as follows: For every point ¢, € T} a basis of
open neighbourhoods is the collection of set ((Oc(t)),. For every point
y € Y\ {p,q} a basis of open neighbourhoods is the collection of sets

Oc(y) = Ve(y) U (De(d))y, U | Ty
t€Ve(y)
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For the point p a basis of open neighbourhoods is the collection of sets

On(p)=Vap)U |J T, n=1,2,....
tEVn (p)

t#p

For the point ¢ a basis of open neighbourhoods is the collection of sets

On(@)=Val@u |J T, n=1,2,....
teVn(q)
t#q

On the set Z we define a second topology 7* corresponding to the
topology o* of Y, as follows: The points of T}, as well as the points p, ¢ and
every point of the form (r, 2k) have the same bases of open neighbourhoods
as in the topology 7. For every point y = (r,2k — 1) a basis of open

neighbourhoods is the collection of sets

Udly) = We(y) U(De(@), |J T

tEWe (y)
t#y

It is obvious that the countable spaces (Z,7), (Z,7*) have the follow-
ing properties:

(C1) (Z,7) is first countable regular without isolated points.

(C2) ™ Cr.

(C3) (Z,7*) is first countable totally disconnected Urysohn, regular
at the points p, ¢ and almost regular.

(C4) For every continuous map f from (Z,7*) into (Z,7), f(p) =
f(@).

2. Results

Each one of the spaces (X, 0%), (Y,0%), (Z,7*) can be used for the
construction of a countable first countable connected locally connected
Hausdorff space and of a countable first countable connected Hausdorff
space with a dispersion point. This can be done by attaching to the space
(X, 0) (resp. (Y,0), (Z,7)) disjoint copies of itself, attaching the points
p,q on distinct pairs of points of (X, o) (resp, (Y,0), (Z,7)), and by re-
peating continously this process. More precisely by applying Theorem 1
and Corollary 1 of [2], for the case of locally connected spaces and by
Theorem 2 and Corollary 3 of [2] for the case of connected spaces with a
dispersion point. Thus for each pair of spaces

(X,0), (X,0%), (resp. (Y,0), (Y,0") or (Z,7), (Z,77))
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we can construct a corresponding pair of countable spaces

(1(X), a00), (1(X), a5,),
(resp. (I(Y), boo), (I(Y),0%,) or (I(Z), ¢x), (1(Z), ¢5,))

and a corresponding pair of countable spaces

(I(X), as), (I(X), aZ,),
(resp. (I1(Y), Boe), (I(Y), B5) or (I(Z), 7). (1(2),7%))

having respectively the following properties:

(1) The topologies @, boo, Coo are regular first countable without
isolated points.

(2) a%, € aoo, b5 C oo, €5 C Coo-

(3)(1) (I(X),ak,) is first countable connected locally connected Haus-

» oo

dorff anti-Urysohn.

(il) (I(Y),b%,) is first countable connected locally connected Ury-
sohn but not almost regular.

(iii) ([(2),c,) is first countable connected locally connected Ury-

e o]
sohn almost regular.

(4) The topologies o, Boo, Yoo are regular first countable without
isolated points.

(5) a?;o C awo, ﬁ;o - ﬁooa %fo € Yoo
(6)(1) (I(X),ar,) is first countable connected Hausdorff with a dis-

oo
persion point which cannot be separated by disjoint closed neighbourhoods

with any other point of the space.

(ii)) (I(X),pBL) is first countable connected Urysohn not almost
regular with a dispersion point.

(iii) (I(Z),~%) is first countable connected Urysohn almost regular
with a dispersion point.

Remark 1. Comparing (3)(i) and (6)(i) we note that a connected
Hausdorff space X with a dispersion point z cannot be anti-Urysohn. For
if A, B are disjoint open-and-closed subsets of X \ {z}, then every pair of
points a,b, a € A, b € B can be separated by disjoint closed neighbour-
hoods.
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Remark 2. The above regular first countable spaces (I(X), o),
(I(Y),bs), (I(Z),cx), can be also constructed by the method (c-process)
of V. KANNAN and M. RAJAGOPALAN [4]. In this case since the final
c-space is nowhere first countable [4, Theorem 1.2.5. (c)], we need to con-
sider a regular first countable topology, weaker than the c-topology and
simultaneously finer than each one of the required connected topology.

All the above lead to the following Theorem.

Theorem. For every countable regular space M without isolated po-
ints, there exists a weaker topology on M which is homeomorphic to the
topology o* (resp. o*,7*) or to the topology

* k
a, (resp. b5, c

*
o0

and O‘Zo’ /6:0, ’7;0)

PROOF. Let (M, u) be a countable regular space without isolated
points. By Proposition 5.1 of [5] there exists a topology v C p such that
(M,v) is a first countable regular space without isolated points. Hence
by Sierpiriski’s Theorem [8] and property (A1) of the space (X, o), there
exists a homeomorphism h of (M, v) onto (X, ). Therefore the collection
h=1(0*) = {h~Y(U) : U € p*} is the required topology.

Similarly are proved all the other cases.

Remark 3. The space (Y,0*) of Section 2, is a modification of the
space E constructed by P. ROy in [7] which is countable first countable
connected Urysohn (but not almost regular) with a dispersion point. It
is obvious that, if e* denotes the topology on FE, then there exists a finer
topology e on E such that (F,e) is a countable first countable regular
space without isolated points. Hence if (M, v) is the space in the proof
of the Theorem above then again by the Sierpinski’s Theorem it follows
that there exists a homeomorphism f of (M,v) onto (E,e). But then
the collection f=1(e*) = {f~1(U) : U € e*} is a weaker topology for v
such that (E, f~1(e*)) is a countable first countable connected Urysohn
(not almost regular) space with a dispersion point. Thus we get the same
result as in the case of the topology 3% of the Theorem above, which is
similar to the CVID’s result in [1].
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