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H ypercentre-by-fin ite groups
By M. J. TOMKINSON (Glasgow)

1 . Introduction

It was observed by R. BAER (see [9]) that a consequence of B. H. 
NEUM ANN’s result on groups covered by finitely many cosets [8] is the 
characterization of centre-by-finite groups as those groups which are the 
union of finitely many abelian subgroups. In [13], we gave a bound for 
the index of the centre in terms of the number of abelian subgroups re
quired to cover G. If G is the union of n abeHan subgroups then any set 
of n +  1 elements contains a pair which commute; we shall say that uG 
satisfies the condition (A, n) ” . This notation indicates that the largest set 
of noncommuting elements in G (or the largest set of elements in G in 
which no two generate an abelian subgroup) has size n. The apparently 
weaker condition that any infinite set of elements contains a pair which 
commute is denoted by (A, <oo). B. H. NEUMANN [10] and V. FABER, R. 
LAVER and R. M cK ENZIE [2] showed that G satisfying (A, <oo) is equiva
lent to G being centre-by-finite and so G satisfying (A, n) for some integer 
n. L. PYBER [11] gave a bound for the index of the centre in a group G 
satisfying (A ,n ).

The results of this note concern the corresponding conditions for nilpo- 
tent subgroups rather than abelian subgroups. R. BAER showed that a 
group G is the union of finitely many hypercentral subgroups if and only if 
the hypercentre Z*(G) of G has finite index in G (see [12], Theorem 4.18). 
It is a fairly simple m atter to show that G is the union of finitely many 
nilpotent subgroups if and only if some finite term Z n(G) of the upper 
central series of G has finite index in G . This resuU is a consequence of 
the following.

Theorem  A. Jf G is the union of  n subgroups each of  which is nilpo
tent of  class c, then |G/Z*(G)| < (n!)!, wherek =  с(г+с/о̂ 2Г) an d r  = (n!)!.

If G is the union of finitely many normal nilpotent subgroups then G 
is itself nilpotent. The usual proof of FlTTIN G ’s Theorem gives a bound 
for the nilpotency class of G and a similar argument shows tha t the inter
section of the normal subgroups is contained in a particrdar term of the 
upper central series so that we obtain
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T heorem  B. I f  G is the union of  n normal subgroups each of  which 
is nilpotent of  class c, then \G/Zm(G)\ < n \ , where m  =  n(c — 1) +  1. G 
is nilpotent o f  class at most nc.

The conditions (N 9 n ) and (N 9 <oo) were considered by J. C. LENNOX 
and J. W lEGOLD [6 ] for finitely generated soluble groups. Here we say th a t  
G satisfies the condition (N 9 n) (the condition (N 9 <oo)) if any set of n +  1 
elements of G (any infinite set of elements of G) contains a pair which 
generate a nilpotent subgroup. LENNOX and W lEGOLD showed that G 
satisfies (N 9 <oo) if and only if it is finite-by-nilpotent and hence satisfies 
(N 9 n) for some integer n. We concentrate on the bounded condition (N 9 n) 
and prove

T heorem  C« H  G is a ßnitely generated soluble group satisfying 
(N ,n )  then \G/Z*(G)\ < n n\

It should be noted that a group G is finite-by-nilpotent if and only if 
\G/Zj(G)\  is finite for some in tegerj [4]. This implies tha t the hypercentre 
Z*(G)  has finite index in G. Conversely9 if Z*(G) has finite index in the 
finitely generated group G then Z*(G) =  Zj(G)  for some integer j .

We should stress, however, tha t our Theorem C says nothing about the 
condition (N 9 <oo) and, in particular, the result of LENNOX and W lEGOLD  
does not follow from this theorem. The bounds given in all three theorems 
are all rather large and unlikely to be even close to best possible.

In connection with Theorems A and B we mention related results of 
L.-C. K APPE [5] who considered groups which axe the union of finitely 
many 2-Engel groups. In this case the subgroup of right 2-Engel elements 
of G

L(G) — {a G G : [a,x ,x] =  I 9 for all x G G}

has finite index in G and if the covering subgroups are normal then G is 
a 3-Engel group. As the 2-Engel condition is rather special it is unHkely 
tha t these residts wiU extend to a covering by n-Engel subgroups. On 
the other hand they are much more satisfactory than the bounds given 
by Theorems A and B above wheminterpreted for subgroups which have 
nilpotency class two.

