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Central automorphisms of standard wreath products

By JOHN PANAGOPOULOS (Athen)

1. Introduction

Let W = AW, B be the standard wreath product of the groups A and

B, where if |B| = 2 then |A| # 2 or A is not the dihedral group of order
4m + 2. It is known that the group of central automorphisms Aut.(W) of
the group W is the direct product of the groups K. and I, where K_ is the
roup of all central automorphisms which leave the group B elementwise
Exed and I, is the group of all inner central automorphisms which are
induced by the elements of the base group AZ. (cf. J. PANAGOPOULOS
[3]). In this paper we study the groups K. and I.. It is proved that the
group K. contains a normal subgroup H, and the factor group K./H. is
isomorphic to a subgroup of Aut.(A). (Proposition 3.1). If the group B is
finite then there is an one-one correspondence of the group H. onto the
group Hom(A, C'), where C is a suitable subgroup of the center Z(A) of A
(Proposition 3.3). As far as the group I, is concerned, it is proved that I,
is trivial if and only if Hom(B, Z(A)) is trivial, where A is not of exponent
2 when |B| = 2. If in W = AW, B the group A is of exponent 2,4 # C;
and |B| = 2, then I, = I,, where I; is the group of inner automorphisms

which are induced by the elements of the base group AZ. In the case of
W = C,W,C; we have that Aut. (W) = I(W). (cf. J. PANAGOPOULOS

(3]

2. Preliminaries

We know that an automorphism a of A induces an automorphism a*

of W = AW, B by
(bf)* =bf*" forall be B, fe AP where

£ (z) = (f(z))* for all z € B.
The group A* of all such automorphisms is isomorphic to Aut(A). Also
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if # is an automorphism of B, then 3 induces an automorphism g* of
W = AW, B by

(bf)" =bPfF" forall be B, fe AB, where

£ (z) = f(z#7") for all z € B. The group B* of all such automorphisms
is isomorphic to Aut(B). (¢f. C. HOUGHTON ([1]).

We shall see in the following propositions the implication on a*, g*
the property of a, 3 being central and on a, § the property of a*, 8* being
central.

Proposition 2.1. If a € Aut.(A) then (bf)* = (bf)g, where
g € Z(AB).

PROOF. If f € AP then f*(z) = (f(2))* = f(z)zsz) where
2f(z) € Z(A). Then, for the element g € A® with
f(z)
g9(z) = zf(;) forallr € B

we have o (z) = f(z) - g(z) = (fg)(z) for all z € B. So f* = fg and
(bf)*" = (bf)g, where g € Z(A®).
Proposition 2.2. The automorphism a* is central if and only if « = 1.

PROOF. Let a € A and f € AP with f(z) = a for some z € B and
fly)=1forally € B, y # z. Then

a® = (f(2))* = f¥ (&) = (f - 27)(2) = f(2) - 24(2) = a- 24(),
where z7(z) € Z(W) = Z(D) and D is the diagonal of AZ.

1= f(y) = (fW)* = () =(f 29)W) = f(¥) - z(y) = z5(v)

forally € B, y # z.
Since zy € D we have that z5(z) = 1 and so

a® =a. Hence a=1.

Proposition 2.3. The automorphism * is central if and only if f = 1.

PROOF. From [3] we have that f* = k., with k¥ € K, < K and
1 € I, < I, where K is the group of all the automorphisms of W = AW, B
which leave the group B elementwise fixed and I, is the group of all the

inner automorphisms which are induced by the elements of the group AZ.
But it is known that the group B* intersects trivially the group K - I (cf.
C. HOUGHTON [1]). So f* =1 and = 1.

Now, if B € Aut.(B), B # 1 then we cannot state a Proposition like
Proposition 2.1.
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3. The group K,

In this section we study the relation of the group K, to the groups 4

and B.

If k € K. then k = a*h with a* € A* and h € H, where H is the
group of all the automorphisms of W which leave the groups B and the
diagonal D elementwise fixed. (cf. C. HOUGHTON [1]. Theorem 3.3). For
an element f € D we have that

[ =M = (fe) = f 2y, 2 € Z(W),

since the automorphism h leaves the diagonal D elementwise fixed. Hence,
the corresponding automorphism a of A is central. So, there is map
¢ : K. — Aut.(A) such that if k = a*h € K. then k¢ = a. The map ¢ is
a homomorphism. In fact, for the elements k = a*h and k; = ajh; of K,
we have

(kky)p = (a*haihy)p = (a*ajh'hy)p = aay = (ko) - (k19).

