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Abstract

Two familiar subclasses of analytic functions are considered here: the class & (2) of analytic
functions f(z) satisfying the inequality

Re {f(2))z}=a @O=a=<1),

and the class & of analytic functions whose derivative has a positive real part. The object of this
paper is to present several interesting applications of the generalized hypergeometric function, which
involve the classes & () and Z, and the concept of subordination between analytic functions. A the-
oreml;]on the radius of univalence for a certain class of generalized hypergeometric functions is also
established.

1. Introduction and definitions

Let o/ denote the class of functions of the form

(1.1) f(2) =z+ 3 a,z"

ne=2
which are analytic in the unit disk # ={z: |z]<1}. A function f(z) belonging to
the class o7 is said to be in the class & (x) if it satisfies the following inequality:

(1.2) Re {@} > o (z€)

for 0=a<l.

The class % («) was introduced by GoOEL [5], and was studied subsequently by
CHEN ([2], [3]). In particular, the class & (0) was studied by GoEL [6] and YAMA-
GucHI [18].

A function f(z) belonging to the class .o/ is said to be in the class £ if it satis-
fies the following inequality:

(1.3) Re {f'(2)} =0 (zc%).
The class # was introduced by MACGREGOR [11].
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In order to recall the concept of subordination between analytic functions, let
f(2) and g(z) be analytic in the unit disk %. The function f(z) is said to be subordinate
to g(z) if there exists a function /(z) analytic in the unit disk %, with h(0)=0 and
|h(z)| <1, such that

(1.4) f(2) = g(h(2))
for z€%. We denote this subordination by
(L.5) f(z) < g(2).

In particular, if g(z) is univalent in the unit disk %, the subordination (1.5) is equiv-
alent to (c¢f. [4], p. 190).

(1.6) () =g(©) and f(%) < g(%).

The concept of subordination can be traced back to LINDELOF [8], although
LirrLewoob ([9], [10]) and RoGosinsk1 ([14], [15]) introduced the term and estab-
lished the basic results involving subordination. More recently, SUFFRIDGE [17], and
HALLENBECK and RUSCHEWEYH (7], studied various families of subordinate functions.

Finally, let «; (j=1,...,p) and B; (j=I,...,4) be complex numbers with

By#0,-1,-2,..; j=1,..4q
Also let (4), denote the Pochhammer symbol defined by

I'(3+n) _{ 1, if n=0,
T®  W@A+D...(h+n=1), if nex={1,2,3,..).

Then the generalized hypergeometric function ,F,(z) is defined by (cf., e.g., [16],
p. 33 et seq.)

(1.8) qu(z) = ng(al, iy Uyt Bas "'!ﬁq; z) = 'IZ; ((;3: E;:;: n!
(»=q+D.

It may be recalled that the ,F,(z) series in (1.8) converges absolutely for |z]<eo
if p<q+1, and for z€% lfpp =qg+1. Furthermore, if we set

17D D=

(1.9) o= é: ﬁ,—ﬁ‘z %
then the , F,(z) series (1.8), with p=g+1, is absolutely convergent for
(1.10) |zl =1 if Re(w) >0,
and conditionally convergent for
(1.11) lzZl=1, z#1, If —1<Re(w)=0.
We now introduce the following class of generalized hypergeometric functions:
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Definition. The generalized hypergeometric function ,F,(z) defined by (1.8) is
said to be in the class o/ (p; ¢q; ) if it satisfies the following inequality:

(1'12) Re {qu(a].""s ap; Bl?o--! ﬁq; z)}:-at (Ze%)

for 0=a<]1.

Making use of the above definitions, we present several interesting applications
of the generalized hypergeometric function , F,(z), which involve the classes & (x)
and 2, and the concept of subordination between analytic functions. We also estab-
lish a theorem on the radius of univalence for the above class of generalized hyper-
geometric functions.

