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Integer points on a family of elliptic curves

By ANDREJ DUJELLA (Zagreb) and ATTILA PETHO (Debrecen)

Dedicated to Professor Kdlmdn Gydry
on the occaston of his 60th birthday

Abstract. Let the sequence (cg) be given by the recursion
co =0, c1 =8, cpyo =1ldcg41 —c +8, k>0.

Let the elliptic curve Ej be defined by the equation y? = (x + 1)(3z + 1)(cpz + 1).
We prove in this paper that if the rank of Ej(Q) is equal to two, or k < 40, with the
possible exceptions k = 23 and k = 37, then all integer points on E} are given by

('T7y) [S {(7170)7 (07 :l:l)v (Ck—17isk—ltk—1(2ck - Sktk))7
(k1 Eskr1tht1(2ck + sitr))}-

where ¢ +1 = si and 3¢ +1 = ti.

1. Introduction

A set D of m positive integers is called a Diophantine m-tuple if
the product of any two distinct elements of D increased by 1 is a perfect
square. The first example of a Diophantine quadruple — {1, 3, 8,120} — was
found by Fermat (see [6, p. 517]). In 1969, BAKER and DAVENPORT [2]
proved that if d is a positive integer such that {1, 3,8, d} is a Diophantine
quadruple, then d has to be 120.
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Recently, in [9], we generalized this result to all Diophantine triples
of the form {1, 3, c}. The fact that {1, 3, ¢} is a Diophantine triple implies
that ¢ = ¢, for some positive integer k, where the sequence (ci) is given
by

co=0, ¢4 =8, cpyo=14cxs1—cr+8, k=>0.

Let ¢, +1 = si, e, +1 = ti with positive integers sy, ;. It is easy to
check that
Crp+1Ck + 1= (2Ck + Sktk)2.

The main result of [9] is the following theorem.

Theorem 1. Let k be a positive integer. If d is an integer which
satisfies the system of equations

(1) d+1=22, 3d+1=2a3 cpd+1=22,

then d € {0, cx—1, Crt1}-

Eliminating d from the system (1) we obtain the following system of
Pellian equations

(2) T3 —cprl =1—cp
(3) 373 — 3 = 3 — cx.

We used the theory of Pellian equations and some congruence relations to
reformulate the system (2) and (3) to four equations of the form v, = w,,
where (v,,) and (w,,) are binary recursive sequences. After that, a com-
parison of the upper bound for the solutions obtained from the theorem of
BAKER and WUSTHOLZ [3] with the lower bound obtained from the con-
gruence condition modulo ¢ finished the proof for k£ > 76. The statement
for 1 < k < 75 was proved by a variant of the reduction procedure due to
BAKER and DAVENPORT [2].

Similar results are proved in [7] and [8] for Diophantine triples of the
form {k — 1,k + 1,4k} and {Fok, Fort2, Fokt+4}. In the second triple F,
denotes the n-th Fibonacci number.

It is clear that every solution (d,z1,z2,23) € Z* of (1) induce an
integer point on the elliptic curve

(4) Ej : v = (x4 1)(3z + 1)(cpx + 1),

with y = z1x923 and x = d. The purpose of the present paper is to prove
that the converse of this statement is true, provided the rank of Fy(Q) is
equal to 2. As we will see in Proposition 2, for all k > 2 the rank of Fx(Q)
is always > 2. Our main result is
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Theorem 2. Let k be a positive integer. If rank(Fy(Q)) = 2 or
k < 40, with the possible exceptions k = 23 and k = 37, then all integer
points on E), are given by
<x7 y) S {(_17 0)7 (07 :l:l)u (ck—la :tSk_ltk_l(zCk - Sktk>)7

(Cht1, ESkp1tir1(2ck + site))}

2. Torsion group

Under the substitution = < 3cix, y < 3cry the curve Ey is trans-
formed into the following Weierstrafl form

E;, y? = 2®+(4ep+3) 2%+ (32 +12¢,)x+9c; = (z+3ck) (z+cp ) (z+3).
There are three rational points on Ej of order 2, namely
Ak = (—3¢x,0), By =(—c,0), Cip=(-3,0),
and also other two, more or less obvious, rational points on Ej, namely
P, =(0,3ck), Rp = (sptr+2sk+ 2t +1,(sk + tx)(sk +2)(tx +2)).

