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On Finsler spaces of Douglas type IV:
Projectively flat Kropina spaces

By S. BÁCSÓ (Debrecen) and M. MATSUMOTO (Kyoto)

1. Introduction

We have a remarkably interesting two (α, β)-metrics; one is the Ran-
ders metric L = α + β and the other is the Kropina metric L = α2/β,
where α =

√
aij(x)yiyj and β = bi(x)yi ([1], [6]). A Randers space is a

Finsler space with the Randers metric. It is projectively flat, if and only if
its associated Riemannian space with the metric α is projectively flat and
the change of the metric α → α + β is projective ([4, Theorem 4.3]; [7,
Theorem 2]). On the other hand, the condition for a Kropina space (i.e. for
a Finsler space with the Kropina metric), to be projectively flat has been
given until now only in an unsatisfactory form, asserting the existence of
some coordinate systems ([7, Theorem 3]).

The purpose of the present paper is to give this condition for a Kropina
space in a completely tensorial form. We obtain it as an application of a
new formulation of the theorem on the projective flatness ([3, II]).

We enumerate here some symbols for the later use. Kn = (Mn, L =
α2/β) is a Kropina space on a smooth n-manifold Mn, Rn = (Mn, α) is
the Riemannian space associated with Kn. Let (aij) and (γj

i
k) be the

inverse matrix of (aij) and the Christoffel symbols constructed from (aij).
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The semi-colon denotes the covariant differentiation with respect to (γj
i
k).

yi = airy
r, bi = airbr, b2 = brb

r,

2rij = bi;j + bj;i, 2sij = bi;j − bj;i, si
j = airsrj ,

si = brsrj , si = airsr.

The change α → α + β is projective if and only if sij = 0, that is, the
covariant vector field bi is gradient. The transvection by yi is denoted by
subscript 0.

2. Kropina spaces of Berwald type and of Douglas type

It is well-known that if a Finsler space is projectively flat, then it must
be of Douglas type ([3, II]). As it has been recently shown [10], a Kropina
space Kn is of Douglas type, if and only if

σij = sij − (bisj − bjsi)/b2

vanishes identically.
It is natural to assume b2 6= 0 for Kn. In fact, Kn has the fundamental

tensor ([12], [3, I]),

gij = 2τaij + 3τ2bibj − (4τ/β)(biyj + bjyi) + (4/β2)yiyj ,

where τ = (α/β)2, and det(gij) = 2n−1τn+2b2 det(aij) [6]. Thus, on the
assumption b2 6= 0 we get the inverse (gij) of (gij) as

gij = (ρ/2)aij − (ρ/2b2)bibj + (ρ2/b2β)(biyj + bjyi)

+ (ρ/β)2(1− 2ρ2/b2)yiyj ,

where ρ = (β/α)2.
We consider the Berwald connection BΓ = {Gi

j , Gj
i
k, 0} of Kn, where

Gi
j = ∂̇jG

i and Gj
i
k = ∂̇kGi

j . If we put Gi = (γ0
i
0/2) + Bi for Kn then

we have [9]

(2.1)
(1) Bi = B∗i + (r00/2b2)bi − (s0/b2)yi,

(2) B∗i = (α2/2β){(s0/b2)bi − si
0} − (r00β/b2α2)yi.
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Let now Kn be a Berwald space, that is let, Gj
i
k be functions of (xi) alone:

This means that Gi are homogeneous polymonials in (yi) of degree two.
Thus we must take account of only the terms B∗i of Gi. (2) of (2.1) may
be written as

2r00β
2yi = α2{α2(s0b

i − b2si
0)− 2b2βB∗i}.

Assume that Kn is of Berwald type. As it has been shown in [2], b2 6=0 im-
plies α2 6≡ 0 (mod β), and hence the above equation demands the existence
of ui

0 = ui
r(x)yr satisfying

(2.2)
(a) α2(s0b

i − b2si
0)− 2b2βB∗i = β2ui

0,

(b) 2r00y
i = α2ui

0.

The latter gives 2r00β = α2bru
r
0, which implies bru

r
0 =2uβ for some u(x).

Thus (2.2b) yields

(2.3) (1) r00 = uα2, (2) ui
0 = 2uyi.

Then (2.2a) can be written as

α2(s0b
i − b2si

0) = 2β(uβyi + b2B∗i),

which shows the existence of vi(x) such that

s0b
i − b2si

0 = βvi, 2(uβyi + b2B∗i) = α2vi.

The latter proves that B∗i are now homogeneous polynomials in (yi) of
degree two. The former is equivalent to sjbi − b2sij = bjvi, and the skew-
symmetry of sij gives bi(sj − vj) = −bj(si − vi), which easily implies
vi = si. Consequently we obtain

(2.4) (1) rij = uaij , (2) sij = (bisj − bjsi)/b2.

