BV -solutions of a linear functional equation

By CZESLAW DYJAK (Czestochowa)

Abstract. BV-solutions of the linear functional equation @(x)=g(x)¢[f(x)]+A(x) are con-
sidered and, under some general hypotheses, it is proved that this equation has a unique solution
¢ € BV{a, b) which is given by a series convergent in the sense of the norm in the space BV (a, b).

In this paper we consider the solutions of bounded variation (BV-solutions)
of the linear functional equation

ey @ (%) = g ef(x)]+h(x),

where f, g and h are given and ¢ is an unknown function.

By BV (a, b) we denote Banach ’s functions space ¢:(a, b)~R with the norm
defined by the formula

@ lel = le(a)l+Var o,
where, as usual,

varg := sup Z',' lo(x) =@ (x;-1)],
a, i=1

and the supremum is taken over all partitions of the interval {(a, b).

In the case when g(x)=const. BV-solutions of the equation (1) have been
considered in the paper [1]. Even in this special case our main result says more.
It appears that the series (3) converges in the sense of the BV-norm to the solution
of the equation (1), whereas in the paper [1] only pointwise convergence is obtained.

We shall prove the following theorem, which generalizes Theorem 1 from the
paper [1] above mentioned :

Theorem. If the following conditions are fulfilled:
(i) f: {a, b)—~{a, b) is continuous, strictly increasing and f(a)=a,
(i) g, h€BV{a, b),

(i) sup Ig(x)l+}j£;§g*= L

x€ (a,b)
then the equation (1) has in the interval (a,b) a unique solution @€ BV {a,b). This
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solution is given by the series

@) oo =3 1T 8l VR +h(), x€da, by

which converges in the sense of the BV-norm.

Proor. In the space BV {(a,b) we consider the transform

(C)) Tlpl(x) = g(X)o[f(X)]+h(x), x€{a,b).

On account of hypotheses (i) and (ii) the transform (4) maps, of course, the
space BV{(a,b) into itself. We shall prove that the transform (4) is a contrac-
tion map.

Let P{a,b) be the set of all partitions of the form a=x,<x;<...<x,_;<
=b of the interval (a, b).

Take an arbitrary ¢,, ¢,€BV(a, b) and estimate the expression | T[¢,]—T{@s]l.
Putting @:=¢,—¢@, and taking into account (4), (2) and (i), we get

1Tl —Tl@al| = lger[f1+h—go:[f1-h] =

= [g(e[f1-0:LfDI = lge[f]l =

= [2@0@]+5up 3 |2(x) oL/ ()] — 8(xi-) P L/ Cer-l| =

= lz@llo(@|+ sup 2 e ()@ LI~ Lf (i) +

+olf(xi-Dl(g(x) —g(x;-))| =
= [g(a)|le(a)|+ Sup lg(x)] sup Z' lo [f ()]l =@ L (x:- D]l +

x€ (a,b)

+ sup oL/l sup 3 |g(x)—g(xi_)| =
x€ (a,b) P(a,b) i=1

= [g(a)|le(a)|+ sup |g(x)| Varo[f1+ sup |e[f(x)]| Varg.
x¢(a,b) (@,5) x€ (a,b) (a.b)

Since, of course,

Yarg[f] = Yaro

and
sup |p[f(®)] = sup lo(x)| = lo(a)|+ Vare = |o,
x€(a,b) x€ (a,b) {a,b)
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we have further
ITlo,]—T @)l = sup |g(x)||p(a)|+ sup |g(x)|Vare+
x€ (a,b) x€(a,b) (a,b)

+loll Yarg = sup |g(x)llo]+lolYarg =
a, x€{a,b) (a,B)
= V =\ s Var =
(sup le@l+Yarg) ol = ( sup 1g(I+Yarg)l 01—l

and so, by hypothesis (iii), the transform (4) is a contraction map.

Then, in virtue of Banach’s fixpoint theorem, there exists a unique fixpoint of
the transform (4) in the space BV {a, b) given as the limit of the sequence of suc-
cessive approximations {@,},=o,1, .. convergent in the sense of the norm (2). In
other words, there exists a unique function @€BV{a,b), which fulfils equation
(1) in the interval {a, b). In particular, taking @,=0 in (@, b) we obtain for-
mula (3).
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