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The factorization method in the
field of Mikusinski operators

By DJURDJICA TAKACI (Novi Sad) and ARPAD TAKACI (Novi Sad)

Abstract. We consider certain second order differential equations with variable
coefficients in the field of Mikusiriski operators, 7. We construct their discrete analogue
and, using the factorization method, solve the obtained difference equation and analyze
the character of its solution. Then we show that the solution of this difference equation
can be treated as the approximate solution of the corresponding initial differential
equation in the field F, by estimating the error of approximation.

1. Notations and notions

The elements of the Mikusinski operator field, F, are called operators.
They are quotients of the form

g, feCs, 0£geCy,

where the last division is observed in the sense of convolution
t
f®+o(6) = [ F)gltr)dr, t>0.
0

Any continuous function @ = a(t) with support in [0,00) can be
observed as an operator, which we shall simply denote by a. Then we
say that the operator a represents the continuous function a(t) and write
a ={a(t)}. Let us denote by F. the subset of F consisting of the opera-
tors representing continuous functions. For example, we have the integral
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operator [ (representing the constant function 1 on [0, 00)) and its positive

powers [“:
tocfl
=11 * = .
W r={gg s v

Also, among the most important operators are the inverse operator
to [, the differential operator s, while I is the identity operator. This
means that it holds

ls=1.

By Fr we denote the subset of F consisting of the elements of the
form «l, for some numerical constant c.

For the theory of differential equations, the following relation, con-
necting the operator representing the n-th derivative of an n-times differ-
entiable function x = z(t) with the operator x is essential:

{z™ ()} = s"z — " a(0) — ... — 2D (0) 1.

In this paper, we shall analyze the type I convergence ([2], p. 157).
In particular one can show that the infinite series

> ¢,
=1

where ¢ € F,, converges and its sum is an operator from F..
The operators can be compared only if they are from F.. So for two
operators a = {a(t)} and b = {b(t)} from F. we define

a<b iff a(t) <b(t) foreach ¢t>0

(see [2], p. 237). Clearly, a = b iff a(t) = b(t), t > 0.
Analogously, we shall say for two operator functions that

a(x) <r b(x), x € |c,d],

if a(z) and b(x) are representing continuous real valued functions of two
variables, a(x) = {a(z,t)}, b(x) = {b(z,t)} and

a(xz,t) < b(z,t) for t €[0,T], x € [c,d].

The absolute value of an operator a from F., a = {a(t)}, denoted by
|al, is the operator |a| = {|a(t)|}. Also, we put |a(x)| = {|a(x,t)|}.
If the operators a and b are from F., then it holds

la+0[ < la| + 0],

lab| = ‘/ bt — 7)dr| < Jallb),
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and

la| <7 a(T)l, where a(T) = max |a(t)].
t€[0,T]

2. Introduction
Let us consider the differential equation
sPu” (z) + B(x)st/ (x) + C(x)s"u(z) = f(z),
or

(1) u(2) + B(a)s" P (2) + C(w)s"Pula) = 1" (x),
with the conditions
(2) uw(0)=E, u(l)=F,

in the field F. In (1), p, g, are positive integers, s is the differential op-
erator, B(z),C(z) and f(z) are the given and u(z) the unknown operator
functions.

In (1), we assumed that P f(z) are operator functions representing
continuous function of two variables and in (2), we assumed that E and F'
are operators which can be written as

(3) E =s°(E1I + E.), F =s(F I+ F.),

where ¢ € Z, E;, F; are numerical constants and E., F, are operators
representing continuous functions.

In this paper we construct a discrete analogue in the field F for the
differential equation (1) with (2), present a method for the exact solution
of this difference equation with variable coefficients, similarly as it was
done for numerical difference equations in the book [1].

As is usual in numerical analysis, for h > 0 instead of u’(z) we shall
take

u(x 4+ h) —u(x —h)
2h

and also instead of u”(x) we shall put

u(z + h) —2u(z) +u(z — h)
h? '
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So we obtain the difference equation in the field F corresponding to (1):

u(z + h) — 2u(z) + u(x — h) x+h)—u(x—h)
(4) h? 2h

+ B(x)s?™P u
+C(z)s" Pu(z) = 1P f(x).

