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Horizontal lifts in the higher order geometry

By IOAN BUCATARU (Tasi)

Abstract. First, using the complete lift of a linear connection we construct the
horizontal lift of a vector field with the aid of an arbitrary semispray S. It is proved that
this horizontal lift is independent on the choice of the semispray S. This reformulates
well-known constructions for the case of tangent bundle, [4], [8].

Secondly, the complete and horizontal lifts of vector fields are constructed for the
tangent bundle of second order. In this new framework we have a horizontal lift and
two vertical lifts. The nonlinear connection associated to the horizontal lift is proven to
be just Miron’s nonlinear connection, [6]. Thirdly, the above notions and constructions
are given for the tangent bundle of order k > 2.

1. The horizontal lift to the tangent bundle

Let (T'M,m, M) be the tangent bundle of a real, smooth, n-dimen-
sional manifold M. For a local chart (U,¢ = (2%)) on M, its induced
local chart on TM will be denoted by (7= 1(U),® = (z¢,%")). In a point
u = (z,y) € TM, the natural basis of the tangent space T,,7M is denoted
by {% w5 a%i w}- The linear map induced by the canonical submersion
m:TM — M is denoted by 7y : T, TM — TryM, u € TM. For each
ueTM, V,TM = Kerm,, is an n-dimensional vector subspace of the
space T, T M, and a basis of it is {a%i w}. The map VI'M :u € TM —
V. T'M C T, TM is a regular, n-dimensional and integrable distribution,
called the vertical distribution.

The tensor field J = azi ®dx’, is globally defined on 7'M and is called
the natural almost tangent structure.

One has: 1.J2=0, 2.ImJ=KerJ =VTM, 3.rankJ = n.
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1 .
The vector field I' = y* 821-, globally defined on T'M, is called the

Liouwille vector field. A vector field S € x(T'M) is called a semispray on

1
TM if and only if JS =T It follows that
9 e 0

1.1 = :
( ) S y 6:E'L G 8y17

where the functions G are defined on the domain of local charts.
For a vector field X = X° a(?zi € x(M) we denote its vertical lift by

XV = (X! 077)8?/1" The map [, : x(M) — x(TM), defined by [,(X) = X"

is F(M)-linear and is called also the vertical lift.

For X = X'(2) 52 € x(M), the vector field X¢ € x(TM) defined by

0 N 0X'! ()5 0
ari | oz Y oy

Xe(z,y) = X'(2)

is called the complete lift of X. We observe that if X = X* 621' € x(M) and
S is a semispray on T'M, then

+S(X*om) 0

ox?

So the complete lift can be constructed using a semispray and the result
does not depend on the choice of the semispray.
For the vertical and the complete lifts the next formulae hold:

J(X)=X", (fX)*=8(NHX"+ X, Xex(M), feF(M).

The map X € x(M) — X¢ € x(T'M) is not an F(M)-linear map.
Next we shall introduce a modification of this map such that the new map
will be F(M)-linear.

Definition 1.1. An F(M)-linear map I, : x(M) — x(T'M) for which
we have

(12) Jo lh = lv,

is called a horizontal lift.



Horizontal lifts in the higher order geometry 23

A subbundle HT'M of the tangent bundle (T'T'M, 7wy, T M) which is
supplementary to the vertical subbundle, i.e. the following Whitney sum
holds

(1.3) TTM = HTM & VTM,

is called a nonlinear connection on 7'M . A nonlinear connection determines
an n-dimensional distribution N :v e TM — N, = H,TM C T,,TM.

We have that every horizontal lift [, determines a nonlinear connection
N = Iml, on TM. Conversely, every nonlinear connection N on T'M
determines a horizontal lift [, which is the inverse of the map m. ,|n, :

Let D be a linear connection, with the local coefficients 77,. One can
associate to D ([8], Ch. I, §6) a unique linear connection D¢ on T'M, called
the complete lift of D, which satisfies:

D%.Y° = (DxY)e.
For D¢ the following formulae hold:
(%) D%.Y' =D%.Y° = (DxY)", D%.Y"=0.

The linear connection D€ preserves the vertical distribution by parallelism,
i.e. for a vertical vector field Y and X € x(T'M) we have that DY is a
vertical vector field.

Proposition 1.1. Let S be a semispray on T'M. For a vector field
X € x(M) we define X" € x(TM) by

(1.4) Xh=Xx°¢ - D¢Xxv.

The map Iy, : x(M) — x(T'M) defined by 1;,(X) = X" is a horizontal lift
and it does not depend on the choice of the semispray S.

