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D egree o f approxim ation to  functions in a norm ed space

By TIKAM SINGH (Ujjain)

1. Let {sn} be the sequence of partial sums of ^ a n- Let Л =  (An*) 
be a lower triangular infinite matrix, i.e. An* =  0 for k > n and let 
A-transform of the sequence {sn} be given by

Tl
(1.1) Tn =  ^   ̂Ank$k ? u =  0? 1* 2, . . .  .

k=0

Let C2n be the class of all 27r-periodic continuous functions /  on 
[0,2n] having Fourier series

OO
(1.2) /  ~  o,Q/2  +  ^ ^ ( a n cos nx + bn sin nx).

n = l

We define the space Hu by

(1.3) H u = { f  e  C2n : |/(x )  -  f { y ) I < K u (\x  -  y\)} 

and the norm | | . ||^* by

(1-4) | | / | | w* =  | | / | | c  +  sup{A^*/(x, y)},
*>У

where

(1-5) WfWc =  sup |/(x ) |,
0<x <2 n

and

™  ^ > - е т  ■ * » •

and Д ° /(я ,у )  =  0, u(t)  and u*(t) being increasing functions of t. If 
u(\x — y I) <  A\x — y\a and u*(\x — y|) < K \x — y|^, 0 <  ß < a  < 1, A
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and K  being positive constants, then the space

(1.7) H a =  { /  e Cin: I/(*) -  y |° , 0 <  a  <  1}

is а Banach space ([4]) and the metric induced by the norm | | . ||a on Ha 
is said to be a Hölder metric. We write

o f  co n tin u ity  o f  f  e  C 2n- { P n } ï  an d  {pn }$  s ta n d s  for n o n -d e cr ea s in g  an d  
n o n -in c re a sin g  se q u en ce s , re sp ec tiv e ly .

T h e  fo llo w in g  th e o re m  is p roved  b y  CHANDRA ([2 ]) ta k in g  su p  n orm  
Il. y o n  0 <  X  <  2тг.

Theorem . Let A =  (An*) satisfy the following conditions.

2. The object of this paper is to widen the scope of the above theorem 
of CHANDRA under more general assumptions and to include a number of 
interesting results. For analogous conditions on the function, one may 
refer to MoHAPATRA and CHANDRA ([3]) and SlNGH ([6]). Precisely, we 
prove

(1.8) i>x(t) =  / ( *  +  t ) +  / ( *  -  -  2 / ( x ) .

Throughout the paper /  will be taken to be periodic and u(t)  the modulus

n

Jb=O
and

(1.10) AnJt < An jt+1 (k = 0 ,1 ,2 , . . .  ,n  — 1; n =  0 , 1 ,2 , . . .  ).

Let uj(t) be such that

( i . i i )
TT

J  u~2uj(u) du =  0 (# (t)) , H (t) > 0,
t

and

t

( 1.12)
o

Then

(1.13) IlTn( / ,  X) -  / | |  =  0(Цтг/n ))  +  0(АппЯ(тг/гг)).

H, in addition to (1.11), (1-12) be satisßed, then

(1.14) \\Tn( f , x )  — / | |  =  0(Апп(Я(тг/гг)).
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Theorem  I. Let A = (Ari*) satisfy (1.9) and (1.10). 
Then for f€ H u ,0 < ß  < rj< 1

(2 . I l T . ( / , * )  -  / | | „ .  =  o |{a i( |x  -  » | ) } " ’ K ( I *  -  И ) Г ‘ -
• ( » ( . / » » ‘- " ' A , . ( » « '  +  > ;« '} ]  +  0(А„„Я(<г/п)),

i f  u>(t)satisfies (1.11) and (1.12), and

| | U / , x )  - / IU- =  0 [M |x  -  y |))"*{w *(|*  УІ)}-1-
(2.2) . ((w (* /n ))1- ^  +  Xnnn

+  0(u (n /n ))  +  0(А„„Я(7г/п)),

ifu>(f) satisfies (1.11).

T heorem  II. Let A =  (An*) satisfy (1.9)

(2.3) A„jt > An>jt+1 (k = 0 ,1 ,2 , . . .  , 1; =  0 ,1 ,2 , . . .  ).