For N € N, we define h = %, and put g =0, z, = z,_1 + h, i.e.,
Tn = 3, n=1,2,... ,N — 1. Moreover, we define the operators f,, for
n=12,...,N—1, by f, = f(z,), and the numerical constants B,, and
Cp, forn=1,2,... ,N—1, by B, = B(z,) and C,, = C(x,).

Then the equation (4) can be written as the difference equation with
variable coefficients

(5) Gplhn—1 + bptn + Crtitnir =Pfn, n=12,... N—1

The conditions (2) correspond to

(6) Ug = E, unN = F,
where a,, b, and ¢,, n = 1,2,... ,N — 1, are operators from the field F.
Putting

rr=q—p and r9=171—Dp,

we have
I s PB,h
(7) n = 75 <I - 2) =:al —s"(,,
I r—p 2 T2
(8) b, = 72 (2[ —s"7PC,h ) =: —2al + s"~,,
I s1I7PB,h -
(9) C”:hz(1+2> =:al +s"3,.
In the previous relations a := %, Bn = % and v, = Cp, n =
1,2,...,N — 1, are assumed to be nonzero numerical constants.

The discrete analogue for the differential equation (1) with conditions
(2), in the field F is the difference equation (5) with the conditions (6).

In Section 3 we construct the exact solution of equation (5) and ana-
lyze its character in the field of Mikusinski operators F.

In Section 4 we estimate the error of approximation and show that the
approximate solution of difference equation in the field F can be treated
as the solution of differential equation (1) and in special case the solution
of the partial differential equation with variable coefficients.
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In Section 5 we give an application of the analyzed operator differential
equation.

In papers [3], [4] and [6], the general form of the solution of difference
equation (5) was constructed in the field F and its character was analyzed.
In [7], a first order difference equation was observed. In all these papers
we also estimated the error of approximation.

3. The solution of operator difference equation

It is known that the field of Mikusinski operators has very good alge-
braic properties, which also means that the usual addition and multiplica-
tion with operators can be treated in the same way as with real numbers.
Therefore the solutions of the problem (5), (6) can be formed similarly as
is done for numerical difference equations (when the coefficients a,,, by, ¢,
and also the solutions u,, are numerical constants). In the book [1], p. 51,
the exact solution of difference equation (5) with conditions (6) was con-
structed.

It can be shown, similarly as was done in [1], that in the field F the
solutions of the difference equation (5) with conditions (6) can be written
as

oy v TE
( ) un:Ln+1/2un+1+Kn+l/2) n:071727"' 7N_27N_17
where L1/2 =0 and K1/2 = E,
(1) Lipi= 70 K= WL

1 _

and the operators L, 11,2 and K, 1/5, 1 <n < N — 1, have the forms

—C
12 Ly = ———
( ) +1/2 bn + anLn—1/2
fn - anK —-1/2
(13) Kn+1/2 _Jn " %nBn-1/2

bn + anLy_1/2

Let us express the operators L, /2 and K, /5 in the field 7. In
order to obtain the character of the operator solution given by relation (10),
let us first analyze the dependence of character of the operators L, i/2
and K, 11/ on 1 and 3.

Theorem 1. Assume in equation (5) that the coefficients a,,, b, and
¢n, 1 <n < N—1, are of the form (7), (8) and (9), respectively, and let the
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operator E be given by (3). If ro > r1 > 0, i.e., 7 > q, then the operators

Lyt1)2 formn=1,2,... ,N —1, are from F. and they can be written as
a n
(14) Ln+1/2 = — <l7n2 + lr2_r1ﬁ> (I+ ¢n)7
Tn Tn
where
(15) h=3 <2V2> ,
— 71
j=1
and
- « T «Q T rTo—7T ﬁn
¢n=Z<2l 2 4 <l2+l 2 )
(16) 4
J
(e B Y
Tn—1 Yn—1
Under the upper conditions, the operators K, 11,2 can be written as
(17) Kn+l/2 = lﬁn . (lCnI + ’Cc,n) y n = 1, e 7]\7 — 17
where

k1 =min{ry +p, 79 —r1 —o} and
(18) .
Kn =min{ry +p, 79 — 71 + Kp—1}, n=2,...,N—1.

In (17), K,, are numerical constants, while IC. ,, are operators repre-
senting continuous functions, n =1,2,... ,N — 1.