ProOF. First we prove that the map () is F(M)-linear. For f €
F(M) we have (fX)¢ = (fom) X+ S(f)X"” and (fX)" = (fom)X". It
follows (fX)" = (fom) X +S(f)X*—S(f)X?—(form)DEX" = (fom)Xh.

Now we prove that Jol, =1,. We have J(X¢) = X", VX € x(M).
Since KerJ = V and DXV is a vertical vector field, it results that
J(DEX"V) = 0. Consequently (Jol)(X) = J(X°¢) —J(DgX") = J(X°) =
XV =1,(X), VX € x(M).
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It remains to prove that [;, does not depend on the choice of the
semispray S. Let S; and S, be two semisprays on TM and X", X"2 the
horizontal lifts of the vector field X € x(M) constructed with S; and So,
respectively. We have X1 — Xhz — D§, g X". Since S — S and X" are
vertical vector fields, according to (*) we obtain Dg ¢ X¥ = 0, and so
Xht = xh2, O

In the natural basis, the map I} is given by

0

The functions N7 (z,y) = ;, y (x)y* are called the local coefficients of

.o,

p
L ’in(”(u))?/] aiyp u

1) (5

the nonlinear connection N determined by the horizontal lift [j,.

2. The horizontal lift to the tangent bundle of order two

Let M be a smooth manifold of dimension n and Jy ,(R, M) the set
of germs of smooth mappings f : R — M with f(0) = p. We say that
f.g9 € Jop(R, M) are equivalent up to order k if there exists a chart (U, ¢)
around p such that

(2.1) dy(po f)=di(pog), 1<h<k,

where d denotes Frechet differentiation. It can be seen if (2.1) holds for a
chart (U, ¢), it holds for any other chart (V) around p.

We denote by j{{p f the equivalence class of f and set Jé“’p =/ j(’ip f,
f € Jop(R,M)}. Then we put T M = Upens J§, and define 7% : TFM —
M by 7*(J§,) = p. (T*M,7* M) will be called the tangent bundle of
order k of the manifold M. For k = 2, if we take E := T?M, then E is a
real, smooth manifold, of dimension 3n. For a local chart (U, ¢ = (z¢)) in
p € M its lifted local chart in u € (72)~1(p) will be denoted by ((72)~1(U),
o = (xi’ y(l)i’ y(2)i))‘

For each u = (z,y",3?)) € E, the natural basis of the tangent space
TuE is { g2 |us gycn7 lus gy

We have two canonical submersions 72 : T?M — M and 73 : T?M —
T'M = TM which are locally expressed by: 2 : (z,y"),y?) — (z) and
72 (x,yM, Y)Y = (z,yM), respectively.

u -
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We have two vertical distributions V1 E = Ker(n2),, where (72).

is the tangent map associated to 72, « € {0, 1}.

The tensor field J = % ® dx*t + % ® dyM? is called the 2-
almost tangent structure on E. The 2-almost-tangent structure J has the
property: 1. J3 =0, 2. ImJ? = KerJ = VLE. 3. ImJ = Ker J? = V} E.

2 , 4
4. rank J = 2n, rank J? = n. The vector field I = y(l)’ay?m + 2y(2)2ﬁ

is called the Liouville vector field and is globally defined on F.

Definition 2.1 [6]. A vector field S € x(F) is called a semispray on E
2
(2-semispray) if JS =T

The local expression of a semispray is:

9 9 9
— Wi 2 (2)i 3G
(2.2) S=y B + 2y Dy 3G By’

where the functions G are defined on the domain of local charts.

For a vector field X = X'2; € x(M) we denote by

0

X2 — (Xl OWZ)W

its vertical lift. The map [,, : x(M) — x(F), defined by [,,(X) = X2
is F(M)-linear and is called wvertical lift, too. This means that for every
X € x(M) and f € F(M) we have L, (fX) = (f o 72)l,,(X).

For X = X* azi € x(M), the vector field X¢ € x(F) given by

09X o @ (1 PXT ., OX' )\ 0
xo - xi 09X ( y(l)Jy(l)k+y(2)J>

ox' " 0217 ay™i "\ 2 029 0aF D Dy

is called the complete lift of the vector field X. Note that if X = X* a?ci €

x(M) and S is a semispray on T?M then

0
ozt

0 1 0

c __ % _ - Q2 7
X¢=X s + 35 (5

+ S(X9)

Consequently, we can construct the complete lift using a semispray S and
this complete lift does not depend on the choice of the semispray S.
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For the vertical and complete lifts the following formulae hold:
J*(XC) = X2,
(FX)° = 382 (NX" + S()I(X) + FX°, f € F(M), X € x(M)

The map X € x(M) — X¢ € x(E) is not an F(M)-linear map. Next
we introduce a modification of this map so that to get an F(M)-linear
one.