2. Application involving subordination between analytic functions

Our first application of the generalized hypergeometric function , F,(z) depends
upon a result due to Nehari [12, p. 168], which we recall here as

Lemma 1. Let ¢(z) be analytic in the unit disk % and satisfy |@(z)|=1 for
z€U. Then

@) 0@ =20 Gea)

By using Lemma 1 and the concept of subordination, we shall prove

Theorem 1. Let the generalized hypergeometric function ,F,(z) defined by (1.8)
belong to the class s4(p;q;a). Then

; ) 4 p 2(1—x)
(2.2) |FF4(C!1+ l, A G!P‘I'l, ﬁ1+ l, inug ﬁq-l_ l, Z)l = (I;‘I_‘{ﬁ-‘m}_{ ajl)[(l_—lzl)z-],
where
P q
2.3) J]Il ® J]]lﬁ,- # 0.
The result (2.2) is sharp.
Proor. We note that
24) Re [lit;;!ﬁ] ~a (%)
Hence, by virtue of the definition of subordination, we obtain
14+(1—2a

(2'5) qu(aln very ap; ﬁl) seny ﬁq; Z) - '_:I'-(l__z_)z
for z€%. Thus we may write

1+(1—2a
(2.6) pFe(@s cos @3 Bry ooty Bys 2) = +( ) w(2)

1-w(z2) :
where w(z) is analytic in the unit disk %, with
2.7 w(0) =0 and |w(z)] <1.
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Differentiating both sides of (2.6), we get

' . o 2(1—a)wW(2)
(2-8) qu (als seey ap’ ﬁlv 14y ﬁq& Z) =L _Ti—_W('Z.TF-
Note that
(2'9) pFa;(ala seey p3 ﬁls see ﬁq: z) =
- (jé o I B)oFaatls oo apt 13 Brot 1 o By 415 2),
and that
(2.10) lw(z)| = |z| for ze%,

by the Schwarz lemma.
Applying Lemma 1 to w(z), we find that

2.11) pFa@t 1y s 0t 15 B, ooy Bt 15 2)| =

=BT o ey e = (B o (G

provided that the condition (2.3) holds true.
Finally, by taking the generalized hypergeometric function defined by

14(1—2a) z

(2'12) qu(al! vy ap; ﬁ].a seey Bq; Z) o 1—2

»

we readily verify that the result (2.2) is sharp.

3. Application involving the class % (x)
We need the following result given by CHEN [3]:
Lemma 2. Let the function f(z) defined by (1.1) be in the class & («). Then, for
0=|z]=<=

p 14+2Qa—1)|z|4+Rax—1)|z2
(3.1 Re{f'(2)} = a+)z2)? ’

ik by %élzl‘:l,

> - o —2e|z24+(Qa—1)|z|*
(3.2) Re {f'(2)} = —zP¢

The results (3.1) and (3.2) are sharp.

By using Lemma 2, we now prove
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Theorem 2. Let the generalized hypergeometric function ,F,(z) defined by (1.8)

belong to the class < (p: q; ). Then, for 0§|z]<5,

1+2(2x2—1 200 —1)|z|*
(3‘3) Re {p+qu+l(al- seny ap'! 2; ﬁl’ sany ﬁq! l: Z)} = + ( (l)'lf:.:l-)(e ~ )‘z‘ E]

and, Jor -;—§|z|cl,

o—2a|z*+(2x—1)|z|*
(1= )

(3'4) RC {y+qu+l(a19 wsny 'Ip§ 2; ﬁls Lo | ﬁqs 19 Z)} =
The results (3.3) and (3.4) are sharp.

ProoF. Define a function H(z) by
(3.5) H(2) = 2,F (0, .0y 3 Pyyeaes iy 2)
for ze. Since ,F,(z)is in the class of(p; q; x), we have

(3.6) Re{Hiz)} ~a  (ZE%),

which implies that H(z)€5 ().
Applying Lemma 2 to H(z), we find that

14220 —1)|z| +(a—1) |z

(3.7) Re {H'(2)} = e
for 0§|z]-:%, and that
(3.8) Re {H'(2)} = o —-2a|z]2+a—1)|z|?