2 , G roups covered by finitely many n ilpoten t subgroups

PROOF of Theorem A. Let G =  H\  U . . .  U i f n, where each Я* is 
nilpotent of class c. By omitting some of the Я, if necessary we may assume 
tha t this is an irredundant cover of G; that is Я , £  U j±% Hj  ôr each 
i =  I 9. . .  , n. If Hj= H i f ) . . . f)Hn then^ by Theorem 2.2 of [13], \G : H | <  n\ 
(In fact, Theorem 3.4 of [13] gives a slightly better bound for |G : H | but 
as this is stiU unlikely to be best possible we use the simpler form n!). 
If N  =  coreG( tf )  then \G/N\ < (nl)l = r. We show tha t N  < Z k(G) .
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Certainly N  is nilpotent of class at most c and so has a central series 
of length c. It is sufficient to show that A =  Z ( N )  is contained in the 
(r +  Clog2 r )-th  term  of the upper central series of G and then, by factoring 
out Zj_i(iV), the same resuU can be obtained for Z,(iV )/Z,_i(iV ).

Let T  =  DrAp be the torsion part of A, where A p is the maximal 
p-subgroup of A. If a E A p then (aG) is a finite normal p-subgroup of G. 
Let x N  be a p'-element of G /N \  then x E H iy for some i =  1 , . . .  , n, and so 
{aGyx ) is nilpotent. It follows that x centralizes (aG) and so G / C a ((&G)) 
is a p-group of order at most r. Now G =  G /C o((a0 )) has a finite central 
series of length s < Iog2 r  in which each factor is cyclic

I  <  ( X 1) <  ( X l y X 2) <  . . .  <  < * i , . . .  , x a) =  G .

Each Xj can be w ritten as XjCc( (a0 ))- Since x\ E H iy for some i =
1 , . . .  , n y (aGy X1) is nilpotent of class at most c. Therefore there is a chain 
of subgroups.

( a G ) >  [(Oc ) 5Z 1] >  [(Oc ) 5Xl 5 Xi]  >  •••  >  [ ( ° ° ) ?  c^ i ]  =  1

and, since X1 E Z (G )y each of these subgroups is normal in G . Each factor 
in this series is centraUzed by (Cc((^c ))yX1) and so we can consider the 
action of X2 on each factor. This gives a series of normal subgroups of 
G of length c2 each factor of which is centraHzed by (Co((^G))yx lyx 2). 
Continuing in this way we obtain a series of normal subgroups of G of 
length c3 each factor of which is central in G . This means tha t (aG) < 
Zc*(G) and hence T  < Z C»(G).

Factoring out T  we now assmne that A is torsion-free. If a E A y then 
(aG) is free abelian of rank at most r. Consider (aG)/ (aG)p; as above this 
is contained in the hypercentre of G /(aG)p and, since it has order at most 
pry we have [(aG), rG) < (a° )py for each prime p . Thus [(aG), r t7j =  1 and 
a E Z r(G).

It follows that in the general case A =  Z ( N )  < Z r+C«(G) and so 
N  < Zk(G)y where к =  c(r +  cs).

PROOF of Theorem B. Let G =  H 1 U . . .  U H ny where each Hi is a 
normal nilpotent subgroup of class c. As in the proof of Theorem A we may 
assume that this is an irredundant covering and |G : H \  П . . .  П H n | < n!. 
Let g E H 1 f l . . .  D H n and # i , . . .  , gm E G y where m  =  n(c — 1) +  1. Then 
c of the g1, . . .  , gm are in one of the # ,  and so

І9і 9i  > • • • > 9m\  £  7 c + i . ( # i )  =  1*

Hence g E Z m(G ).
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It is possible to make some improvements to the bound given for the 
nilpotency class of G but it is not clear what the correct bound should be. 
For example, if G is the union of three normal subgroups each of class two, 
then it can be shown that G has class at most 5.

3. P roof of Theorem  C

One of the weaknesses of our main theorem is the requirement that 
G be finitely generated and soluble. We will see in the proof that we 
make considerable use of the solubiHty condition in particular, using many 
properties of finite soluble groups. Our first task is to show that G/Z*(G)  
is finite so that we can consider a finite soluble group with trivial centre. 
It is svdficient to show that G/Z*(G)  is periodic and in order to do this 
we require the characterization of Z*(G) as the set of right Engel elements 
given by BROOKES [1] for finitely generated soluble groups.

We begin with an elementary number-theoretic result which may be 
well known.

Lem m a 3.1. For any integer k > 2, there is a set of  k distinct positive 
integers { a i , . . .  ,a*} such that gcd(aj,aj) =  |a, — a j |, for all i ф j.