Definition 2.2. An F(M)-linear map I, : x(M) — x(E), for which
we have

(2.3) J? ol = ly,,

is called a horizontal lift on the tangent bundle of order two.

Definition 2.3 [6]. A subbundle HE of the bundle (T'E, 7g, E), which
is supplementary to the vertical subbundle V; E, that is the following Whit-
ney sum holds

(2.4) TE = HE & | E,

is called a nonlinear connection on E.

A nonlinear connection determines an n-dimensional distribution
N:vweTM —- N,=H,F CT,FE.

Proposition 2.1. Every horizontal lift l;, determines a nonlinear con-
nection on the tangent bundle of order two.

PROOF. For every u € E we set Ny = (In)u(Tr2)yM), %h =

(lh)u(% 7r2(u)) and 5y?1)i u = J(% u) As J? o ln = lvz we obtain
JH2) = 78;?2)1.. It follows that {%h,ﬁ u;aiyi|u} are linearly in-

dependent, so they determine a basis for T3, E. Since {% |} is a basis for
Ny, {ﬁ w=J(52]u)} is a basis for Ny(u) = J(N,) and {% u)is a
basis for V2(u) we have T, F = N, @ N1(u) @ Va(u) for each u € E. But
{ﬁh, %]u} is a basis for V;(u) which means that Vi (u) = Ni(u) &
Va(u) and so T, E = N, @ Vi (u). Hence the distribution N : u € E — N,

is supplementary to the vertical distribution V; and so N determines a

nonlinear connection. O



Horizontal lifts in the higher order geometry 27

Conversely every nonlinear connection N determines a horizontal lift.

For a linear connection D, with the local coefficients ’y;k, we denote
by D¢ its complete lift given by D%.Y* = (DxY)°.

The linear connection D¢ preserves the vertical distributions V; and
V5 by parallelism.

Theorem 2.1. Let S be a 2-semispray on E. For X € x(M) we define
Xvi X" e x(E) by:

X" =J(X°) - DgX",
(2.5) . 1 )
X" =X —D¢X" — i(DC)SXUQ.
The maps l,,,l;, : X(M) — x(E) defined by 1, (X) = X%, [(X) = X"
are F(M)-linear and verify J? ol = l,,, J 0ly, = ly,, J ol =1,,. These
maps are independent on the choice of the semispray S.

PROOF. We proceed as in the proof of Proposition 1.1.
First we prove that (I;) is an F(M)-linear map. For f € F(M) we
have

(fX)" = (fX)° = D§(fX)" - %(D%(fxw.

Since (fX)¢ = fX°+ S(f)J(X°) + 352(f)Xv2, (fX)" = fXM and
(fX)¥2 = fX"2 we obtain (fX)" = fX°+ S(f)J(X°) + $52(f) X" —
S(NT(X)=D5X )~ L(S2(f)X ™ +25(f) D5 X"+ f(D*)5X") = fX™.

For every X € x(M) we have J?(X¢) = X%2. Since KerJ? = V7,
D¢ XM and (D)% XV2 are vertical vector fields, we obtain JDEX" = 0
and J2((D¢)3X"v2) = 0. It results (J2ol,)(X) = J3(X¢) = X2 = [,,(X),
VX € x(M). In this way we obtain that the map I is a horizontal lift.
Next we prove that this map depends on the linear connection D on M,
only. Let S and S two semisprays and

1

X" = J(X¢) - D§X%, XM= X°-DgxXv — 5(DC)@XW;
~ - ~ 1

v c c vv h __ c c v c\2 v

X" = J(X) = DgX™, X" =X—DgX" — (D)X

the horizontal lifts of a vector field X € x(M) constructed with the semi-
sprays .S and S, respectively.
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We have XUt — X1 — —Dgingi’. From the definition of D¢ we

have D5 Y2 = for every X € xV2(E) and Y € X(]\@ As S — S belongs
to xV2(E), we obtain D¢ X" =0, and so X" = X", Using the defini-
tion of X" and X" we obtain: X" — X" = —D¢ X" — J(D°)%_ X",
But for D§ X" = (G' - Gi)DCay?z)inl and X?1 € xV1(FE) we obtain

