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On the distribution of primitive roots modulo p

By WENPENG ZHANG (Xi’an)

Abstract. Let p ≥ 3 be a prime. For each primitive root x modulo p with 1 ≤
x ≤ p − 1, it is clear that there exists one and only one primitive root x modulo p
with 1 ≤ x ≤ p − 1 such that xx ≡ 1 mod p. Let σ be a fixed positive number with
0 ≤ σ ≤ 1, A denotes the set of all primitive roots modulo p in interval [1, p]. The main
purpose of this paper is to study the asymptotic properties of the mean value

M(p, k, σ) =
X
a∈A

X
b∈A

ab≡1(p)
|a−b|<σp

|a− b|k

and give an interesting asymptotic formula.

1. Introduction

Let p ≥ 3 be a prime. It is clear that for each primitive root x modulo
p with 1 ≤ x ≤ p − 1, the integer x defining by xx ≡ 1 (mod p) and
1 ≤ x ≤ p− 1 is also a primitive root modulo p. Let 0 ≤ σ ≤ 1 be a fixed
real number, A = A(p) denotes the set of all primitive roots modulo p in
the interval [1, p], and define M(p, k, σ) as follows

(1) M(p, k, σ) =
∑

a∈A

∑

b∈A
ab≡1(p)
|a−b|<σp

|a− b|k

where k be any fixed non-negative real number. The main purpose of this
paper is to study the asymptotic properties of (1). About this problem, it
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seems that no one has studied it yet, at least I have not seen expressions
like (1) before. The problem is interesting because it can help us to find
how large the difference is between a primitive root and its inverse modulo
p. In this paper, we use the estimates for general Kloosterman sum and
trigonometric sum to study the asymptotic behaviour of (1), and give
a sharper asymptotic formula for M(P, K, σ) for any fixed real number
0 ≤ σ ≤ 1 and k ≥ 0. That is, we shall prove the following two main
conclusions:

Theorem 1. Let p ≥ 3 be a prime. Then for any fixed 0 ≤ σ ≤ 1 and
k ≥ 0, we have the asymptotic formula

M(p, k, σ) = 2φ(p− 1)pk

(
σk+1

k + 1
− σk+2

k + 2

)
+ O

(
pk+ 1

2+ε
)

where φ(n) is the Euler function and ε is any fixed positive number.

Theorem 2. Let p ≥ 3 be a prime. Then for any integer m with
1 ≤ m ≤ √

p and fixed positive number ε, we have

#{a : a ∈ A, a ∈ A, aa ≡ 1 (mod p), a ≡ a (mod m)}

=
φ(p− 1)

m
+ O

(
p

1
2+ε

)

where #{. . . . . . } denotes the number of the elements in set {. . . . . . }.
From the Theorem 1, we may immediately deduce the following two

corollaries:

Corollary 1. Let p ≥ 3 be a prime. Then for any fixed positive
number 0 ≤ σ ≤ 1 and ε > 0 we have

∑

a∈A

∑

b∈A
ab≡1(p)
|a−b|<σp

1 = φ(p− 1)σ(2− σ) + O(p
1
2+ε).

Corollary 2. For any odd prime p and fixed positive number k, we
have the asymptotic formula

∑

a∈A

∑

b∈A
ab≡1(p)

|a− b|k =
2φ(p− 1)

(k + 1)(k + 2)
pk + O(pk+ 1

2+ε).
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2. Several elementary lemmas

To complete the proof of the theorems, we need some elementary
lemmas. First we have

Lemma 1. Let p ≥ 3 be a prime, m and n be integers. Then for each
Dirichlet character χ modulo p, we have the estimate

p−1∑
a=1

χ(a)e
(

ma + na

p

)
¿ (m,n, p)

1
2 p

1
2+ε

where a denotes the inverse of a modulo p. That is, aa ≡ 1 mod p. ε is
any fixed positive number, e(y) = e2πiy and (m, n, p) denotes the greatest
common factor of m, n and p.

Proof. This estimate can be obtained via the methods of Weil or
Stepanov (see S. Chowla [2] or A. V. Malyshev [7]).

Lemma 2. Let modulo n ≥ 3 exists a primitive root. Then for each
integer m with (m,n) = 1, we have the identity

∑

k|φ(n)

µ(k)
φ(k)

k∑
a=1

(a,k)=1

e

(
a indm

k

)

=

{
φ(n)

φ(φ(n)) , if m is a primitive root of n;

0, otherwise.

where µ(n) be the Möbius function, and indm denotes the index of m
relative to some fixed primitive root of n.

Proof. (See Proposition 2.2 of reference [4].)

