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Iteration of some integral 7, ,

By ELIGIUSZ MIELOSZYK (Gdarisk)

An operational calculus CO(LY, L', S, T,, 5,4, Q) is a set (L°, L', S, T,
Sq, @), where L', L° are linear spaces. The linear operation S : L' — L9
called a derivative is a surjection. The set @) is a set of indices ¢ for the
linear operation 7y : L% — L' and for the linear operation Sq: L' — Ker S
such that

ST,f=f for felL® qeQq,
TS5t = x — sqx  for zell, ¢geqQ.

The operation T} is called an integral. The operation s, is called a limit
condition. (For the definition and properties of an operational calculus see
for example [1-3].)

In this paper we present the formula for the iteration of an operation
T, 4 given by (6) and the application of this formula to solving the following
problem
Spx = (S +pid)"z = f,

P
$p.q(S +pid)'z =2F € KerS, for i=0,1,...,n—1,

where id is an identity operation and the operation s, 4 is given by formula
(7).

Let an operational calculus CO(LY, L', S, T,, s,, Q) be given, where
L' ¢ L L', L° are commutative algebras with unity 1 over the field of
real numbers and with the multiplication such that for x,y € L!

(1) S(x-y) = (Sz) y+z-(Sy),
(2) Sq(x y) = (‘qu) : (qu) .
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Definition 1. ([5]) We will say that there exists an element u := ElT a
if and only if the element ElT " is a solution of the abstract differential
equation

(3) Su=p-u
with condition

(4) squ=1,
where v € L', p € L% and Equp € Inv.

Theorem 1. (see [5]) If there exists an element Efqp then the three

operations

(5) Spu = Su + pu,
(6) Tpaf = T, (f-BL")] - B
(7) Spa = (squ) - Ep "

satisfy the axioms of operational calculus, where uw € L', f € L°. The
operation S), is a derivative, the operation T}, , is an integral, the operation
Sp.q 1s a limit condition.

Definition 2. (see [5]) If there exists an element E;qu then for the
elements z,y € L° we will define the multiplication x o i by the formula

(8) acoy:zac-y-Efqp.

Corollary 1. (see [5]) The multiplication o satisfies condition (1) for
the derivative S, and condition (2) for the limit condition s, ,. For the
multiplication o the unity 1, is defined by the formula

1, = BT

Theorem 2. We have

(9) Ty f = [T; (fEinpﬂ .E{"", where feL°.
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ProOOF. We proceed by induction. The formula is true for n = 1. We
must show that

(10) Ttf =t (roB)] By

From our inductive assumption and from the definition of the operation
T).q we will get

n+lp n _
Tp7q f - Tp,qu’qf -

[ n Tqp —Tgp _
= _T(I <(Tp,qf) ’ El >i| ’ El -

[ n Tyr —Typ Typ —Typ
=l (om0 ) m ]

[, T,p —T,»
- -2)] 5

Typ

Corollary 2.
-T P
1o = [T)1] - By

Definition 3. (see [2,3]) Let
L" .= {xEL"_l: SxEL”_l}, n=23,....
Theorem 3. The abstract differential equation
(11) (S+pid)"z = f
with conditions
(12) SpqSyt =af € KerS, for i=0,1,2,...,n—1

where x € L™, p € L™ !, f € L, idx = x has only one solution given by
the formula

(13) T = xg + Tzn,qwll7 + Tziqxg oot Tz?,t;lez—l + Tzstqf'

PRroOOF. It is known from operational calculus that the abstract dif-

ferential equation
S'r=f felL xzclL"

with conditions

sqSim:xiEKerS, 1=0,1,...,n—1
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has only one solution x of the form

n—1 n—1
x = Z TgsqSix +T,)f = Z T(jxi + T, f. (see [2,3])
=0 i=0

Making use of the last fact it is easy to notice that formula (13) is true
O

Corollary 3. If we introduce multiplication o in L° then the solution
(13) of the problem (11), (12) can be written in the form

(14) $:$g+$€OTpvqlo+x§’oTiqlo+..._|_
—1
—I—zﬁ_l oT;fq 1, —|—T£qf.

Theorem 4. The abstract differential equation (11) with conditions
(15) 58t =x; €KerS for i=0,1,...,n—1
has only one solution.

ProoOF. The conditions (15) are equivalent to conditions (16), i.e.
knowing conditions (15) we can define conditions (12) and conversely. Thus
it follows from theorem 3 that the problem (11), (15) has only one solution.

O

Remark. For arbitrary n it is difficult to find the solution of the prob-
lem (11), (15). Therefore, as an example we will formulate a theorem
which will give the form of the solution for n = 3.

Theorem 5. The abstract differential equation
(16) (S +pid)?z = f
with conditions
(17) 548 = x;, i=0,1,2

where x € L3, p € L?, f € L% z; € Ker S for i = 0,1,2 has only one
solution given by the formula

—Typ —Typ
a8) r= zo- By " +Tp,q{(x1 + z0(84p)) - By }+
18

_T P
472, { (22 + 201 (s,0) + w059 + (590)?) - B} + T2,
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PROOF. Applying conditions (17) we can write
Sp.qT = T - B =z
Sp,qSpT = [21 + 0 - (5qp)] - El_qu = a7,

sp7q5’§x = 2+ 2(sqp) - 71 + ((sqp)2 + 8¢5p) - To] - El_qu =xb.