Leta;(t) be such that the conditions(1.11) and (1.12) be
for f6 H u ,0 <  ß < rj< 1

| | г „ ( / , х ) - / ц „ .  = 0 [ М і * - » | ) } ' 'ч « * ( |* - » | ) > - ‘ - 

• U W U ) ) 1- " ' ( « " '  + 0(Л„„Я(А„о)).

3. We shall require the following lemma in the proof of the theorems. 

Lem ma. Let u(t)  satisfy (1.11) and (1.12), then

U

(3.1) J t " * u ( t ) d t  = 0(uH(u)), u ^ 0 + .
o

For the proof of the lemma see CHANDRA ([2]).

4. P ro o f of Theorem  I. It is to be noted that

(4.1) \<bx( t ) - Q y( t) \< 4 K u ( \ t \ ) ,

and also

(4.2) |0x(O -  0*(i)l < 4Au(\x  -  y|).

We have
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Tn( / ,* )  =  £ A n,t Sfc(*).
Jfc=O

Setting

n

E n(x) =  Tn( / ,  x) -  f ( x )  =  ~  J^M b  £ Л"* sin(* +  !/2)<
n fc=00

and

^n(^>y) =  E n(x) E n{y) =

= h / ^sta(</*’/ 0  è  Л"‘ »to(t +  1/2)< л , 
0 *“ °

we get

w/n 7Г

(4.3) \En(x , y ) \<  J  +  J  = / і + / 2>

say, where

^ І І ^ Ё Ш Г І  f>*<*+v*H*n л — 0

and

' - è / ^ ^ l g ^ + H * '
7Г/П

Now using (1.9), (4.1) and the lemma and taking sin(fc +  l /2 ) t  =  0(1), we 
get

7Г /  U

(4.4) I 1 =  0(1) J  r ' u ( t )  dt = 0 ( £ # ( » /n ) )  =  0(АппЯ(тг/п)),

since by (1.10), Anjt < K,h+i and, therefore, (n +  l)Ann > £  Anfc =  1
*=o

gives n “ 1 =  O(Ann). Further, by (1.11) and (1.12) and integration by parts
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n /n  n n /n

(4.5) I \  =  0(1) J(-1 t o(t) ̂ 2  ^  + 1 /2  =  0(n)
o k~° o

=  0(n)
W w / n  n

~ t 2J  u~2u(u)du  ̂  +  2

(4.6) =  0 [n 1H(Trfn)] =  0[Л„„Я(7г/п)].

But from (4.5) and (1.12)

(4.7) Ii = 0(n) ш( • — =  0(w(ff/n)).n
By (1.10) EUid Abel’s lemma, we see that

n

(4.8) ^ 2  Л«* sin(fc +  V 2)* =  ° (лпп<-1 )
fc=o

and, therefore, by (1.11)
П

(4.9) I2 = O(Ann) J  = 0(АппЯ(тг/п)).
n/n

Again by (1.9) and (4.2)
n/n

Ii =  0[w(|x — yQ] i -1 ^ 2  Anjfc|sin(fc +  l /2 ) t |
JJfc=Oo

(4.10) »/» n
=  0[w(|x — y|)] /

o
=  0 [w (|* -y |)] ,

and by (4.2) and (4.8)
n

(4.11) I2 =  0[u>(|x — y|)] J<-2 Ann =  0[w(|x — y|) n Ann].
n/n

Now noting that

(4.12) I r = I 1r - ^ r> I ^ \  =  1 ,2 ,

265
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we have, from (4.4) or (4.6) and (4.10)

(413) h  = І°<Л"»Я (" /" )> ], ' , / '  [» ("d*  -  * l)> " 4
- 0 ( М | . - » | ) } « ’ { А . .Я ( » / п ) ) * - 'Ч  

and from (4.9) and (4.11)

(4.14) I2 =  0[{w(|X -  у \ ) У  Ann 

On the other hand, from (4.7) and (4.10)

(4.15) I 1 =  0[{u(\x -  y |) ) H '  {w (r/n ))* -W %

Thus from (4.13) and (4.14)