Therefore we have

Theorem 1. A Kropina space is of Berwald type, if and only if (2.4)
holds, that is,

(2.4’) bi;j = uaij + (bisj − bjsi)/b2.
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Remark. The condition for a Kropina space to be of Berwald type has
been given first by C. Shibata [12] and then S. Kikuchi [5] and one of
the present authors [8]. Though they obtained their results in somewhat
different forms, all of them can be expressed in the form

(2.5) bi;j = (frb
r)aij + bifj − bjfi,

where fi are some functions of (xi), that is, rij = (frb
r)aij and sij =

bifj − bjfi. From (2.5) we get sj = (brfr)bj − b2fj and hence (2) of (2.4).
If we put u = brfr, then (1) of (2.4) is obtained. Conversely, if we put
fi = (si + ubi)/b2, then (2.4’) is rewritten in the form (2.5).

Therefore a Kropina space Kn is of Douglas type, if and only if
σij = 0, and further it is of Berwald type, if and only if r00 is propor-
tional to α2 and σij = 0.

We shall restrict our discussions to the two-dimensional case. If
sij =0, then si = 0 and hence σij = 0. If sij 6= 0, that is, s12 6= 0,
then we put (b1s2− b2s1)/s12 = k, which is nothing but bisj − bjsi = ksij ,
i, j = 1, 2, and k = 1/b2 is easily obtained. Thus we have

Theorem 2. Any Kropina space of dimension two has σij = 0 and is

of Douglas type.

Remark. The result that “any Kropina space of dimension two is a
Douglas space” has been proved in ([3, I]) in a completely different way.
This fact is also shown by the differential equation of geodesics [11], (3.3),
in conformity with the definition of a Douglas space.

3. An outline of the theory of projective flatness

We shall sketch the theory of projective flatness which has been de-
veloped by the present authors in ([3, II]), and we apply it here to the
Riemannian space Rn = (Mn, α) associated with a Kropina space Kn =
(Mn, L = α2/β). All the quantities of Rn will be denoted by putting the
superscript ◦.

We start our theory with the projective invariant, Q0:

Qh = Gh −Gyh/(n + 1), G = Gr
r.
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Since Gh of Rn is equal to γ0
h
0/2, the Q0-invariant of Rn is written as

(3.1) Q◦h =
1
2
γ0

h
0 − γ0

r
ry

h/(n + 1).

From Qh we construct the Q1-invariant Qh
i = ∂̇iQ

h and the Q2-invariant
Qi

h
j = ∂̇jQ

h
i. In Rn the latter is given by

(3.2) Q◦i
h
j = γi

h
j − γiδ

h
j − γjδ

h
i, γi = γi

r
r/(n + 1).

Further we obtain the Q3-invariant

Qi
h
jk = ∂kQi

h
j − (∂̇rQi

h
j)Qr

k + Qi
r
jQr

h
k − (j/k),

where (j/k) denotes the interchange of subscripts j, k of the preceding
terms. The Q3-invariant of Rn is given by

Q◦i
h
jk = R◦i

h
jk − δh

jγik + δh
kγij ,(3.3)

γij = ∂jγi − γi
r
jγr + γiγj ,

where R◦i
h
jk is the curvature tensor of Rn. The symmetry of the Ricci ten-

sor R◦ij(= R◦i
r
jr) implies the symmetry of γij . We get another invariant

Qij = Qi
r
jr. In Rn we have

(3.4) Q◦ij = R◦ij + (n− 1)γij .

Then the Π-tensor is constructed as

Πi
h
jk = Qi

h
jk + {δh

jQik − (j/k)}/(n− 1),

which is nothing but the Weyl projective curvature tensor W . The Π-ten-
sor of Rn is given in the well-known form

(3.5) Π◦i
h
jk = R◦i

h
jk + {δh

jR
◦
ik − (j/k)}/(n− 1).

Next, for the use in the two-dimensional case, we define

Πijk = δkQij + Qi
r
jQrk − (j/k),

where δk = ∂k −Gr
k∂̇r. For Rn we have

(3.6) Π◦ijk = R◦ij;k −R◦ik;j − (n− 1)γrΠ◦i
r
jk.
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Since the Weyl projective curvature tensor vanishes identically in the two-
dimensional case, in the case of n = 2 we obtain for (3.6) the following

(3.62) Π◦ijk = R◦ij;k −R◦ik;j .

Now we give a new formulation to the fundamental theorem of pro-
jective flatness considered already in ([3, II]).

Theorem BM. A Finsler space Fn of dimension n is projectively flat

if and only if Fn is a Douglas space and

(1) n > 2 : the Π-tensor = 0, (2) n = 2 : Πijk = 0.