Lemma 3. Let p ≥ 3 be a prime, A denotes the set of all primitive
roots modulo p in the interval [1, p]. Then for any integer u, v, and m with
m - u, m - v we have

∑

a∈A

∑

b∈A
ab≡1(p)

e

(
ua + vb

m

)

=
φ(p− 1)

p2
e

(
(u + v)(p + 1)

2m

)
sin

(
πpu
m

)
sin

(
πpv
m

)

sin
(

πu
m

)
sin

(
πv
m

) + O(p
1
2+ε)
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where ε is any fixed positive number.

Proof. Applying the trigonometric identity

(2)
q∑

a=1

e

(
an

q

)
=

{
q, q | n;

0, q - n.

we can get the following translations

∑

a∈A

∑

b∈A
ab≡1(p)

e

(
au + bv

m

)
=

1
p2

p∑
r,s=1

∑

a∈A

∑

b∈A
ab≡1(p)

e

(
ra + sb

p

)
(3)

×
(

p∑
c=1

e

(
uc

m
− rc

p

))(
p∑

d=1

e

(
vd

m
− sd

p

))

=
φ(p− 1)

p2

(
p∑

c=1

e
(uc

m

))(
p∑

d=1

e

(
vd

m

))

+
1
p2

p−1∑
r=1

(∑

a∈A

∑

b∈A
ab≡1(p)

e

(
ra

p

))(
p∑

c=1

e

(
uc

m
− rc

p

))

×
(

p∑

d=1

e

(
vd

m

))
+

1
p2

p−1∑
s=1

(∑

a∈A

∑

b∈A
ab≡1(p)

e

(
sb

p

))

×
(

p∑
c=1

e
(uc

m

)) (
p∑

d=1

e

(
vd

m
− ds

p

))

+
1
p2

p−1∑
r=1

p−1∑
s=1

(∑

a∈A

∑

b∈A
ab≡1(p)

e

(
ra + sb

p

))

×
(

p∑
c=1

e

(
uc

m
− vc

p

))(
p∑

d=1

e

(
vd

m
− ds

p

))

≡ A + B + C + D

Main term

A =
φ(p− 1)

p2
e
( u

m

) e
(

pu
m

)− 1
e
(

u
m

)− 1
· e

( v

m

) e
(

pv
m

)− 1
e
(

v
m

)− 1
(4)
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=
φ(p− 1)

p2
e

(
(u + v)(p + 1)

2m

)
sin

(
πpu
m

)
sin

(
πpv
m

)

sin
(

πu
m

)
sin

(
πv
m

) .

Now we shall estimate the error terms B, C, and D respectively. Without
loss of generality we can assume m > 1, 0 < u < m, 0 < v < m. Using the
Lemma 1, Lemma 2, and note that the estimate

n∑
u=1

e
(au

m

)
= O

(
min

(
n,

1
‖ u

m‖
))

.

(where ‖x‖ = min(x − [x], 1 − x + [x]), [x] be the greatest integers ≤ x).
We have

B =
1
p2

p−1∑
r=1

(∑

a∈A

∑

b∈A
ab≡1(p)

e

(
ra

p

)) (
p∑

c=1

e

(
uc

m
− rc

p

))
(5)

×
(

p∑

d=1

e

(
vd

m

))

¿ 1
p2

p−1∑
r=1

∣∣∣∣∣∣
φ(p− 1)

p− 1

∑

k|p−1

µ(k)
φ(k)

k∑′

x=1

p−1∑
a=1

e

(
x ind a

k

)
e

(
ra

p

)∣∣∣∣∣∣

×min

(
p,

1
‖ u

m − r
p‖

)
· p

¿ 1
p

p−1∑
r=1

∣∣∣∣∣∣
φ(p− 1)

p− 1

∑

k|p−1

µ(k)
φ(k)

k∑′

x=1

p−1∑
a=1

χ(a; x, k)e
(

ra

p

)∣∣∣∣∣∣

×min

(
p,

1
‖ u

m − r
p‖

)

¿ 1
p

p−1∑
r=1

√
p ·

∑

k|p−1

|µ(k)| ·min

(
p,

1
‖ u

m − r
p‖

)

¿ 2ω(p−1)

√
p

(
p+

p−1∑
r=1

| pu
m −r|≥1

p

|pu
m − r|+

p−1∑
r=1

| (u±m)p
m −r|≥1

p∣∣∣ (u±m)p
m − r

∣∣∣

)
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¿ √
p · 2ω(p−1)

p−1∑
r=1

1
r
¿ p

1
2+ε

where χ(a;x, k) be the Dirichlet character modulo p,
∑p−1

a=1 χ(a; x, k)e
(

ra
p

)

be the Gauss sum and
∣∣∣∑p−1

a=1 χ(a;x, k)e
(

ra
p

)∣∣∣ ¿ √
p, ω(n) denotes the

number of all distinct prime divisors of n, ε be any fixed positive number
and

∑′k
x=1 denotes the summation over all 1 ≤ x ≤ k such that (x, k) = 1.