Substituting these conditions into formula (13) in theorem 3 for n = 3 we
will get formula (18) as the solution x of the problem (16), (17). It follows
from theorem 4 that it is the only solution of the problem (16), (17).

O

Ezample A. Let us consider an operational calculus with the deriva-

tive )
S{u(xl,mg,... ,xm)} — {szau(ﬂh,x;a; .. 7,Qjm)}
=1 7

the integral
ngn{f(xl,zg, e ,xm)} =

17 b b,
= {E/f(xl—i(wm—ﬂ,...,mm_l— bml(a:m—T),T) dT},
0

and the limit condition

g0 {u(w1, 22, ..., am)} =

b byn—
= {u (xl—b—l(xm—ac?n),...,:vm_l— 2 1(xm—x9n),a:9n>},

where u € L' := C?*(R™~! x (2}, 22)), R) ,
fell=CHR™ ! x (x,,, 27,), R) ,

20 € (zl x2), bye Rfori=1,2,...,m, by, #0 (see [4]).
For such a model of operational calculus operations Sy, T}, z0 , s z0 are
defined in [5]. Following this paper we put

0 T
(19) Sp{u(xlny, oo ,l‘m)} = {sz u(x173362£; ,QZ )+
1=1

7
+p($17$27 s 7xm)u(x1,$27 s 7xm)}7

(20) Tp7a;21{f($1,$2,...,l'm)} =
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b b b —
p(mlfﬁ(mm7T),1‘27ﬁ(Jtm7T),...,$m_17?T1($m7T),T) dr

(21) Sp,a0. {u(acl, Ta,. .. ,xm)} =

Tm
— {p<$l_b (T —T)se s T —1 Tz',:l(mm—T),T)dT
zm

where v € L', f,pe L°.
In [6] there is shown a formula for the iteration of the integral T;o .
It has the form

(22) T { (a1 @2, . wm) | =
SOy = e
Tt — b’b”;l (T — T),T) dr} .

o

In [6] it is also shown that for ¢ € Ker ( bi 8(301-) the formula

1=1

1\" (2, —22)"
23 TY ¢ = - T Tmy
) ne=e({5) )

is true. From the formulas (20), (22) and Theorem 2 we have

(24) sao {F (@122, ) | =
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bm
ﬁ f p(xl_%(mm_g)r“ammfl_b?nzl (mm_g)vf)dg
e dr
,ﬁ xfnp(xlf%(xmfr),...,xm_lfb"bi:bl (xmfr),T)dT
20
€ m ,
where f € LY. Tt follows from (24) that for
T m
— 5 f p(wl—b—(a:m—T) ,,,,, Tm—1— 7 (xm—T) ’T)dT
' =cqe Tm ,

is true.

Ezxample B. Tt follows from theorem 3 and example A that the partial
differential equation

m 9 . n
(25) (sz% +P($1,1‘2,---79€m)ld) {x(l‘l,m,---,ﬂﬁm)} =
i=1 ’

= {f(ml,xg,...,xm)}

with conditions

(26) 549, (Zbi%w(wz,...,xmwd) {22, om) b =
i=1 v

0
:goieKer(Zbi%) for i=0,1,....,n—1,

1=1



134 Eligiusz Mieloszyk

where z € L™, p € L™ 1, f € LY (L and L' are defined in exam-
ple A while L™ is defined in definition 3), z,, € (xl  22), b; € R for

mI'm

it =1,2,...,m, b, # 0 has only one solution given by

L\ (@m — @) n
(E) Pn—1 (n—1)! ) +Tp,m9n{f(931,5527---,$m)},
where T o {f(z1,29,...2m)} is defined by the formula (24).

E:Eample C. The partial differential equation (25) for n = 3 with
conditions

{ x(x1,29,. .., Qn)}:{lbo(xl,ﬂfz,---,xm—l)},
i 8(11{96(301,:02,.. xm,l,x?n)}={¢1(x1,x2,...mm,1)},

(Zb ) { xl,mQ,...,xm,l,x%)}z{@bg(xl,xg,...,a:m,ﬂ},

where 1; € C*7*(R™ 1 R) for i = 0,1,2 has on the basis of theorem 5
only one solution

Tm
_ﬁ ‘(];p( 1_7($TIL T)a HLm—1— 7;;;1 (xrn_T)yT)dT
Tm

{¢0(vl,v2,...,vm_1) + %@bl(m,vg,...,vm_l)—i—

+ Yo(v1, 2, .oy Vm1) P(V1, V2, - V1, 20 ) (T — 20))+
+ |:w2(1)1,1]2,...,’l)m_1)+

+ 2001 (v1, V2, + . o, U 1)P(V1, Vo ooy U1, 20 )+

= 0
+ o(v1,v2, ..o Um—1) (S:c?n sza {p(z1,22,. .., 2m) } +
i=1 !
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+ (p(or, 2, ... mml,xom)fﬂ (i)z (@m =) |

b 2!
+ T;’vxgn{f(:z:l,xg, o ,xm)} ,
where v; = x; — lf)—z(xm —2%) fori=1,2,...m —1 and TS:CO
by the formula (24) for n = 3.
Similarly, further examples for the application of the theorems for-

mulated can be given, making use of other models of operational calculus
(models with different derivatives S).

is defined
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