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A note on equal values of polygonal numbers

By T. KRAUSZ (Debrecen)

Abstract. Using the theory of simultanous Pell equations we consider the equal
values of polygonal numbers.

1. Introduction

The equal values of certain combinatorial numbers, including binomial
coefficients, Stirling numbers, have been investigated by several authors
(see [4], [5], [8]). In a recent paper, Brindza, Pintér and Turjányi, [6]
have dealt with the equal values of the polygonal and pyramidal numbers.
The purpose of this note is to study the equation

(1) Polmx = Polny = Poloz,

where Polmx denotes the xth polygonal number of order m, that is

Polmx =
m− 2

2
x2 − m− 4

2
x.

By using the following simple transformations

X = 2(m− 2)x− (m− 4)

Y = 2(m− 2)(n− 2)y − (m− 2)(n− 4)
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and

Z = 2(m− 2)(o− 2)z − (m− 2)(o− 4)

the equation (1) leads to the simultaneous equations

Y 2 − (m− 2)(n− 2)X2 = −(m− 2)(n− 2)(m− 4)2(2)

+ (m− 2)2(n− 4)2

Z2 − (m− 2)(o− 2)X2 = −(m− 2)(o− 2)(m− 4)2(3)

+ (m− 2)2(o− 4)2.

Applying a result of Baker [1] on hyperelliptic equations (cf. Brind-
za [3]) we obtain

Theorem 1. If (m,n, o) is not a permutation of the triplet (3, 6, k),
(k > 3), then all the solutions x, y, z to the equation (1) satisfy

max(x, y, z) < c,

where c is an effectively computable constant depending only on the pa-
rameters m, n, o.

Remark. The situation in the remaining case is more difficult. If
(m,n, o) = (3, 6, 5) then the system of equations

x2 + x = 4y2 − 2y = 3z2 − z

has infinitely many solutions in positive integers x, y and z (see [7, pp. 19–
20]). On the other hand, if (m,n, o) = (3, 6, l2 + 2) then the simultaneous
equations (2) and (3) possess finitely many effectively determinable solu-
tions.

2. Proof of Theorem 1

By the above-mentioned result of Baker it is enough to show that the
polynomial

f(X) = (AX2 + B)(CX2 + D),

where

A = (m− 2)(n− 2), B = (m− 2)2(n− 4)2 − (m− 2)(n− 2)(m− 4)2
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and

C = (m− 2)(o− 2), D = (m− 2)2(o− 4)2 − (m− 2)(o− 2)(m− 4)2,

has simple zeros, only. Supposing the contrary we immediately get
(

B

A
− D

C

)
BD = 0,

therefore,

(4)
[on− 2(o + n)](n− o)(2n−m(n− 2))(m− n)(m− 2)

· (2o−m(o− 2))(m− o)(m− 2) = 0.

Since m > 2 and m, n, o are pairwise distinct, (4) yields that (m,n, o) is
a permutation of the triplet (3, 6, k), k > 3.

3. Some numerical examples

The results of this section are based upon the next theorem of Ri-

ckert [11] (see also Bennett [2])

Theorem A. All the integer solutions x, y, z of the simultaneous

Pell-type equations

x2 − 2z2 = u, y2 − 3z2 = v

satisfy

max{|x|, |y|, |z|} ≤ (107 max{|u|, |v|})12.
A straightforward consequence of Theorem A provides a sharp bound

for several special cases of the equation (1).

Theorem 2. If (m − 2)(n − 2) = 2L2 and (m − 2)(o − 2) = 3L2 for

some positive integer L, then equation (1) implies

(5) max{x, y, z} ≤ 1084(max{m,n, o})48.

Baker-type results also make it possible to derive effective estimates
for the solutions, however this does not lead to bounds depending polyno-
mially on max{m,n, o}.
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We may use the inequality (5) to solve explicit equations quickly.
To illustrate it take the example (m,n, o) = (3, 4, 5). Then the unique
solution of (1) is given by (x, y, z) = (1, 1, 1). Indeed, our estimate shows
that max{x, y, z} ≤ 1084 · 548 and we have the system of equations

(4y)2 − 2(2x + 1)2 = −2, (6z − 1)2 − 3(2x + 1)2 = −2.

It is easy to see that the only solutions to the first equation, which can be
rewritten as u2 − 2v2 = 1 with u = 2x + 1 and v = 2y, are given by

2y = ar =
αr − α−r

2
√

2
, α = 3 + 2

√
2.

Using the program package MATHEMATICA we obtain r ≤ 154 and these
values can be tested by computer. For a similar approach (without using
computer) see Rickert [11] or Pintér [10].
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