4. Projectively flat Kropina spaces

We concider now an n-dimensional Kropina space Kn = (Mn,

L = α2/β). Let Rn = (Mn, α) be the Riemannian space associated
with Kn. All the quantities of Rn will be denoted by putting the super-
script ◦ as in the last section. Since our purpose is to find the condition for
Kn to be projectively flat, it should be assumed first that Kn be a Douglas
space, and hence sij = (bisj − bjsi)/b2 according to Theorem BM. Then
sh

0 = (s0b
h − βsh)/b2 and Bh of (2.1) is reduced to

Bh = (α2sh + r00b
h)/2b2 − (α2s0 + βr00)yh/b2α2.

If we define the tensor

(4.1) ki
h
j = (aijs

h + rijb
h)/b2,

then k0
h
0 = (α2sh + r00b

h)/b2 and k000(= k0
h
0yh) = (α2s0 + βr00)/b2.

Hence Bh can be simply written as

Bh = k0
h
0/2− k000y

h/α2,

from which we get Bh
i = ∂̇iB

h and B = Br
r in the forms

Bh
i = k0

h
i − {(k0i0 + 2k00i)yh − (2k000/α2)yiy

h + k000δ
h

i}/α2,

B = k0
r
r − (n + 1)k000/α2.
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Thus (3.1) leads to

(4.2) Qh = Q◦h + k0
h
0/2− k0

r
ry

h/(n + 1).

As it was remarked in ([3, II]), Qh(x, y) are certainly homogeneous poly-
nomials in (yi) of degree two for the Kropina space Kn of Douglas type.

From (4.2) and (3.2) we obtain

(4.3) Qi
h
j = Q◦i

h
j + Ki

h
j ,

where Ki
h
j is the tensor defined by

(4.3a) Ki
h
j = ki

h
j − (ki

r
rδ

h
j + kj

r
rδ

h
i)/(n + 1).

We remark that Ki
r
r = 0.

Then (4.3) and (3.3) yield the Q3-invariants of Kn in the form

(4.4) Qi
h
jk = Q◦i

h
jk + Ki

h
jk + (δh

jKi
r
k − δh

kKi
r
j)γr,

where Ki
h
jk is the (1,3)-type tensor defined by

(4.4a) Ki
h
jk = Ki

h
j;k + Ki

r
jKr

h
k − (j/k).

(4.4) and (3.4) lead to

(4.5) Qij = Q◦ij + Kij − (n− 1)Ki
r
jγr,

where Kij = Ki
r
jr is the symmetric tensor given by

(4.5a) Kij = Ki
r
j;r −Ki

r
sKj

s
r.

Finally the Π-tensor, that is the Weyl projective curvature tensor W

of Kn is obtained from (4.4) and (4.5) together with (3.3) and (3.4) as

(4.6) Πi
h
jk = Π◦i

h
jk + Ki

h
jk + (δh

jKik − δh
kKij)/(n− 1).

Therefore Theorem BM leads to our main result as follows:
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Theorem 3. A Kropina space Kn of dimension n > 2 is projectively

flat, if and only if sij = (bisj − bjsi)/b2 and

Π◦i
h
jk + Ki

h
jk + (δh

jKik − δh
kKij)/(n− 1) = 0,

where Π◦ is the Weyl projective curvature tensor of the associated Rie-

mannian space and Ki
h
jk and Kik are defined by (4.1), (4.3a), (4.4a)

and (4.5a).

Next (4.5) and (3.6) give

Πijk = Π◦ijk + Kijk + {Ki
r
jR

◦
rk − (j/k)}(4.7)

− [(n− 1)Ki
r
jk + {δr

jKik − (j/k)}]γr,

where the tensor Kijk is defined by

(4.7a) Kijk = Kij;k + Ki
r
jKrk − (j/k).

Lemma. In the two-dimensional case

τi
h
jk = Ti

h
jk + δh

jTik − δh
kTij , Tij = Ti

r
jr,

vanishes identically for every tensor Ti
h
jk which is skew-symmetric in j, k.

For instance

τ2
1
12 = T2

1
12 + T22 = T2

1
12 + (T2

1
21 + T2

2
22)

= T2
1
12 + (−T2

1
12 + 0) = 0.

Hence, for n = 2 (4.7) reduces to

(4.72) Πijk = Π◦ijk + Kijk + Ki
r
jR

◦
rk −Ki

r
kR◦rj .

Therefore Theorem BM together with Theorem 2 leads to

Theorem 4. A Kropina space K2 of dimension two is projectively

flat, if and only if

Π◦ijk + Kijk + Ki
r
jR

◦
rk −Ki

r
kR◦rj = 0,

where R◦ is the Ricci tensor of the associated Riemannian space, Π◦ is

given by (3.62) and Kijk and Kj
i
k are defined by (4.7a) and (4.3a).
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