I A w* F1 ( T" tfM -n n  i^ n (*^) ^ n ( y ) Iа„р |Д  B . ( x , , ) | = ^ p _ ^ _ ^ _

(4.16) = 0 [ K ( |x  -  УІ)}-1 М І *  -
l - ß / r ,

( я 0 )  ' x . . { x ; ! / '  + n « ’ }],

and from (4.14) and (4.15)

= 0 [ { « * ( І * - у | ) } - 1 И І * - у | ) } / , / ? -
(4.17) {(Ш(п

. (H

It is to be noted that

| | # n ( * ) | | c  =  m æ c |T n ( / ,  x) -  / |  
0< x< 2n

(4.18)
_  f 0(ЛППЯ(7Г/n )), 

1 0(oj(n/n)) + 0(.
from (4.6) and (4.9) 

0(АппЯ(7г/тг)), from (4.7) and (4.9).

Combining (4.16) with the first part of (4.18) and (4.17) with the 
second part of (4.18), the required results are established.

5. P ro o f of Theorem  II. From the proof of Theorem I, we have

Ano TT

(5.1) \En( x , y ) \ < J  + J = J l + J2.
0 Ano
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By the lemma

Л5 ° n

(5.2) J 1 <  /  r ' u ( t )  J2A"* Isin(* +  V 2)i| 0(АпОЯ(А пО)),
o *=0

and by (1.9), Abel’s lemma and (2.3), we have
n

(5.3) J 2 =  O(An0) J  t~ 2u{t)  = 0(Ап0Я(А п0)).
n̂O

Again, using (4.2) and (1.9), we get

n л "°

(5.4) J 1 =  0(n w(|x — y|) ^  A„t /  cft =  0(n w(|x — y|)An0),
k=o

and
n

(5.5) J 2 = 0 ( u > ( | x - y | )  JAn0 =  0(w(|x — y|).
n̂O

Proceeding as in the proof of theorem I, we have

(5.6a)

and

(5.6b)

Thus

J 1 =  0 Ап0{ п ы ( |х - у |} ^ { Я ( А п0)}1- ^  

J 2 =  0 [{(w(|x -  у|}^/ П Я (А п0)Ап0}1- ^ ^ ]  .

(5.7)
Sup |Д "*Я „(х,у)| =  0 [{w(|x -  X -  y|)} *•
x , y  L

•Ап0{Я(Ап0)}1- ^ { ^ /ч +  А - ^ } ] .

It is obvious from (5.2) and (5.3) that

(5.8) \\En(x,y)\\c  =  0(ЛпОЯ(ЛпО)).

Combine (5.7) and (5.8) for the proof of the Theorem II.

267
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6. Corollaries. T h e  f o l lo w in g  a r e  t h e  c o r o l la r i e s  b a s e d  o n  T h e o r e m  I. 
Put w*(|x -  y|) < K \x  -  y\ß,w(|x -  y|) <  y |" , =  l0 g ( 7r /< )

f o r  a  =  1 a n d  f f ( f )  =  t ° - 1  fo r  0  <  a  1 a n d  r e p la c e  т ? b y  t o  g e t

C orollary 1. LetA =  (An*) sa(1.9) a n d  (1.10) a n d  G
H a,  0 <  ß  < a  < 1, then

O(AnnIogn) 4- 0 Jn^Ann(Iogn)1 +  (Ann Iogn)1 
a = 1

0 [n1-0+^Ann] + 0  [(Annn 1 -" ) 1 -^ “] , 0 <  a  < 1,

a n d

||2 n ( /,x )  — = Í  0 (n ^ -1
“  \  0(n^~"

) +  0(Ann n ^ ( l o g n ) 1 =  1 ,

) +  0(A „ „ n 1- “+^), O < a < l .

The later result is the theorem 2 due to MoHAPATRA and CHANDRA
([3]).

If we put ß  =  0, so that u*(\x ~  y j) <  K  and the norm | | . || stands 
for the sup norm on C2 n in Theorem I, then it reduces to the CHANDRA’s 
Theorem (loc. cit.).

