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A square of set of elements of
order two in orthogonal groups

By JAN AMBROSIEWICZ (Bialystok)

Let G be group, K,, = {g € G : o(g) = m}, O,(K, f) a group of
automorphisms of the vector space V,,(K') which leave invariant a quadratic
form f of determinant different from zero.

It is known that the group O, (K, f), charK # 2, is generated by
reflections, (see [4], pp 68-69).

In this paper we will prove a stronger theorem:

If K is the real field R or K = GF(p®), p > 2, then O, (K, f) = K2 K>.

If K is the complex field C or K = GF(2%), then O, (K, f) # K3K>.

It also has been proved that PGL(2, K) = K2K5 while PGL(n, K) #
K3K5 with n > 3, where PGL(n,K) = GL(n,K)/Z, (ct [7]).

Notations are standard. In addition we will use the following nota-
tions:

F, = E, = , Fs, Es € Msys(K).
1 0 0 1

tA — transpose of the matrix A with regard to the second diagonal of
A, Of (K, f) — a subgroup of matrices of O, (K, f), called rotations,
Q, (K, f) — a commutant of O} (K, f). Throughout the paper the symbol
f denotes a quadratic form of determinant from zero.

We will often use the following lemmas.

Lemma 1. Let G be a group. An element g € K3, (m > 2) if and
only if there is an element x € sz_l, x # g such that xgr = g~ !, (see

2D)-

Lemma 2. i) If K = GF(p®), p > 2, then in the vector space V,(K)
there exists an orthogonal basis in which each quadratic form of determi-
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nant different from zero takes the form
n—1

(1) fla)=> a?+nzl,
i=1

where n =1 for n odd but n =1 or a particular not square v for n even.
ii) If K = GF(2°), then in the vector space V,,(K) there exists an orthog-
onal basis in which each quadratic form of determinant different from zero
takes the form
f(x) = 2129 + 2324 + -+ T 271 + 12
for n odd and

f(x) =2120 + 2324+ + Tp—3Tp—2 + Tn_1ZTn + A (1'12171 + x%)

for n even,

(2)

where A = 0 or is a particular one of the values a for which x,_ 1z, +
a(z?_, + x2) is irreducible in the GF(2°), (see [5], pp 158, 197).

Lemma 3. Let A; € GL(n;,K), B = diag(4;...A4x) € Gl(n, K),
n=mny+ns...ng, K =GF(p®), p> 2. If A; fulfils at least one of the
following conditions

) Al =4 i) A=A
V' Yaa = W ) A4 =E

then there exists T € Ko such that TBT = B~! and B € KyK>.

PROOF. If i) holds, then A4; = A;' and T;A;T; = A;', where
T, = —E for A; # —F and T; = F for A;, = —E. 1If ii) holds, then a
calculation shows that T; A;T; = Al = A7 1, where T; = F for A; # F and
Tl:—EfOI'Al:F
Now we construct the matrix
T = diag(Ty,...,Ty), where

T,=—E if (-E)A;(-E)=A;' or T;=F if FA,F=A;".

1

3)

Thus
(4) TBT = diag(A;',..., A"y =B"'.

From the construction of T we see that T' # E, T? = E. Therefore
B € KyK5 by (4) and Lemma 1.
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Lemma 4. Let A € GL(2,K), charK = 2, |K| # 2. If A fulfils at
least one of the following conditions

AtA :E AtA :E

then there exists T # A such that T € Ko, TAT = A~! and A € KK,

Proor. If A # F fulfils i) or ii) then we can take T'=F. If A= F,
then there exists T = [ V] # A, u? +v? =1, by |K| # 2. In both cases
TAT = A~'. Hence A € K»K5 by Lemma 1.

Theorem 1. If K = R, then O, (K, ) = K2 K.

Proor. Each matrix of O, (K, f) is orthogonally similar to the ma-
trix

o cos ;,  Ssin; cos ., Sing
(5) A_dlag<[—sin<;9i, cosgoi]""[—sing;r, coswz]’Ek’E5>'

The matrices in brackets fulfil conditions i) or ii) of Lemma 3. The matrix
(3) is an orthogonal matrix so A € KoKo C O, (R, f) by Lemma 3. Since
K5 K5 is a normal set, O, (R, f) C K3Ks C O, (R, f).

Theorem 2. Let A € O, (K, f). If K =R or K = GF(p*), p > 2,
f — quadratic form (1) with y =1, then A€ Ko iff A = A, A#E.