(This is because the group K is the semidirect product of the group H by
the group A*).
Now, if k = a*h € Kerpthena=1,soa*=1and k=h € K. N H.
gwe define H. = K. N H, then it is clear that H, < Kery so H, = Ker .
ence
K./H, < Aut.(A) by an isomorphism.

Proposition 3.1. If K. = K N Aut. (W) and H. = K. N H then H,
is normal in K. and the factor group K./H. isomorphic to a subgroup of
Aut.(A).

In the following we study the group H., assuming that the groups A
and B are finite. If B = {z,z,,...,z}, then we write

AB =A;, X Ay, X+ X Ag,, wWhereforany :=1,2,...,k the
group A,, consists of those elements f;. € AP with

fzi(z;)=a€ A and
fil(z;)=1 forall =z;#z.

If h€ H., h #1, then for any f,, € A,;, we have that

fo: = frizg,,, where zp € Z(W).
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For any z; # z; there is an element b;; € B such that z; = z;b;;. Hence,

h h  _ gbijh _ phbgj _ bij _ f£bij &
z; = f:eb.‘j - t:, = 4.2 I = (fx.-zf:..) = fz::z.rz,‘ .
= fribij2f5, = fzi245,

because it is easy to see that fo! = fzib;; for any i # j and it is known

that the automorphisms which are induced by the elements of the group
B, leave elementwise fixed the diagonal D. Hence, the automorphism A
multiplies the elements f,,, ¢+ = 1,2,...,k by the same element of the

center of W. If now, f € D with f(z) =a for all z € B then

F=fr,fegseefrys where fo(z;)=a and
fzi(zj) =1, @i # z;
forall e 200k

Then

fh - f:.f:,f:. = (fr12f)(fza2f) .- (fra2f) =
=f-z"}', where z;€ Z(W). Since fP=f forall feD,

we have that z; = 1.
Thus, we have proved the following proposition.

Proposition 3.2. If W = AW, B and the groups A and B are finite
with (|Z(A)|,|B|) =1 then H. = 1.

It remains the case (|Z(A)|,|B|) = d, d # 1. In this case we consider
the subgroup C of Z(A) which consists of all the elements whose order
divides the integer d. We shall prove the following proposition.

Proposition 3.3. There is a one-one correspondence between the
group H,. and the group Hom(A, C).

PROOF. Let h € H, and f;, € A;, for some fixed z; € B. Then
f:.' = f‘izfza’ where By € Z(W).
If fz.(zi) = a € A and 25, (z) = z, € Z(A) for all z € B, then we
define the map ¢ : A — C with ap = 2, for all a € A. The map ¢ is a

homomorphism. Indeed, if a,a’ € A we take the elements f;,, f;. so that

fei(zi) =a, [, (2i) =d'. Then
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(ad')p = [fzi(z:) f2,(z))p = (fz: f2.)()le = 2a2ar = (ap)(a'p)
because (fz, f1,)* = fAfI = faifhizsy, 255, Where
2f,.(z) = za, zpr,(2) = zo forall z € B.
Thus, we see that there is map
9 : H, — Hom(A,C) with h’=¢ forall he H..

We shall see that the map ¢ is onto the group Hom(A,C). Let
¢ € Hom(A,C), with ap = 2z, € C for all a € A. We define the map

h:AB — AP by the rule:
if f,, € A;; with f;.(z;)=a, then

we define
o= fzizf,,, where z5 €D with

Zf:i(l')=ﬂ.tp forall #€0 and tw=1.2.....5

First, we can see that the restriction of h to each A;, is a homomor-
phism. Indeed, if
fzi!g:,‘ e A:", then

(f:.-gz.-)h = f2:92:%f.,9.,» Where
2f,.90,(2) = [(fz:92: )29 = [fri(2i)92: (2] = [fri(zi)]plgz: (i) =
= zf, (z)zg, (7) = (2f,,25, )(z) forall z € B. Thus,

2f,.9e;, = %f;,%9,, and consequently

(fr9:)" = (frizg, ) 92:70,,) = £2,02;-
Now, if f,g € AP with f = fl 12 ...0/5, 9 = 93,93, ...95, where
[2nts Efs, sm1. 2., .5k then
ol sifaod o I es ) = UL T Mon Y I ot i
(feu252, (02,20 ) - (fey2pn )9z, 208, ) =
=(fo, - S )gy ooz N0z, oo 95, )502, - 202 ) =