Note that if £ =1, then Ry = C; — Py.
Lemma 1. E, (Q)tors > Z/27 X Z/27Z.

PrOOF. From [17, Main Theorem 1] it follows immediately that
EL(Q)tors ~ Z)27 x )27 or E}(Q)iors =~ Z/27 x Z/6Z, and the later
is possible iff there exist integers v and § such that ¢ {-2,—1, —%, 0,1}
and

cr—3=0a*+2a%6, 3c; —3=2a8°+ 5%

Now, we have
(5) 4o, — 6 = (o + af + B*)? — 30232

Since ¢ is even, the left hand side of (5) is = 2 (mod 8). If a and
are both even then the right hand side of (5) is divisible by 8, and if «
and [ are both odd then the right hand side of (5) is = 6 (mod 8), a
contradiction. Hence, E} (Q)ors =~ Z /27 x Z /2. O
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3. The independence of P, and Ry

In this section we will often use the following 2-descent proposition
(see [12, 4.1, p. 37)).

Proposition 1. Let P = (2/,y’) be a Q-rational point on E, an elliptic
curve over (Q given by the equation

y* = (v —a)(z - B)(z — ),

where o, 3,7 € Q. Then there exists a Q-rational point Q = (z,y) on E
such that 2Q = P iff 2’ — a, ' — 3, ' — v are all Q-rational squares.

Lemma 2. Py, P, + Ay, P, + By, P, +Cj ¢ 2E,(Q).
ProOOF. We have:

Py + Ap = (—cx — 2, —2¢; + 2),

P, + By, = (—3c¢k + 6, 6¢, — 18),

Py, + Cy = (¢} — 4eg, —c3 + 4ck — 3cy).

It follows immediately from Proposition 1 that Py, Py + Ak, Pp + By ¢
2E,(Q). If P, + Cy € 2E,(Q), then ¢; — ¢, = [, which is impossible. O
Lemma 3. Ry, Ri + Ar, Rip + Br, Rp + Cg ¢ QE;C(Q)

PROOF. We have:

Ry, = (st + 256 + 2ts + 1, (£ + 51) (5% + 2) (s + 2)),
Ry + Ax = (28 — 2t — sptr + 1, (sg — tr)(sk + 2)(tx — 2)),
Ry + By, = (2t — 255, — spt + 1, (e — s1)(sk — 2)(te + 2)),
Ry + Cx = (st — 25k — 2t + 1, (tk + k) (2 — si) (L — 2)).

Since 25y — 2t — Sptp +4 = (s +2)(2—1tr) < 0 and 2ty — 28 — Sgtp +4 =
(tk + 2)(2 — Sk) < 0, we have Ry + Ay, R + B §é 2Ell~:(Q>

If R, € 2E,/€(Q), then (tk —i—sk)(tk —|-2) = and (tk —i—Sk)(Sk +2) =L
Let d = ged(ty + sk, tk + 2,5, +2). Then d divides (tx +2) + (sx +2) —
(tx + sk) = 4, and since s and tj are odd, we conclude that d = 1. Hence,
we have

(6) tr +sp =0, t+2=0, sp+2=L01.
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Consider the sequence (t; + si)ren. It follows easily by induction that
ty + sk = 2ax41, where

(7) ap=0, a1 =1, agy2=4ary1 —ar, k>0.

Thus, (6) implies axy1 = 20, and this is impossible by a theorem of
MIGNOTTE and PETHO [14] (see also [16]) which says that ap = O, 20,
30 or 601 implies k£ < 3.

If R,+C}, € 2E]/4(Q>7 then (tk—l—sk)(tk—Q) =Oand (tk+sk)(sk—2) =0.