Similarly

C =
1
p2

p−1∑
s=1

(∑

a∈A

∑

b∈A
ab≡1(p)

e

(
sb

p

))(
p∑

c=1

e
(uc

m

))
(6)

×
(

p∑

d=1

e

(
vd

m
− ds

p

))
¿ p

1
2+ε

To estimate D, we first must estimate
∑

a∈A

∑

b∈A
ab≡1(p)

e

(
ra + sb

p

)
, 1 ≤ r,

s ≤ p− 1. Using the Lemma 1 and Lemma 2 we can get

∑

a∈A

∑

b∈A
ab≡1(p)

e

(
ra + sb

p

)
=

φ2(p− 1)
(p− 1)2

∑

k|p−1

∑

h|p−1

µ(k)µ(h)
φ(k)φ(h)

(7)

×
k∑′

x=1

h∑′

y=1

p−1∑
a=1

p−1∑

b=1
ab≡1(p)

e

(
x ind a

k
+

y ind b

h

)
e

(
ra + sb

p

)

=
φ2(p− 1)
(p− 1)2

∑

k|p−1

∑

h|p−1

µ(k)µ(h)
φ(k)φ(h)

×
k∑′

x=1

h∑′

y=1

p−1∑
a=1

p−1∑

b=1
ab≡1(p)

χ(a;x, k)χ(b; y, h)e
(

ra + sb

p

)

=
φ2(p− 1)
(p− 1)2

∑

k|p−1

∑

h|p−1

µ(k)µ(h)
φ(k)φ(h)
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×
k∑′

x=1

h∑′

y=1

(
p−1∑
a=1

χ(a;x, k)χ(a; y, h)e
(

ra + sa

p

))

¿ φ2(p− 1)
(p− 1)2

∑

k|p−1

∑

h|p−1

|µ(k)| · |µ(h)| · p 1
2+ε1

¿ φ2(p− 1)
(p− 1)2

· 4ω(p−1) · p 1
2+ε1 ¿ p

1
2+ε2

From (7) we have

D =
1
p2

p−1∑
r=1

p−1∑
s=1

(∑

a∈A

∑

b∈A
ab≡1(p)

e

(
ra + sb

p

))
(8)

×
(

p∑
c=1

e

(
uc

m
− rc

p

))(
p∑

d=1

e

(
vd

m
− sd

p

))

¿ 1
p2

p−1∑
r=1

p−1∑
s=1

p
1
2+ε2 ·min

(
p,

1
‖ u

m − r
p‖

)
·min

(
p,

1
‖ v

m − s
p‖

)

¿ p
1
2+ε2

p2

(
p+

p−1∑
r=1

| pu
m −r|≥1

p

|pu
m − r|+

p−1∑
r=1

| (u±m)p
m −r|≥1

p∣∣∣ (u±m)p
m − r

∣∣∣

)2

¿ p
1
2+ε2

(
1 +

p−1∑
r=1

1
r

)2

¿ p
1
2+ε

Combining (3), (4), (5), (6) and (8) we may immediately deduce the
Lemma 3.

Lemma 4. Let n be a positive integer with n ≥ 3, 0 ≤ σ ≤ 1 be any

fixed positive number. Then for any fixed positive real number k, we have

n∑
a=1

n∑

b=1
a=b+m

[nσ]∑
m=1

mk = nk+2

(
σk+1

k + 1
− σk+2

k + 2

)
+ O(nk+1).
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Proof. From Euler’s summation formula we can get

n∑
a=1

n∑

b=1

[nσ]∑
m=1

a=b+m

mk =
[σn]∑
m=1

mk
n−m∑

b=1

1

=
[σn]∑
m=1

mk(n−m) = n

[σn]∑
m=1

mk −
[σn]∑
m=1

mk+1

= n

∫ σn

0

xkdx−
∫ σn

0

xk+1dx + O(nk+1)

= n · σk+1nk+1

k + 1
− σk+1nk+2

k + 2
+ O(nk+1)

= nk+2

(
σk+1

k + 1
− σk+2

k + 2

)
+ O(nk+1).

This completes the proof of Lemma 4.