PROOF. It is known that f is an inner product in the case K = R;
f is also an inner product in the case K = GF(p®), p > 2, by Lemma 2.
Hence if A € O, (K, f), then A'A = AA* = E. If A € K,, then A" =
A'E = A'A? = A'AA = A.

Conversely, if A = A, A # E, then AA' = AA = A? = E. Hence
A€ Ks.

From Theorems 1 and 2 we have

Corollary 2.1. If K = R, then each matrix of O, (K, f) is a product
of two symmetric matrices.

Corollary 2.2. If K = GF(p®), p > 2, f — quadratic form (1) with
n =1, then Oy(K, f) = K2K> and each matrix is a product of symmetric
matrices.

PRrROOF. A simple calculation shows that

02(K7f)—{[_ab 3] {g _ba}, a2+b2—1}.

These matrices fulfil the conditions i) and ii) of Lemma 3. Thus they
belong to K9K5, by Lemma 3. The second part of the Theorem follows
from Theorem 2.
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Theorem 3. If K = GF(p®), p > 2, f—quadratic form (1) withn # 1,
then OQ(K, f) = K2K2.

PROOF. A calculation shows, that matrices of the group O (K, f)
have the form

_ a b _ a b 2 2 _
A_[—bnl a]’ B_[bnl _a],a +nd* =n.
We have

TAT = A™', T € Ky, where T = [(1) _OJ # A

SBS = B™!, where S = —FE # B.
Hence A, B € KoK5, by Lemma 1.
Lemma 5. In the group PGL(2,K), K3Ky = PGL(2,K).
PROOF. A calculation shows that

ng{[u 0}, [‘f y ], u#v, u+0?=s, 2® +yt =k,

0 v —T
s,kzeK””}.

We have
(6) TAT = A" Z, where

_ |1 ab! _ b a _ [0 1

T‘[o —1] Z—[o —b]Z’Al_[b a}Z

andAlZ;éTZGKQ.
(7) TAy=A;'Z, AyZ #TZ € Ko, where

_Jo0 1 _Ja 0

T_[l O]Z, Az_[o b]Z.

From (6), (7) and Lemma 1 follows that A1Z, AsZ € K3K,. The set
K> K5 is a normal set, so matrices similar to A1Z, AsZ also belong to
the set K5 K. It is known that each matrix of GL(2, K) is similar to the
matrix Ay or As. Thus in the group PGL(2, K) each matrix is similar to
the matrix A;Z or AyZ. Therefore PGL(2,K) C KyKy C PGL(2,K).

The Lemma 5 does not hold for n > 3.
Theorem 4. Ifn > 3, then K2 Ky # PGL(n, K).

PROOF. Let us consider all the possible cases: i) |K| > 3,
|K| # GF(4), 1) | K| =2,iil) |[K| =3, 1iv) |[K| =4.
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In the case i) let A = diag(u™!,u,1), B = diag(1,u,u™t) € GL(3, K).
In this case there is an element u such that u® # 1. A calculation shows
that if A = AZ, B = BZ, then A,B € K2K2 but AB € K2K2 by
Lemma 1. Therefore the matrices diag(A, E)Z,
diag(B, Es)Z € My xn (K), n =3+ s, belong to the set K2K5 but their
product does not belong to the set Ko Ks. In the remaining cases we act
similarly, namely in the case ii) we take

1 1 0 0 1 0
A=10 0 1], B=1]1 00
010 0 1 1
and in the case iii)
1 0 2 0 1 0
A=10 0 2/, B=11 0 0f.
010 0 2 2

In the case iv) there exists an element u such that u? # 1. A calculation
shows that if u? # 1, then the matrix A = AZ with A = diag(u?, u?, u)
cannot be similar to A=!Z in the group PGL(3, K). Hence from Lemma 1
follows that A ¢ Ky K,. Therefore the matrix

diag(A, E5)Z € Myxn (K), n =3+ s, does not belong to the set.

In the cases i), ii), iii) we proved more than stated in Theorem 4,
namely

Corollary 4.1. If n > 3, K # GF(4), then K2K5 is not a subgroup
of PGL(n, K).

By the way we remark that if n > 3, then KoKy £ GL(n, K),
KyKo £ SL(n,K) and KoKo £ PSL(n, K), (see [2]).
Theorem 5. If K = GF(p®), p > 2, then
1) O;:(K7f):K2K27
ii)  Qs(k, f) = K2Ko, where —1 is a square,
iii)  KyKs £ Q3(K, f), where —1 is not a square.
PROOF. It is known (see [4] p.94) that OF (K, f) ~ PGL(2,K) and

Q3(K, f) ~ PSL(2,K). Now i) follows from Lemma 5 while ii) and iii)
follow from the theorem 5 of [2].