PROOF. We construct the sets { a j , . . .  ,a*} by induction on k and 
satisfying the additional condition

lcm {ai,. . .  , CLjc} > m ax{a i,. . .  , a*}.

For к =  2 , we can take the set {2,3}.
So suppose that k > 2 and that we have a set {b\ , . . .  , b k - i} of positive 

integers such that

b\ < b2 <  • • • < bk- 1 < m =  lcm {bi,. . .  , Ь*_і}

and gcd(bj,bj) =  6, — 6j, whenever i > j . Let ük = m  and, for i =
1 ,.. .  , к — 1, let a, =  m — bk-i. Then Gt1 < a2 < . . .  < a*. If i < j  < к then 
gcd(aj, a j )  =  gcd(m -  bk - i , m -  bk 4 ) = gcd(b* bk - i  -  *>*-j =
aj — a,. If i < fc, then gcd(a,, a\t) =  gcd(m — bk- i ,m)  =  bk-i = a* — aj.

I f lc m { a i,. . .  ,a*} =  ajt =  m, then a,|m  and so m -b , |m . This implies 
that bi >  m /2 . But also b%\m and so 6,- =  m /2 . This clearly can not be 
true for different values of b{ and since k — 1 > 2 we have a contradiction. 
Therefore lcm {ai,. . .  ,a*} > m a x { a i,... ,a*}.

Lem m a 3.2. Let G be a finitely generated soluble group satisfying 
the condition (N ,n ) for some n. Then G/Z*(G) is finite.

PROOF. We need only show that G/Z*(G)  is periodic. Suppose not; 
then there is an element x G G such that no power of x is in Z*(G). Let 
a i , . .. , a n+i be distinct positive integers such that gcd(a,-,a; ) =  |a,- — a j |,
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for all i ф j,  and let m = lcm {ai,. . .  , a n+1}. Then x m ф Z*(G) and since 
Z*(G) = R (G ) , the set of right Engel elements of G1 there is an element 
y E G such that [яш,*у] Ф 1, for any integer k 1 and hence (xm,y) is not 
nilpotent.

But consider the set {#a iy ,. . .  , xan+1y}. The (N, n)-condition implies 
that this set of n + 1 elements must contain a pair which generate a nilpo
tent subgroup. But

{xaiy , x a>y) = (xa‘~a>,xaiy =  , y),

since сц—ajdivides a*. Also aj — a, divides m and so (xa i- °>,y) >
which is not nilpotent. We have therefore obtained a contradiction and so 
G/Z*(G)  must be periodic and a periodic finitely generated soluble group 
is finite.

In fact, the proof shows that GjZ*(G)  must have exponent dividing 
m  but the value of m  is large and seems to make no reduction in the 
estimates obtained below.

By considering the group G/Z*(G) , which also satisfies the condition 
( N 1Ti)1 we may now restrict our attention to a finite soluble group with 
trivial centre. Some of the lemmas leading to our final theorem do not 
require аИ of these conditions.

Lem ma 8.3. Let G be a finite group satisfying ( N 1Ti) and with 
Z (G )= 1. U p  is a prime dividing |G|, then p < n.

PROOF. Let P  be a Sylow p-subgroup of G and let Q = Op (G)1 the 
subgroup generated by all p'-elements of G. Then G = PQ  and if [P, Q] = 1 
then Z (P)  < Z(G) = 1. But Z(P)  ф 1 and so we must have [P1Q] Ф 1. 
Therefore there is a p-element а and a p'-element b such that [a,b] ф 1. 
Consider the set

{a ,b ,a6,a 2&,... ,a p_1b}.
This is а set of p +  1 elements and any two of the elements generate the 
subgroup (a, b) which is not nilpotent. Therefore p+ 1 <  n +1  and so p < n.

Lem ma 3.4. Let G be a finite group satisfying ( N 1Ti)1 let P  be a 
p-subgroup of  G and x a p'-element of N c ( P )• Then |P  : C p (x ) | <  n.

PROOF. Let |P  : C p(x ) | =  k and let y i , . . .  ,y* be coset representa
tives of Cp(x)  in P  so that y iyJ1 ¢  Cp(X)1 whenever i ф j . Consider the 
set of k elements {хУі, . . .  , ^ y*}. If k > n, then there are i and j  such that
(Xyi1Xyj) is nilpotent. Thus (xViVj ,x) is nilpotent. But x and x ViVj 
are distinct p'-elements of P(x).  Thus (x) is a maximal p'-subgroup of
P(x)  and so is the unique maximal p'-subgroup of {x yiVj ,x ). Therefore 
x yiVj G (x) and so PiyJ1 E Np((x))  = Cp(x)  contrary to the choice of 
Уі ? • • • ? Ук • Hence k <  n.