3. Proof of the theorems

From the several lemmas on the above section, we can easily deduce
the proof of the theorems. In fact applying Lemma 3 and Lemma 4, and
note that the trigonometric identity (2) we may get

M(p, k, σ) =
∑

a∈A

∑

b∈A
ab≡1(p)
|a−b|<σp

|a− b|k = 2
[σp]∑
w=1

∑

a∈A

∑

b∈A
ab≡1(p)
a=b+w

wk(9)

= 2
[σp]∑
w=1

∑

a∈A

∑

b∈A
ab≡1(p)

wk · 1
2p

2p∑
u=1

e

(
u(a− b− w)

2p

)

=
1
p

[σp]∑
w=1

wk
∑

a∈A

∑

b∈A
ab≡1(p)

1 +
1
p

2p−1∑
u=1




[σp]∑
w=1

wke

(−uw

2p

)


×
(∑

a∈A

∑

b∈A
ab≡1(p)

e

(
u(a− b)

2p

))
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=
φ(p− 1)

p

[σp]∑
w=1

wk +
1
p

2p−1∑
u=1




[σp]∑
w=1

wke

(−uw

2p

)


×

φ(p− 1)

p2

∣∣∣∣∣
p∑

c=1

e

(
uc

2p

)∣∣∣∣∣

2

+ O
(
p

1
2+ε

)



=
φ(p− 1)

p

[σp]∑
w=1

wk +
φ(p− 1)

p3

2p−1∑
u=1




[σp]∑
w=1

wke

(−uw

2p

)


×
∣∣∣∣∣

p∑
c=1

e

(
uc

2p

)∣∣∣∣∣

2

+ O


p

1
2+ε

p

2p−1∑
u=1

∣∣∣∣∣∣

[σp]∑
w=1

wke

(−uw

2p

)∣∣∣∣∣∣




where we have used Lemma 3 with m = 2p, v = −u.
Note that

φ(p− 1)
p

[σp]∑
w=1

wk +
φ(p− 1)

p3

2p−1∑
u=1




[σp]∑
w=1

wke

(−uw

2p

)
(10)

×
∣∣∣∣∣

p∑
c=1

e

(
uc

2p

)∣∣∣∣∣

2

=
φ(p− 1)

p3

[σp]∑
w=1

wk

p∑
a=1

p∑

b=1

2p∑
u=1

e

(
u(a− b− w)

2p

)

=
2φ(p− 1)

p2

p∑
a=1

p∑

b=1

[σp]∑
w=1

a=b+w

wk

=
2φ(p− 1)

p2

[
pk+2

(
σk+1

k + 1
− σk+2

k + 2

)
+ O(pk+1)

]

= φ(p− 1)pk

(
2σk+1

k + 1
− 2σk+2

k + 2

)
+ O(pk)

2p−1∑
u=1

∣∣∣∣∣∣

[σp]∑
w=1

wke

(−uw

2p

)∣∣∣∣∣∣
¿

2p−1∑
u=1

pk

∣∣∣sin
(

πu
2p

)∣∣∣
(11)
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¿
2p−1∑
u=1

pk+1

u
¿ pk+1 ln p.

Combining (9), (10) and (11) we may immediately deduce that

M(p, k, σ) = φ(p− 1)pk

(
2σk+1

k + 1
− 2σk+2

k + 2

)
+ O

(
pk+ 1

2+ε
)

.

This completes the proof of the Theorem 1.

Taking k = 0 in Theorem 1, we can obtain Corollary 1. Similarly,
taking σ = 1 in Theorem 1, we may get Corollary 2. Now we prove the
Theorem 2. Note that the trigonometric identity (2), applying Lemma 3
we can obtain

#{a : a ∈ A, a ∈ A, aa ≡ 1 (mod p), a ≡ a (mod m)}

=
∑

a∈A

∑

b∈A
ab≡1(p)
a≡b(m)

1 =
1
m

∑

a∈A

∑

b∈A
ab≡1(p)

m∑
u=1

e

(
u(a− b)

m

)

=
φ(p− 1)

m
+

1
m

m−1∑
u=1

∑

a∈A

∑

b∈A
ab≡1(p)

e

(
u(a− b)

m

)

=
φ(p− 1)

m
+

1
m

m−1∑
u=1


φ(p− 1)

p2

∣∣∣∣∣
p∑

c=1

e
(cu

m

)∣∣∣∣∣

2

+ O
(
p

1
2+ε

)



=
φ(p− 1)

m
+

φ(p− 1)
p2m

m−1∑
u=1

∣∣∣∣∣
p∑

c=1

e
(cu

m

)∣∣∣∣∣

2

+ O
(
p

1
2+ε

)

=
φ(p− 1)

p2m

m∑
u=1

∣∣∣∣∣
p∑

c=1

e
(uc

m

)∣∣∣∣∣

2

+ O
(
p

1
2+ε

)

=
φ(p− 1)

p2

p∑
c=1

p∑

d=1
c≡d(m)

1 + O
(
p

1
2+ε

)

=
φ(p− 1)

p2

m−1∑
u=0




p∑
c=1

c≡u(m)

1




2

+ O
(
p

1
2+ε

)
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=
φ(p− 1)

p2

m−1∑
u=0

( p

m
+ O(1)

)2

+ O
(
p

1
2+ε

)

=
φ(p− 1)

m
+ O

(
p

1
2+ε

)

where the O-constant does not depend on parameter m. This completes
the proof of the theorems.
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