Theorem 6. If K = GF(p®), p > 2, then O3(K, f) = K3K.

PROOF. It is known (see [4] p.84) that O3(K, f) is a Cartesian product
E x OF (K, f). Let (E,A) € O3(K, f). From Theorem 5 and Lemma 1 it
follows that for each A € OF (K, f) there exists T4 € K2 C OF (K, f) such
that Ta # A and TA4AT4 = A~. Hence the matrix T = (E,T4) fulfils
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conditions T # (E,A), T? = (E,E) and T(E,A)T = (E,A)~!. Thus
(E,A) € K3Ky C O3(K, f) by Lemma 1. Therefore O3(K, f) C Ko Ko.

Theorem 7. If K = GF(p®), p > 2, then O, (K, f) = K2 K.

PROOF. Induct on n. Theorem is true for n = 2, by Theorem 3 and
Corollary 2.2, and for n = 3, by Theorem 6. Suppose that the Theorem
holds for n — 1. Let dimV =mn, A € O, (K, f). Since the determinant
of f is different from zero, there exists v € V such that Av # O. Let us
consider all possible cases.

i). If Av = v, then V = [v] @ [v]+ and A([v]*) = [v]*t. In the
basis (v,ea,...,€,), € € [v]t, the transformation has the matrix A =

[(1) 14(1)1} . The matrix A; is an orthogonal n — 1 by n — 1 matrix. Hence

Ay € K3Ky C O,,—1(K, f') by the induction hypothesis. Therefore there
exists 17 # A1, by Lemma 1, such that 77 € Ky and T1 A1) = Al_l. The

matrix T = [(1) 791] € O, (K, f) fulfils all assumptions of Lemma 1 so

TAT = A=, Hence A € KoKy C O, (K, f).
ii) If Av = —v, then in the basis (v, es,...,e,) the transformation A

has the matrix A = [_01 /(1)2 ] . The rest of the proof is similar to i).

iii) Now let Av be without any conditions. Since char K # 2 and A is
an orthogonal transformation, by simple calculation f(v + Av) + f(—v +

Av) = 4f(v) # 0. Hence f(v+Av) #0or f(—v+Av) # 0. If f(v+Av) # 0,
then V = [v + Av] @ [v + Av]t and the transformation

2B(z,v + Av)

ot Av) (v+ Av) for all z€wv

a) Syt AT =T —

is an orthogonal reflection with regard to [v + Av]t, (see [3] p.86).
For x = Av we have

_ 2B(Av,v + Av)

Syt+av(Av) = Av (v+ Av)

fv+ Av)
A simple calculation shows that B(Av,v 4+ Av) = f(v + Av). Hence
Sy+apAv = —v is an orthogonal transformation and as a result A(v) =

—Suta0(v) for all v € V, by S2, 4, = E. Therefore A(v + Av) =
—S(vt+4v) (v + Av) = v+ Av, by a). Thus we obtain the case i). If f(—v+
Av) # 0, then the same calculation gives A(—v + Av) = —(=V + Av) i.e.
the case ii). By mathematical induction, the theorem holds for every n.
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Theorem 8. In the unitary group U, (C, f), KaKa # U, (C, f).

PrROOF. If n > 3, then the matrix A = ¢F € U,(C, f), where ¢
is a primary n'" root of unity. There does not exist T € K, such that
T—'AT = A~! because otherwise we receive A> = E, a contradiction.

If n = 2, the matrix A = [(cl Z] must fulfil the following conditions:

ad=cc=1, bb+dd=0, ab+cd=0, ad—bc=1.
Thus A = [_a_ g ] , aa+bb = 1. A simple calculation shows that A2 = F

b
iff A=+F.
The same formal calculation as in the proof of Theorem 8 in the case
n = 2, shows that KoKo = {E} is the group SU(2, p?*). The definition of
SU(2,p?*) is given in [6] p.194.

For the investigation of automorphism of a quadratic form over
K = GF(2°) we need a few more lemmas.

Lemma 6. Let G be a group, P a subset such that P = P! and
G — P a subgroup of G. Then G — P < PP.

PROOF. We have
(8) bPNP # () foreachbe G—P.