D¢ , X" = 0 that means Dg S»X“1 = 0. In a similar way we get
oy (28 -

D¢, X" =0 and also we have DY -X"? = 0 and (DC)?g_gX”2 = 0.

ay(2)i
We proved that X" = X" and so the horizontal lift X" of a vector field
X € x(M) to the tangent bundle of order two is independent on the choice

of the semispray S. 0

Proposition 2.2. In the natural basis, the maps l;, and l,,, have the
following expressions:

0 0 .0
' <8$’) dyi (1) dy2)
(2. 6)

0 0 ;0 .0
l )= —— N —— N ——
" <8x’> o' o oy ) Dy
where

N} =y,

1)
(2.7) ;
1 (5%@

N == (S22 -, pﬁ> yOPy(DF 4 47 (@,
@)

Proor. Taking into account (2.5) and (52 )" = 8y?1)i — D5 ay(?Q)i we

0 vl_ 0 k(1)) 0
<3$z> = Gyi — Yig¥ By Dk

Using the notation N7 = ygiy(l)p we see that the first formula (2.6) holds.
(1)

obtain

Next we denote

5 o\ 0 k1) O
SyDi Loy <a:c) ~ gy Tt g ek
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For the horizontal lift {;, we have

a\" o L5 1, ., 0
<axz'> = ox  Dsgymi — 2 Psg e

c 0 _ . k.o(1)j_0 _ _ nk
As DS@ @7 — 'Yijy( ) oy — ](Vz) B (2)
1

- it results:

(DC)S ay(2)1

0 5, 0
- Dk
th (6:6" > ozt Ty oy(1i

oy’ » . b
_Z wo_ D)p,, (Dk J o, (2)p

The horizontal lift determines, by the Proposition 2.1 a nonlinear
connection N. This connection is just Miron’s nonlinear connection, [6].

We remark that the map [,, determines a distribution N; which is
supplementary to the vertical distribution V5 in the distribution V; i.e.
Vi(u) = Ni(u) ® Va(u),Yu € E. Also, because of Jol, = [, we have
J(N) = Nj. O

= Dg](\fl;C By @ Accordingly we have

3. Horizontal lift to the tangent bundle of higher order

The problems which were presented in the previous section can be
extended to the general case of order £ > 2. In this section we point out
only the differences from k = 2 case.

Let (E := T*M,«* M) be the tangent bundle of order k of a real,
smooth, n-dimensional manifold M.

For a local chart (U,¢ = (2°)) on M we denote by ((7*)~*(U),
O = (xt,yMi y@1 ,y(k)i)) its induced local chart on T%M.

For every u = (x,y1),y® ... ,y*)) € E, the natural basis of the

tangent space Ty, F will be denoted by {% s %h, e %“}
We consider Vi (u) C --- C Vi (u) the vertical distributions induced by
the natural submersions 7;_,... , T 7%, The k-almost tangent structure

of the tangent bundle of order is a tensor field of (1, 1)-type, which is locally
expressed by

Wiy

(k—1)

(3.1) J=
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Definition 3.1 [6]. A vector field S € x(F) is said to be a semispray
k
on E (k-semispray) if JS =T, where

I y(l)iay?lﬁ + 2y(2)i8y(2)i +oet ky(k)iay(?k)i
is the Liouville vector field.
The local expression of a k-semispray is given by
(32) S = y(l)ii+2y(2)l o ky B (k+1)Gii,
ozt Oy ()i Oy(k=1)i Oy (k)i

the functions G* being defined on the domain of a local chart.

For a vector field X = X* 831 € x(M) we denote by

0
dyRi

its vertical lift. The map L., : x(M) — x(E), which is defined by [, (X) =
XUk is F(M)-linear and is called also the vertical lift. This means that
for every X € x(M) and f € F(M) we have l,, (fX) = (f o 7)1, (X).
For X = X* aii (M) and S a k-semispray, the vector field X¢ € x(F)
defined by:

0 1 0 1 0

oo T X g+ S (g

X’L)k — (XZ O7Tk)

0

X=X Dy

1 k %
o S

is called the complete lift of the vector field X.

A direct consequence of X' = Xi(z) is S*(X?) = §(X?) for every
two semisprays S and S and so the complete lift of a vector field X is
independent on the choice of the semispray S.

For the vertical and complete lifts the following formulae hold:

JF(X) = XU,
(3.3) L
Z; fJNXE), feFM), X ex(M).