PROOF. Using relations (11), (8) and (9) we can write

L — —1 _ al 4 5™ 3 :_l”%%—l’"r”%
327 T, —2al + 5™, I—22m

e J
(23 (a20)
" NN m

=— <ZT2Q + l”“ﬁl> (I + ¢1).
24! il

The operator ¢; is from F; since by assumption 7o > 0 and ro — ry > 0,
the operator Lg/s is from F, also.
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In the same manner, the operator Ls/, can be transformed as follows:

Lyjp=— 2
o/ by +azl3)o
B al 4+ s™ 3y
—2al + 57275 — (al — 5™ 3s) (zw O %) (I+¢1)
— <l’l“2a _|_ l’r‘Q—’I’l 52)
72 Y2
o J
x Z<2al’”2+ <al”—l”—“ﬂ2) <l’”20‘ + l”‘”ﬁl) I+ qbl)) '
o\ 72 "2 2 M !
Similar calculations give for n =3,... , N — 1, the formula (14), with

¢n—1 from (16):

Ln+1/2 =
al + 8™,

—20I 4572+ (o] — 571 B,) (— (zw e yra-m 5—) (I+¢n_1))

and thus we obtain the form (14). In particular, it follows that the oper-
ators L, y1/o are from F..
The operator K3/, can be transformed as

Z;Dfl — a1 F . lpfl — (OAI — Srlﬁl)SJ(Elf + EC)

Kajo =
3/2 by —2ad + sy
[ptr2 — ("2 — [T2— 1 o(FEy I + E. o J
_ il ( a Bl)s ( 1L+ ) Z (2[7‘2&)
(19) T =0 7
[ptT2 — ("2 = [Tz~ °(E E.
_ fi— ("« - Br)s? (B + )(I+¢1)

=" (K1 I+ K1),

where k1 = min{ry +p, 7o — 71 — 0}.
Similarly we have

<lr2+pf2 — (al™ — "2 33) K50
Ky =
Y2
=1" (Kol + K¢ p2),

> (I + ¢2)



294 Djurdjica Takac¢i and Arpad Takaci

where ko = min{re + p, 79 — r1 + K1 }.
Assume that (17) with x,,—1 from (18) for some n —1€{2,... ,N —2}
holds. Then
Kn+1/2 =
fn - (O[I - Srlﬂn) i lnn_l(’Cnfll + Kc,nfl)
(—2al + s27,) — (al + 572 6s) (z% 4 pra=m 57) (I+ ¢n_1)
T+ K)

c,n—1
Tn

Y

where k,, is given by (18). Thus we obtained the representation (17) for
K1) 0

Corollary 1. Ifin relation (18) it holds that ro+p > (k—1)(ro—r1)—0
and ro +p < k(rog —ry) — o, for some k, 1 <k < N — 1, then

(20) m:{i(rg—rl)—o, z::1,2,...,k:—1,
ro + p, i=kk+1,... , N—1.

Proor. If ro+p<r9o—r1—o,then ki = ko =... = Ky_1 =T2+D.
However, if ro +p > r9 —r;y — 0, then k1 = ro — ry — 0, and kg =
min{ry + p, 2(ry —r1) — o). It is obvious that x; < k;41, i=1,... ,N—2.
Soif ro +p < 2(rg —71) — o, then ko = ... = Kny—1 = 12 +p. If

ro +p > 2(rg — r1) — o, then ko = 2(ro — 1) — 0. Continuing this

procedure we obtain relation (20). O

The next theorem will characterize the solutions of equation (5), i.e.,
operators u,, n =1,..., N — 1, given by relation (10).