= fh"g*. Hence, the map h is an endomorphism of A%.
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We shall now see that the endomorphism h leaves the diagonal D elemen-
twise fixed. If f € D, then

f=fefey- o frry sO fh=f:1f:3---f:.=
=(fnzfx,)”-(fnzf,,)=(fr1 ---f;,,)(zf:l ...z_fn)=f-zk = f,

because we know that 2f, =1 =2, =2E€ Z(W), with z% = 1, since
2(z)eCforallz € B and d divides k.

Now we shall prove that h is an epimorphism. If f,, € A, we consider
the element f € AP with f = f1 f2. ... f , so that

f:;(zi) = f,_-(x,')[fz—‘_l(z'-)]tp and
3(z5) = [f7 (=)le forall j#i.

Then, we have that

f = fr;zg, where 2z2y€ Z(W) with
z5(z) = [f (i)l

Thus, f* = (fs,2¢)* = o af = frizfs,2f = fz;, because zy € D and

(21, 20)(2) = 25, (2)zf(x) = [fei(2)llf 5" ()] = [(fe: £ (2] = 1,
for all z € B.
From the above we conclude that A is an epimorphism of AZ. Since the

group W = AW, B is finite, h is an automorphism of AB. In order to
prove that h € H,, it remains to check whether hb = bh holds for all
the automorphisms b which are induced by the elements of B. (ch. C.
HouGHTON [1], 3.4). Let f;; € A;, for some z; € B. Then

::.b = (ftiZfz.')b - fzb.'zfxi = .fx.-s sz-‘ & fz". z'r:i" &
h bh
— f:‘-a =

i

Now, it is clear that h? = ¢, so 9 is onto the group Hom(A, C). Also, it
is not difficult to see that U is a one-one map of H. onto Hom(A, C), but
not a homomorphism.

Let now W = AW,.B, where the group B contains an element of
infinite order. It is known that in this case the derived subgroup of W is
the base group AZ. (cf. P. NEUMANN [2]). Hence, the group K, must be
trivial and theorem 3.3 in (3] gives:



Central automorphisms of standard wreath products 75

Proposition 3.4. If W = AW_.B and the group B contains an ele-
ment of infinite order then

Z(W)

= 1 o2 .
Aut (W)=1. with I, Z(W)

4. The group I,

It is known that if W = AW, B with A of exponent # 2, when |B| = 2,

then
Z2(W)
zZ(w) -

Aut (W)= K, x I,, where I =
(cf. J. PANAGOPOULOS [3]).
In this section we study the case : when is the group I, trivial, so that

Aut, (W) =K. ? This problem is equivalent to the

following: under what conditions does the group Z;(W) coincide with the
group Z(W)?

If we apply the procedure of C. Ruiz DE VELASCO and M. TORRES
in [4] to the standard wreath product W = AW, B, we conclude that
the group Z,(W) is isomorphic to the direct product Z(A) x Hom(B,
Z(A)). Let us describe this isomorphism: if f € Zy(W) then f, = [b, f] €
Z(W), for all b € B. We define the map ¢y : B — Z(A) by the rule

@5(b) = fo(b) forall be B.

The map ¢y is a homomorphism. Now, for an arbitrary element c € B

we define the map F, : Z3(W) — Z(A) x Hom(B, Z(A)) by

Fe(f) = (f(c), py) forall fe Zo(W).

It is proved that the map F is an isomorphism of Z;(W') onto Z(A) x
Hom(B, Z(A)). We see that if f € Z(W) then

Fuf) = (f(chps) with g(8)=fo(b)=[b,f(}) =1 forall be B.
Hence, ¢s = 1 when f € Z(W), which means that
[Z(W))F. < Z(4).
Conversely if (z,1) € Z(A) x Hom(B, Z(A)), then
F.(f)=(z,1), where f(z)=2z forall z € B.

This gives that [Z(W)]F. = Z(A). Hence, we see that Z,(W) = Z(W) if
and only if Hom(B, Z(A)) = 1.
As a matter of fact we have proved the following.
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Proposition 4.1. Let W = AW, B where A is not of exponent 2, when
|B| = 2. Then

Aut (W) =K, ifandonlyif Hom(B,Z(A))=1.
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