It can be seen from the second formula (3.3) that the map X €
X(M) — X¢ € x(E) is not an F(M)-linear map. Next, we modify this
map such that the new map will be F(M)-linear.
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Definition 3.2. An F(M)-linear map I, : x(M) — x(E), for which
we have

(34) Jk © lh = l’Uka

is called a horizontal lift on the tangent bundle of order k.

Definition 3.3 [6]. A subbundle HE of the tangent bundle
(TE,7g, E), which is supplementary to the vertical subbundle V1 E, i.e.
the following Whitney sum holds

(3.5) TE = HE ® \|E,

is called a nonlinear connection.

A nonlinear connection determines a horizontal n-dimensional distri-
bution N :vueTM — N, =H,F C T, FE.

Like in the k = 1 or k = 2 cases we have that every horizontal lift [,
determines a nonlinear connection on the tangent bundle of order k. Con-
versely every nonlinear connection N determines a horizontal lift.

Let D be a linear connection on M with the local coefficients ’y;- i We
denote by D¢ its complete lift. This is uniquely determined by

(3.6) D5.Y® = (DxY)".

For this linear connection we have also the next formulae

(37)  DjaxeY® = D5 J*(Y) = J*((DxY)), a=0,Fk

Theorem 3.1. Let S be a semispray on E. For X € x(M) we define
Xve-1 . X" XM e x(E) by:

1
Ukt Jk_l( C) 1!D§( vk)?
1 1
(38) X2 = JF(X) = DX S (D)EX

1 1 1
Xh=Xx° - T PEX" - 5(DC)§X“2 — = H(DC)’;«X”’“.
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The mapsl,_,lp : x(M) — x(E), « = 1,2,...,k defined by [, (X) = X",
Ih(X) = X" are F(M)-linear and verify J*oly, = l,,, J*oly = l,_ . These
maps are independent on the choice of the semispray S.

Proor. For the maps!l,, , andl,, , the stated properties are proved
as in Proposition 1.1 and Theorem 2.1. We assume that the stated prop-
erties are true for [,,_, for V3 € 1,2,...,a—1 with 1 < a < k and we
prove, using (3.3) that [, verifies also the required properties. O

We denote by N the nonlinear connection induced by the horizontal
lift determined in the above. Let Ny = J(N), Ny = J%(N),..., Nj_1 =
JFL(N).

We set 5‘;1- =Iy(:%) and % = lva(%), ae{l,...,k—1}. Since

da Syt
— : o\ é :
J%olyp = ly, we obtain J*(527) = FCE On this way we get for every u €
é 6 é o : : :
E {55 us W|u, RS MGT s EmGK |} a basis for T3, E which is adapted

to the direct decomposition

T.E =N(u)® Ni(u)® - & Ng_1(u) & Vi(u).

References

[1] M. ANasTasiEl, On Deflection Tensor field in Generalized Lagrange Spaces, La-
grange and Finsler geometry, Kluwer Acad. Publ., FTPH no. 76, 1996, 1-14.

[2] M. ANASTASIEI and I. BUCATARU, A notable Submersion in the Higher Order
Geometry, Proceedings of the Workshop on Global Analysis, Differential Geometry
and Lie Algebras, Geometry Balkan Press, 1997, 1-10.

[3] I. BucATARU, Characterization of the nonlinear connection in the higher order
geometry, Balkan Journal of Geometry and its Applications, 2 2 (1997), 13-22.

[4] V. CRUCEANU, Objets géometériques h-invariants sur le fibré tangent, Atti Accad.
Naz. Lincei Rend. Cl. Mat. Natur., Serie VIII, LVII 6 (1974), 548-558.

[6] V. CRUCEANU, On h-invariant vector fields in a vector bundle, Rev. Roumaine
Math. Pures Appl. 42, 9-10 (1997), 759-766.

[6] R. MIrRON, The Geometry of Higher Order Lagrange Spaces, Applications to Me-
chanics and Physics, Kluwer, Dordrecht, FTPH no. 82, 1997.

[7] R. MiroN and M. ANASTASIEI, The geometry of Lagrange spaces: Theory and
Applications, Kluwer, Dordrecht, FTPH no. 59, 1994.

[8] K. YAaNO and S. IsHIHARA, Tangent and cotangent bundles, Marcel Dekker Inc.,
New York, 1973.

IOAN BUCATARU

“AL. I. CUZA” UNIVERSITY IASI
FACULTY OF MATHEMATICS
B-DUL COPOU, NO. 11

6600 TASI

ROMANIA

E-mail: bucataru@uaic.ro

(Received December 22, 1997; revised March 4, 1999)