Theorem 2. Assume in equation (5) that the coefficients ay,, by, Cn,
1 <n < N, are of the form (7), (8), (9), respectively, and let ro > r1 > 0.
If E and F are given by relation (3), then the solutions of equation (5)
can be written as

(21) Uy = SG(Fl + Fc), UN_E = le*k(UN_kI+ Uc,N—k)-

for numerical constants Uy _j and operators representing continuous func-
tions Uo. n—, k=1,... ,N — 1, and the powers w,, having the forms

{k(rz—rl)—a, k(ro —r1) —0 <ry +p;
WN—k =

22
( ) ro + P, k(T‘g—Tl)—O'>T'2+p.
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PrOOF. The form (21) of the solutions in the field F follows from
relation (10) and Theorem 1, namely from relations (14) and (17). In fact,
we have

un—1=Ln_10un + Kn_1/2

_ (lT2a _|_l’l”2—’l”1 ﬁN—l) (I+¢N71)SJ(F1 +Fc)
YN-1 TN-1

+IN (Kol + Ko n—1)
=[N (Un-1Il+Usn-1),

where wy_1 = min{ry —r — 0, kKy_1}.
o Ifky 1 =(N—-1)(ro—r1) —0), then wy_1 =13 — 11 — 0.
o If ky_1 =712+ p=r, then
— either wy_1 =19 —1r1 —0,forrg —ry —0 < re+p,
—orwn_1=7o+pifro—ri —0o >ry+p.

Continuing this procedure we obtain

un—2 = Ly_2)41/2un—-1+ K(n_2)41/2

= <lT2a + (T2 ﬂNQ) ([ + ¢N—2)ZWN71<UN—II + Uc,N—l)
Tn YN -2

F 12 (Ky_od 4 Ken—2(dn_2))
=12 (Un—_2] + Ue n—2),

where wy_o = min{re — r; + wy_1, Kn—_2}. In this case we have the
following,.

o If ky_o = (N—2)(rg—r1)—o, meaning (N —2)(ro—r1)—0 < ra2+o,

then wy_1 =19 —r;1 —ocand wy_o =2(rg —71) — 0, if N —2> 2.
o If ky_o = ro + p, meaning then (N — 2)(ry —r1) — 0 > ro + p, then
— either 2(ry — 1) — 0 < ro + p, (then also ro —r; — 0 < ro + p,
implying wy_1 = ro—r;—o,) and therefore wy_o = 2(ro—r1)—0,
—or2(rg—r1)—o>ro+p. lfro—r; —o <re+p, then wy_1 =
ro —r1—0, but wy_9 = ro +p. Otherwise if ro —ry — o > ro+p,

then wy_1 = ro + p, then also wy_o =19 + p.

Again Uy_2 is a numerical constant, while U, y_2 is an operator

representing continuous function. Continuing the procedure we obtain
the form of the solution given by relation (22).
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Corollary 2. If the conditions of Theorem 2 are fulfilled and the so-
lutions have the form (21),
e then for o < 0 the solutions of the problem (5), (6) represent contin-
uous functions;
e then for o > 0 solutions of this problem may represent continuous
functions and may not.

PRrROOF.
e If ¢ < 0, then F and F represent continuous functions, thus s, > 0
and w, >0, n=1,...,N — 1. From relation (21) it follows that the

operators u, represent continuous functions.
e Assume o > 0.

—Ifro—ry—0>0,then k, >0, and w,, >0, n=1,... , N —1,
and in this case all the operators u,, n =1,... , N — 1 represent
continuous functions.

— However, if 1o —r1 — 0 < 0, then k1 < 0 and wy_1 < 0, meaning
that ux_1 does not represent a continuous function.

« If 2(rg —r1) — 0 < 0, then k2 = wy_2 < 0, and the solution
un_o does not represent a continuous function.

« If 2(rg — 1) — 0 > 0, then k2 > 0 and wy_2 > 0, and thus
the solution uy_o does represent a continuous function.

— If (N—=1)(ro—r1)—0o < 0, then no solution represents a continuous

function.

— If for some k, 3 < k < N —1, k(ro —r1) — o > 0, then the op-
erators UN_g, UN_k_1,---, 3 < k < N — 1, represent continuous
functions.

Similarly we can prove the following statements, which correspond to
the case 71 = rs.

Theorem 3. Assume in equation (5) that the coefficients a,, b, and
¢n, 1 < m < N, are of the form (7), (8) and (9), respectively, then put

01=71#0,0, =7 —i—ﬁng":ll, n=2,...,N —1, and assume that all ¢,

are nonzero.
If 1y = ro = m > 0, then the operators L, 1/2 can be written as

(23) Losijs=— (zmé‘” + f) I+ ),
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where the operators qgn, n=1,...,N—1, are from F. and have the forms
~ e [0 J
(24) ¢1=§:<2W>,
PRSI

7 — [« Brn-1 o On o
= —{™ (2 —ym_ ) om
¢” =1 (5" < - 5n—1> * <5n 6n> On—1
m ¢ ﬁn—l It J
<l 571—1 * 511—1) an—l)
= N m & ﬁn m & ﬁn—l It J
=: Z <\I/n + <l 5 5n> (l 5 + 5n1) ¢n1> .