If not, there exists ¢ € G — P such that ¢P C G — P. Hence there exists
p € Psuchthat cp=g € G — P and p=C~'g € G — P, a contradiction.
Now (8) implies that for each b € G— P there exist p1, p2 such that bp; = py

i.e. b=pop; ' € PP, by P~' = P. Hence G — P C PP.
Lemma 7. Let G be a group, H < G. Then (G — H)?> < G, (see [1)).

From Lemmas 6 and 7 results

Theorem 9. Let G be a group, P a subset of G such that P = P~!
and G — P a subgroup of G. Then G — P < PP <4 G.

By Lemma 2 a quadratic form over GF'(2°) is
a) [ =iz, b) f=x120+ A2 +23), A#0.

The following two theorems concern groups of automorphisms of forms a),
b).

Theorem 10. In the group Oq(K, f), K = GF(2°) with f = x122,
KQKQ = O;(Ka f) 7é 02(K7 f)
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Proor. If |K| = 2, then the theorem is evident because Ko = {E}.
If |K| # 2, then

O:(K, f) = {[g a91],[b91 8},@,()6}‘(:”},

Ky = {[bol 8]; beKﬂ”}

and OF (K, f) = Os(K, f)—Ko is a subgroup of Oy (K, f). From Theorem 9
for P = Ko we have OF (K, f) < KoK <1 Oo(K, f). It is easy to see that
KyKy C OF (K, f). Hence KoKy = OF (K, f).

Theorem 11. If K = GF(2°), then in the group Oy (K, f) with

f=aimo+ANz? +22), MN#£0,
OF (K, f) = Oa(K, f) = K2 = KoKy # O3(K, f).

PRrROOF. The matrix [Ccl Z] € Oy(K, f) must fulfil the conditions

9)  acAt+adP+cE=1, bd '+ +d*=1, ad+bc=1.

Thus matrices of group Oz (K, f) have the form [Ccl 3] or [z 3]
and

_ a b
Kg_{[c a], a;élvb;éO\/c;éO}.

The set

of (K. f) = { [g g] LaAIVAAOVEAL a+d=d\']
is a subgroup of O2(K, f), (see [4], p.105). From Theorem 9 results that

By Lemma 1 and a simple calculation we see that F' = [(1) (1)] Z KoKs.
Hence Ky Ko # O3(K, f). Let us observe that KoKo C O;(K, f). Indeed,

we have

[a b:| . |:a1 b1:| _ |:aa1+b61, ab1+ba1} _ |:611 612:| —C.

c a c1  a cai +acy cby + aaqy C21 €22
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From conditions (9) for by # 0, b # 0 we have s = ¢11 + coo = bey + ¢by =
bbl_l(a% + 1) + b1b~(a? + 1) = bay + biar™! = c;pA7t. The proof is
similar if ¢ # 0, ¢; # 0. Similarly it can be shown that co1 = ¢12. Thus
C € Oy(K, f). Therefore KoKy C OF (K, f) and OF (K, f) = K2K3, by
(10).

Lemma 8. If K = GF(2°), then K2 K5 # O3(K, f).

PROOF. A calculation shows that Ky consists of matrices

a ,a(a®>+1)b72 )0 [ 2 ]

1 ¢ 0
A=|b2q? . a 0|, B=|0o 1 0],
| b ,abl(a+1) 1 L0 ¢ 1]

0 d 0 1 0 0]
C=|d?t 0 0}, D=1¢2 1 0
0 0 1 e 0 1)

We will show that B ¢ KsKs. Suppose that there exists T € Ky
such that T # B and TBT = B~!. The condition T # B is fulfilled
by matrices A,C,D. A simple calculation shows that the equalities
ABA = B, CBC = B, DBD = B do not hold. Thus B € K>K, by

Lemma 1.
Theorem 12. If K = GF(2°), then Ky Ky # O, (K, f).

PROOF. If niseven, then from Theorem 10, 11 and Lemma 1 it results
that there exists A; € O2(K, f) for wich there is no Ty € Ko C O2(K, f)
such that 71 # A; and T YA T} = Al_l. Hence for A = diag(F,,, A1) €
Om+2(K, f) (m—even, f-extension quadratic form f to n = m + 2) there
isno T € Ky C Opia(K, f') such that T # A, T-1AT = A~!. Therefore
A ¢ KKy C Opyi2(K, f'), by Lemma 1.

If n is odd, the proof is the same except that we use Lemma 8, instead
of Theorems 10, 11.
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