318 M. J. Tomkinson

Lem m a З.Б. Let G be a finite group satisfying (N , n). Let R  = Ri  x 
. . .  x Rk be an elementary abelian p-subgroup of  G and let X i 1 . . .  , Xk be 
elements of  an abelian ps-subgroup Q such that [R,-,x,]=i2,- and [Rj,Xj] =  
1, i f  i ф j. Then jJ?| < n.

PROOF. Let x =  XiX2 .. *Xk\ then x is a p'-element normalizing the 
p-subgroup R. By Lemma 3.4, we have |R  : C #(z)| <  n. Let y G Cn(x);  
then we can write y =  yxy2 . . .  y*, with y, G Ri> Then

1 =  [y,x] = [yi y2 . . .  Укі XiX2 . . .Xk\  = [yijXi]...[yk> х к].

Since R  =  R 1 X . . .  X R k and [y,*,Xi] G R i 1 we have [y*,Xj] =  1 and so 
Уі G Ctii(Xi) — 1. Hence Cn(x) — 1 and so \R\ < n .

Lemma 3.5 will be used to consider various subgroups acting on the 
elementary abelian p-subgroup R  of order at most n. Bounds for the orders 
of such groups are easily derived from known results on the orders of soluble 
lineax groups.

Lem m a 3.0. Let p be a prime such that p k < n. Then
(i) a p-subgroup of  GL(fc,p) has order at most 72½(1°&* n~1)?
(ii) an abelian p'-subgroup of  GL(fc,p) has order at most n — 1,
(iii) a soluble pf-subgroup of  GL(fc,p) has order less than | n 9/ 4,
(iv) a soluble subgroup of  GL(fc,p) has order at most  n ^ log2n+1 .̂

PROOF, (i) |GL(fc,p)| — (pk — 1 )(pk — p ) . . .  (pk — p^-1 ) and so the 
Sylow p-subgroups ofGL(fc,p) have order р 2 к(к~г) — n 2( ^ 1) and k — 1 =  
Iogp n -  1.

(ii) A pf-group acting on a GF(p)-vector space is completely reducible. 
If G is an abelian group acting faithfuUy and irreducibly on a vector space 
V  then, for each x G G 1 Cy(x )  =  0. It foUows that if v is a nonzero element 
of V  then the elements Vg1 g G G 1 are distinct. Hence |G| < \V\ — 1. A 
simple induction argument extends this to completely reducible groups.

(iii) A soluble p'-subgroup of GL(&,p) is completely reducible and so 
we can quote the result of T. R. WOLF [14, Theorem 3.1].

(iv) To prove (iv) we use the characterization of the soluble subgroups 
of maximal order in GL(A:,p) given by A. MANN [7]. For p >  5 these are 
the triangiüar subgroups which have order (p — l ) k pi*(*-1 ) < pi*(*+1) —
n^(logpn+1) . For p =  5,3 or 2 the groups are block triangular, the blocks 
on the diagonal being 2 X 2 matrix groups of order 96, 48 or 6 respectively. 
Writing 96 < 53 and 6 < 23 there is no difficulty in obtaining the given 
result for p =  5 or 2. For p =  3, the maximal size of a soluble subgroup 
of GL(&,3) is 48fi*l зі* (*-1 Ы і*] =  l6ti*! 3 i*(*-1 ) < 33fc/2+|fc(*-1) =  
3 !&(fc+2) — n i(bg3n+2)# But provided n > 32 we have Iog3 n < Iog2 n — 1
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and so Iog3 n +  2 < Iog2 n + 1. If n =  3 then GL(1, 3) has order 2 which is 
less than 3 ^ 1+log23).

Lem m a 3.7, Let G =  R X  be an extension of  an elementary abelian 
p-group R  by an abelian pf-subgroup X  such that X  acts faithfully on R  
and R  =  [R,X]. H G  satisßes (N ,n )  then \X\ < n — 1 and \R\ <  n n” 2.

PROOF. Choose a non-trivial element X\ G X;  then R  =  P 1 X S\  
where R x — [R1 X1] =  [P1, x x] and S\  --• Ся(^і)* By Lemma 3.5, JP1 | <  n.

Let T1 =  Cx(Ri)> If T1 =  I 5 then |X | < n — 1, by Lemma 3.6 (ii), and 
since 1 =  ПхбХ-1 Ся(х)  and |P  : C #(z)| <  n, by Lemma 3.4, we have 
\R\ < n n" 2.