If the operators E, given by (3), and IPf,,, n =1,2,... , N, represent

continuous functions, then the operators K, 1z, forn =1,2,... N —1,
are of the forms
(26) Kn+1/2 =1 (ICnI + ICc,n)) )

where T = min{m + p, —o} and K,, are numerical constants and K., are
operators from F..

Theorem 4. Assume in equation (5) the coefficients a,, b, and c,,
1 <n < N, are of the form (7), (8) and (9), respectively, and let ro = r1>0.
If E and F are given by relation (3), then the solutions of equation (5)
can be written as

uy =87 (F1 +F.), un—p =1“(Un—ixl+Ucn_k),

(27) k=1,...,N—1,

for some numerical constants Uy _j, and operators representing continuous
functions Uo y—j, k=1,... ,N — 1, and w = min{m + p, —o}. Moreover,
the following holds.
e If o < 0, then the solutions of the problem (5), (6) represent contin-
uous functions;
e Ifo >0, then the solutions of this problem do not represent continu-
ous functions.

Theorem 5. Assume in equation (5) that the coefficients a,,, b, and
¢n, 1 < n < N, are of the form (7), (8) and (9), respectively, and r1 >
ro > 0. Let the numerical constants satisfy g1 = v1 # 0, gok+1 = Yok+1 +

Bors1 222 £0, gop = Lo 221 £ 0.

92k 92k—1
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1. Then forn =2k +1, k =0,1,2,... ,[(N —1)/2], the operators
Ly 112 are neither from F. nor from Fr; however, they can be written as

o
Loktsj2 = — (VQ + 1 ﬁ%H) (I + Yaps1),
92k+1 92k+1

where g1 = 1, g2k+1 = Vok+1 + ﬂng% are numerical constants, while
Yor+1 are from F,. and have the forms

[e.e]

71 2 —ry X e P24 1
% — 4+ [ #riTe B L S )
Yak+1 E (¢2k+1 ( o

=1 92k+1
J
x (z%”a +z””ﬂ”“) -m) :
92k 92k

where the form of ¢}, 41 is ordered similarly as dok11 in relation (25). The
operator Kz, is the same as one given in Theorem 3. Further on, we have

. I oS )
K2k+3/2:_(lp+ 2f, _ < [rz _ [r2—riZ2ETl K2k:+1—1/2
92k+1 92k+1 92k+1

X (I 4+ ag41)-

2. If n =2k, k=1,2,... [(N—1)/2], then the operators Loj1/2
are from F. and can be written as

«
L2k+1/2 = — <l27"17"2 42 ’62]6) (I + ka)
92k 92k
and the operators Ky 1/9 are of the forms

Kopy1/2 = — (lp+2T1T2nt - <O[l2“’"2 - l””ﬂ%> K2k1/2>
92k 92k 92k

X (I + ka)

Again gop, = %%fz’“ = 0 are numerical constants and 1,, are from F. and

can be written as

’(Z)Zk = Z(&%k —+ (szOé — 2 /6216)

=1 92k 92k

J
X <lr2a 42T ﬁ%_l) . ¢2k1> .

92k—1 92k—1
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The solutions in the case when ry > ry can be formed similarly as it
was done in Theorems 2 and 4.

4. The error of approximation

Let us suppose that the solution of equation (1) is from F. and has
a continuous fourth derivative in the field F. Let us denote by u(z;) the
exact solution of equation (1) and by w; the approximate solution of the
same equation (which also belongs to F,.). In fact, u; is the solution of
the difference equation (5).

In order to give the error of approximation, we have to estimate the
difference between the equations (1) and (5). So for j =1,2,... ,N — 1,
we have

1 — 2+ U 1 — U
<u"(xj) e :2] U 1) + B(xz;)s?? <U’(:1:j) - u]+12hu]1>

+C(x5)s" " (u(x;) —uj) = 0.