This implies ¢t; + s = [0 and we obtain a contradiction as above. O

Lemma 4. Ifk > 2, then Ry + Py, R+ Py + A, R+ P+ By, Ri+
Py + Cr ¢ 2E,(Q).

PROOF. As in the proof of Lemmas 2 and 3, we use Proposition 1.

If R + Py + Ar € 2E;(Q) then 0 > cx(sk + 2)(sk — tx) = O, and
if Ry + P + By € 2E,’€(Q) then 0 > ck(sk — 2)(Sk — tk) = [. Hence,
Ry + P + Ak, Ry + Py, + By, ¢ 2E,(Q).

If R, + P, € QE;C (Q) then

3Ck(tl~: + Sk)(tk + 2) ,

=0
(8) Ck(tk + Sk)(Sk + 2) = |:|,
3(sk+2)(tp +2) =0

Substituting 2¢; = (tx + sk)(tx — sk) in (8) we obtain
(tx — sk)(tr +2) = 60,
(tk — Sk)(Sk + 2) = 2‘],
(sk +2)(t +2) = 30.

Let d = ged(sg + 2, ¢, + 2). Then the relation 3 — 3s3 = —2 implies d|6.
Since t, + 2 is odd, we have d € {1,3}. Hence we obtain

(9) tk—SkZGD or tk—SkIQD.

But ¢ — s, = 2ay, where (ay) is defined by (7). Thus (9) implies ar = O or
30. According to [14], this is possible only if £ = 2. But (s2,t2) = (11, 19)
and (s2 + 2)(t2 +2) # 30.
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If R + P.+C) € 2El/c(@) then

BCk(tk + Sk)(tk — 2)

)

=0
Ck(tk + sk)(sk — 2) =,
3(Sk - 2)(tk - 2) =04

Arguing as before, we obtain

(tk; — Sk;)(tk — 2) = 6|:|,
(tk - sk)(sk - 2) = 2‘:],
(s — 2)(tr — 2) = 30,

and conclude that
tp — s, =60 or t,— s, =20.

As we have already seen, it is possible only for (s3,t2) = (11,19), but then
(82 - 2)(t2 - 2) 75 300 O

Proposition 2. If k > 2, then the points P, and R generate a sub-
group of rank 2 in E}(Q)/E;(Q)

tors”

PrOOF. We have to prove that mPy, + nRy € E;(Q) m,n € 7,
implies m =n = 0.

Assume mP,+nRy, =T € E(Q),,., = {0, Ay, By, Ci} with (m,n) #
(0,0). If m and n are not both even, then T" = Py, Ry or Pp + Ry

(mod 2E;(Q)), which is impossible by Lemmas 2, 3 and 4. Hence, m and

tors?

n are even, say m = 2mq, n = 2ny, and since by Lemma 1 Ay, By, C) ¢

2E5,(Q),
2m1 P, + 2”1Qk = Q0.

Thus we obtain my Py + n1 Ry, € E,(Q)
that m; and n; are even, and continuing this process we finally conclude
that m =n = 0. U

tors ATguing as above, we obtain
ors
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4. Proof of Theorem 2 (rank(E(Q)) = 2)

Let E,(Q)/EL(Q),.,s = (U, V) and X € E;(Q). Then there exist
integers m,n and a torsion point T’ such that X = mU +nV +T. Also
Py, =mpU4npV+Tp, R = mrU+ngV +TR with integers mp, np, mg,
ng and with Tp,Tr € E(Q),,,.- Let U = {O,U,V,U 4 V'}. There exist
U, Uy e U, Th, T € E;(Q),,,, such that P, = Uy + T (mod 2E;(Q)),
Ry = Uz + T5 (mod 2E,(Q)). Let Us € U such that U3 = Uy + Us
(mod 2E7(Q)). Then Py + Ry, = Us+ (11 +T12) (mod 2E;(Q)). Now Lem-
mas 2, 3 and 4 imply that Uy, Us, Us # O and accordingly {U;y,Us,Us} =
{U,V,U + V}. Therefore X = X; (mod 2E,(Q)), where

X1 €8={0,A;,By,Cy, Py, P, + Ay, P, + By, P, + Cy,
Ry, Ry, + Ay, Ry, + By, R, + Cy, Ry, + Py,
Ry + P +Ak,Rk + Py + By, Ry, + P +Ck}.