So suppose that T1 > 1 and choose a non-trivial element X2 € T1. 
Now let S\ =  P 2 X 5г, where R 2 =  [5І5я 2] =  [P2>#2] =  [P ,x2] and 
5 2 =  CfS1(^2). Note that R  =  P 2 x 5 2 x IZ1 and 52 x R i =  С я (я 2).

Now we have R x x R 2l Xi1X2 as in Lemma 3.5 and so IJi1 x R 2] < n. 
As above, we may suppose tha t T2 =  C x ( R i  x P 2) >  1 and choose a 
non-trivial element x$ G T2.

Continuing in this way, we construct JR1 x . . .  x Rk and non-trivial 
elements Xi1X2l. . .  ,x* G X  such that [Ri1Xi] =  P j and [Pj,Xj] =  1, 
whenever i ф j.  If Tj =  C x ( R i  x . . .  x P j), then X  > T1 > . . .  > Tj so 
tha t there is a к such tha t Tk =  1. By Lemma 3.5, [Ji1 x . . .  x Rk | <  n so 
tha t |X | < n — 1 and hence \R\ < n n“ 2.

PROOF of Theorem C. Lemma 3.2 shows tha t, by factoring out 
Z m(G)1 we may assume tha t G is a finite soluble group with trivial centre 
satisfying the condition (N ,n ).

Let Hp/ O p'(G) be the hypercentre of G fO pt(G). Then, since G is 
finite, there is a positive integer m  such that

[Hpi mG\ < Opt(G)1

for all p G 7Г(G). Hence

H  Hp, mG < f |  = 1
pen(G) _ ven(G)

and so HpGTr(G) Hp =  Z m(G) = 1. Thus, if we can show tha t there is a 
function д such that \G/Hp \ < g(n) for aU p G ^r(G)1 then, by Lemma 3.3 
we shaU be able to conclude that |G| <  g(n)n n̂\  whefc*e тг(п) is the number 
of primes less than n.

To find such a bound for |G /P p |, we consider the factor group H  =  
G fO pt(G)1 which is a finite soluble group with F itt H  =  Op(H)  =  P 1 
say. Then H f P  acts faithfully on the GF(p)-vector space Р /Ф (Р ) (e.g. [3] 
Theorem 6.3.4).
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By factoring out Ф(P),  we may assume for the moment that P  is an 
elementary abelian normal p-subgroup of H , P — Op(H)  and С н ( Р ) =  P- 

Let Q / P  be the socle of H / P  so that Q / P  is an abelian p'-subgroup. 
We may write Q =  P X ,  where X  is an abelian p'-subgroup of Q. Let 
R  =  [P, Q\ so that P  =  R  x Cp(Q) . If C =  C#(i2), then C  П Q centralizes 
R  x Cp(Q)  =  P  and so C  П Q =  P. It follows that Cn(R)  =  P  and so 
H / P  acts faithfuUy on R . Now R  and X  satsify the conditions of Lemma 
3.7 and so \R\ < пл~2.

Since H / P  acts faithfuUy on R, Lennna 3.6 (iv) shows that

\ H / P \<  u è ( « - 2 ) ( l+ ( n - 2 )logn) =  a ( n ^

say.
We now return to the general situation for H  where F itt H  = Op(H) = 

P  and no longer assume that P  is elementary abeHan. We still have 
\H/P\  < a(n). Let T  be a Sylow p'-subgroup of H  so that T  is a soluble 
p'-group acting faithfully on R  (which is now a subgroup of Р/Ф(Р)).  By 
Lemma 3.6 (iii),

\T\ < ^n9( " - 2) / 4 =

say, and T  can be generated by log b(n) elements.
By Lemma 3.4, |P  : Cp(t )| < n for each t G T  and so

I P: Cp(T)| <  n ,08b(«) _  c(n),

say. If S is a Sylow p-subgroup of H, then and mH] =
[Cp(T), m5] =  1, for some m. Thus C< and so

\G/ HP\ =  \H/Z*(H) \

It now follows that |G| < g(n)*(*K
A tidier bound for |G| can be obtained by noting that

logn(a(n)c(n)) =  \ ( n  -  2)(1 +  (n -  2) log n) + 9{(n -  2) log n}/4  -  1
< | ( n  — 2){2 +  2(n — 2)n +  9n} — 1
< \ { 2 n3 +  n2 — 8n — 8}
^  ^ 3S  n - 

So \Gl< (nn3)*W < n n\
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