(1-|z%?
for %§|Z|-¢].
Now it is not difficult to verify that
(3.9) H'(2) = 2,Fg(0gs eis 03 Pusvoos Bys 24 pFo(@ss vecs Ohps Pry ooes e 2) =
o= p+1Fq+1(alv rasy C!p, 2; ﬂls wery ﬁq; 19 Z),

which, in conjunction with (3.7) and (3.8), yields the assertions (3.3) and (3.4) of
Theorem 2.
Finally, by taking the generalized hypergeometric function defined by

(3.10) plal s ooy 053 Pris ooy Bas B)9355(2; —3 2} =
1+2(@—1D)z+Q2x—1) 22 1

(+2)° (0 = |2 < ?]’
a—2az2+(x—1) z* (l el o l]

(1—2) . ‘

we can show that the results (3.3) and (3.4) are sharp; here f(z)*g(z) denotes the
Hadamard product (or convolution) of the functions f(z) and g(2).
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4. Application involving the class 2

In order to apply the generalized hypergeometric function ,F,(z) to the class
R, we require the following lemma due to MACGREGOR [11]:

Lemma 3. Let the function f(z) defined by (1.1) be in the class #. Then

@.1) o = % (n=2),

(42) @ = (z€2),
", ] —lZ]

(4.3) Re {f'(2)} = Till (z€%),

(4.4) Dl = —|z]+21og (1 +|z]) (z€%),

and

(4.5) |/(2)] = —|z|-2log (1—]z]) (zEU).

We now establish

Theorem 3. Let the generalized hypergeometric function ,F,(z) defined by (1.8)
belong to the class </ (p;q;x). Then

(al)n'"(ap)n — — ) e ml =

o) (CARS A S b W)

4.7) WA CTRY N R = 1+(11—_I§T)IZI (z€),

(48)  Re{,F,(o1s sty By oor Bys 2)) = l"(ll;l‘:r)'z‘ (z€),

@9 lpiaFen(s o apls B s B2 D=1 = (a—1)+ 22RO
(zeu —{0}),

and

(4.10)  [ps1Fys1(®1s oror %py 15 Bry ones By 25 2)—a] = (@— 1)+ 2(“_1):;3(1_'2”
(zeu — {0}).

The results (4.6) to (4.10) are sharp.
PRrOOF. We introduce a function G(z) defined by
(4.11)

G(Z) = prq(ah seny ap; ﬁlv wsey ﬁq; f)dl‘ — zp+1Fq+1(a1s i ] mp'! l; ﬁl& --wﬁqs 2; Z)
0
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for ze4: It follows from (4.11) that
(4.12) Re {G'(2)) =Re {, F,(@, .... %3 Prs s By 2)} = .
Next we define a function G,(z) by

G(z)—az

413) Gi() =

for z€%. Then it is easily verified that
(4.14) Re {Gi(2)} =Re {F%;—} >0, Z€Us

which, by the definition (1.3), implies that

G,(2)ER.

Noting that
o (al)n s (ap)n (] )n'
4.15 G =¥
(13) D=2t 2 B B0
and applying Lemma 3 to G,(z), we immediately get the assertions (4.6) to (4.10) of
Theorem 3. b b

Finally, taking the generalized hypergeometric function defined by

z'l'l-l,

(4.16) ple(®as ooy 0p3 Bry oo Bgs 2) = 14+2(1 —0) ZO:Z",

n=1

we see that each of the results (4.6) to (4.10) is sharp.

5. Univalence of the generalized hypergeometric function

CARLSON and SHAFFER [1] presented a study of various interesting classes of
starlike, convex, and prestarlike hypergeometric functions by applying a linear oper-
ator defined by a certain convolution. Recently, Owa and Srivastava [13] derived
several interesting results concerning univalent generalized hypergeometric functions,
starlike generalized hypergeometric functions of order «, and convex generalized
hypergeometric functions of order «. In this section we determine the radius of
univalence for the generalized hypergeometric functions belonging to the class
< (p; q: «) with the aid of the following lemma due to CHEN [3]:

Lemma 4. Let the function f(z) defined by (1.1) be in the class & (x) with 0=

éa{I—IO. Then f(z) is univalent in |z|<r,, where r, is given by

The result is sharp.

By using Lemma 4, we shall derive
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Theorem 4. Let the generalized hypergeometric function ,F,(z) defined by (1.8)
belong to the class < (p; q; o) with O‘éa-r:ll—o. Then the function

ZpF(0ns ey @3 Py ooes By 2)
is univalent in |z|<ry, where r, is given by (5.1). The result is sharp.
ProoF. The hypothesis that ,F,(z) is in the class o/ (p; g; «) implies that
(5.2) zpFy @, oy %3 By, ooy Bgs 2)ESL(a),

and the proof of Theorem 4 follows easily from Lemma 4.
The assertion of Theorem 4 is sharp for the generalized hypergeometric function
defined by (3.10).
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