If ß  =  0 and /  G L ipa, 0 < a  <  1, so that u>(t) =  0( ta) and

(6 .1)

we have from Corollary 1

Corollary 2. Let Л =  (Лп*) satisfy (1.9), (1.10) and /  E L ipa, 0 < 
а  <  1, then

■ - < / . - ) - / ■ - !  2 ^ . ? ?  ? ; « < . ̂ Q(n Ann), 0 <  oc <  1,

a n d

\\T,

| | T . ( / , x ) - / | |  =
0(n ^  +  O(An n Iogn),  =  1, 
0(n- “ ) +  (n 1—“ Ann), 0 < o < l .

If we put w * (|x  — y|) <  K\ x — y| ßw( |x  — y|) < y |a and replace
T] by а  in Theorem II, we have b y (6.1).
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Corollary 3. Let A =  (A„*) s(1.9) and (2.3) and G 
H a , 0 <  ß < a  < 1, then

| | 2 n ( / , x )  — =

0 [ ( Л"° loS Ä ^ )]  +  0 [n^ A«o (log л ^ )  

+ о [ ( л п0 I o g ^ - )  j ,

i - ß

a  =  1,

, о ( л ; 0 ) +  o ( „ o / “ C - w / " )  +  о ( л ; / ) ,  o  <  «  <  i .
If we put ß  = 0 in the above corollary, then
C orollary 4. Let A =  (A„*) satisf(1.9) and (2.3) and /  G L ipa,

0 <  а  <  1, then

W T n ( M - f W  = 0 ( Л"о1° ё А ^ ) ’ a  =  1>' 
0(A“0), 0 < a < 1.

Now we specialize the matrix Л =  (An*). If we put An* =  ^ t- and 
Anik =  *7 >~- in the transform Tn( / ,  x), we have, respectively

ik=0

and

transforms, where

N n ( f ,x )  =  ^ -  ^ p n _ * S * (x ) ,
«* Г» ik=0

Pn = ^ P k ,
k=0

If we put c j* (|x -y |)  < X |x - y |^ ,  u>(|x-y|) < A|x — y |a , and replace r] 
by oc in Theorems I and II, and if we put Ann =  Pn/Pn, { Pn) t  in Theorem 
I and AnO =  Pn/Pn, {Pn)$i  in Theorem II, then the following coroUaries 
are obtained, respectively, keeping in view (6.1)

Corollary 6. For f  G H ct, 0 < ß < а  < 1, {рп}І, we have

e ( f t n ' - " ^ ) + e ( n ' - f t ) 1* " *

0 ( n ^ ( l o g n ) 1^ )  ,

, 0 <  1, 

а  =  1.
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W N n { f , x ) - f h  =
0(»*"") +  0 { p ^ n l~a+ß)» 0 < a  < L

0(n^"*) +  o ( ^ u ^ l o g * " ^ n ) ,  a  =  l.

Corollary 7. For fG JTa, 0 < < 1, {pn}i> we

n ^ ( l o g - ) 1 l + o f ( ^ 1̂ — )Pn V Pn /  \P n P« /

' p » \
, P . J

a =  1
a - ß \

) + °

0 < a  < 1.

n ß h (Й
Ot — ß+ß/ot

Putting ß =  0 in the СогоИагу 6, we have special results for N n( f , x ) 
transformations and from Corollary 7, we have the following theorem due 
to SlNGH ([5]).

Corollary 8. I f  f  E L ipa , 0 < а  < 1 and {pn}î, then

° [ ^ los ^ ) ’ a =  1 ’
W n ( M - f W  = iИ № 0 <  a  <  1.

If we put w * ( |x -  y|) < K \x  -  y\ß,w(|x -  y|) < A\x  y |" , Ann =  l / n
and replace rj by а  in the second part of Theorem I, we have

Corollary 9. For f  E H a, 0 < ß < a  < 1

’ 0 (n*"e ),
Wn ( f , x ) - f Wf i

0 < a  < 1,
0[n  ̂ *(l +  logn)1 P], a  =  l.

This is result of PRÖSSDORF ([4 ]), where an( f ,  x )  is the Fejer operator. 
Put ß  =  0 in the above corollary to get one of the results of ALEXITS ([1]).
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