From the previous relation we have
I _ Ujp1 — 2U; + Ui
u(z;) — u;| = ‘C : <lr P <U"(9ﬁj) - I

()
+B(x;)l"1 <Ul(5'3j) - uj+12_huj_1)> ‘ '

In this paper we give the error of approximation for r > ¢ > p > 0. Then
we have ro =r —p >r; = ¢— p > 0 and therefore the expression

'C({L’j) (lr_p <u”(xj) e 2:; : uj_l)
+B(z;)l"* (Ul(%‘) - W))'
represents a continuous function. It can be estimated by
‘cé» <”‘p <“”<%> - 2:5 : uj_1>
+B(z;)I" (Ul(fﬁj) - UJHQ_hUJ_l))‘

h? <R1 MyT)T M3(T)T7"P1> 2

<
=76 2(r —p—1)! 2 (r—p-—1)!
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where the numerical constants R, and R, are such that

1 B(z;
Ri = max , Re = max (z) and
0<z;<1|C(z;) 0<z;<1 | C(x5)
u(z,t
MiT) =  max |2ZUEO] gy
x€[0,1], t€[0,T] ox?

So the error of approximation can be estimated as

h2 M4(T)Tr—p—1 M3 (T)Tr—p—l 5
N — s < .
[ulz) = usl <7 (Rl 2(r—p—1)! R (r—p-—1)! :

6
Note that the error of approximation is O(h?), as in the classical case.

5. An application

Let us consider the partial differential equation

O* TPz, t)
0x20tp

oM au(z, t)

O u(x,t
axatq ( ) _f($7t)7

(28) T

+ B(x) +C(z)
on the set {(z,t)|0 <z <1, t > 0}, with certain appropriate conditions.

Here, we shall assume that

O u(z,t)

2 =
(29) oxroty |,_,

fory =0, v=0,1,....,r—1;, p=1 v =0,1,... ,q —1;, p = 2,
v=0,1,... ,p—1, and

(30) w(0,8) = E(t), u(l,t) = F(2).

The numbers p, ¢ and r are positive integers, B(x) and C(z) in (28) are
continuous functions depending on the variable z, E(t) and F(¢) in (30) are
continuous functions depending on the variable ¢, while f(z,t) and u(z,t)
are the given and the unknown function of two variables. We assume
that for every x € [0,1] both B(z) and C(z) are different from zero.
The problem (28), (29) and (30) corresponds to differential equation (1)
with the conditions (2). This means that we can treat the exact solution
of equation (5) given by (21) as the approximate solution of the partial
differential equation (28).
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6. An example

Let us consider the partial differential equation

LO%u(z,t) D ((Hﬁ)@u(x,t)) ,

(31) T2 T oz Oz

with the conditions

(32) u(z,0) =0, u(x,0)=0,

(33) u(0,t) =1, wu(l,t)= t;

In the field F, the equation (31) with the conditions (32) corresponds to
the equation

x
2z 5 €

4 " ! _ o
(34) u(:r)—i—l_i_mQu(x) S22

u(z) = 1.
The conditions (33) correspond to the conditions
(35) u(0) =1, u(l) =10

In this case we have r =2, p =0, ¢ =0, ro =2, r1 =0, and ro > 71,
and

The difference equation (5) has now the form
ApUp—1 + bnun + Cnt1Unt1 = L.

Defining the constants «, 3, and 7, as after relation (9), we obtain the
solution of the problem (34), (35), in the form

unN = F,
(36)
un:Ln+1/2un+l+Kn+l/27 TL:N—].,N—2, 71°
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Hence it follows that

s J
L _ —l2 <Oé + @ <2al'f'2> ,
302 Z g
Lpy1je =12 (a + B”)
+1/2 5

0 J
» 12 (20¢+ <O‘_{_ﬁ"> ) (1204_{_12&—1) I+ ¢ ) :
2 Tn Yn  Tn Tn—1 Tn—1 ( 1)

3 <2a+ <a+ﬁn> . (lza HzﬂM)(H %1))] |

Tn In Yn—1 Tn—1

Note that the solutions are from F., which, of course, is in accordance
with Theorem 1.
The error of approximation can be estimated by

W2 [1+e T -My(T) 2Te
N s ] <o .
ute) — gl < (00 T 2

- M3(T)> 2.
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