Let {a,b,c} = {3,ck,3ck}. By [13, 4.6, p. 89], the function ¢ :
E;(Q) — Q*/Q*? defined by

(x+ a)@*2, it X = (z,y) # O,(—a,0),
p(X)=1¢ (b—a)(c—a)Q™ if X =(-a,0),
Q*?, if X =0

is a group homomorphism.
This fact and Theorem 1 imply that it is sufficient to prove that for
all X7 € §\ Py, X1 = (3cku, 3cxv), the system

(11) r+1=a, 3x+1=p0, cax+1=~0

has no integer solution, where [J denotes a square of a rational number,
and «, (3, v are defined by u+1 =, 3u+1 = 3, cgu + 1 = ~ if all
those numbers are # 0, and if e.g. u + 1 = 0 then we choose o = 7 (so
that oy = ). Note that for X; = P, we obtain the system x 4+ 1 = [,
3r+1 =0, cgx + 1 =101, which is completely solved in Theorem 1.

For Xy € {Ay, By, Py + Ak, Py + By, R, + Ay, Ri, + By, R, + P, + Ay,
Ry + Py + By} exactly two of the numbers «, 3, v are negative and thus
the system (11) has no integer solution.
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The rest of the proof falls naturally into 7 parts. By a’ we will denote
the square free part of an integer a.

1) Xl =0:
We have
(12) r+1=3¢0, 3x+1=c¢0 cpx+1=30

From the second equation in (12) we see that 3 { ¢}, and thus the first and
second equations imply that ¢} divides 3z + 1 and x + 1. Accordingly,
¢, |3(x+1) — (3 + 1) = 2 and we conclude that ¢}, = 1 or 2. Hence,

ce =0, or c¢p=20.

However, ¢, = sz — 1 = O is obviously impossible, while ¢, = 2w? leads
to the system of Pellian equations

st —2uw?=1, t;—6w’=1.

This system is solved by ANGLIN [1], and the only positive solution is
(Sk,tk, w) = (3,5,2) which corresponds to ¢ = ¢; = 8, contradicting our
assumption that k& > 2. (Note that for ¢; = 8 there is also no solution
because in this case the first and the third equations in (12) imply 3 | 7.)

2) X1 =0Ck:
We have

r+1= ck(ck - 1)|Z|,
3z +1=ci(cr —3)0,
cpr+1= (e —1)(cr, — 3)0.
If 3 1 ¢, then, as in 1), we obtain ¢, = 1 or 2, and ¢, = O or 20J, which is
impossible.
If ¢, = 3ey, then e} divides 3z + 1 and 3z + 3 and thus e}, = 1 or 2.

Hence,
ce. =30, or ¢ =60.

The relation ¢, = 30 is impossible since it implies ti — 1 = 90, while
¢, = 6w? leads to the system of Pellian equations

si—6w?=1, t;—18w* =1
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which has no positive solution according to [1].

3) Xi =P, +Cy:
We have

r+1=3(ct —1)0,
3x+1=(cx —3)0,
crr +1=3(ck — 1)(cx — 3)0.
Since ¢, = s3 — 1, we see that ¢, # 1 (mod 3), and thus z = —1 (mod 3).
From the second equation we have that (¢, — 3)" is not divisible by 3, and

then the third equation gives cxz + 1 = 0 (mod 3). This implies ¢, = 1
(mod 3), a contradiction.

4) X\ =Ry :
We have
x4+ 1=06(ty —s)(tx +2)0,
3x+1=2(tx — sx)(sx +2)0,
crxr +1=3(sp +2)(t; +2)00.
From the relation 2 — 3s2 = —2 it follows that ged(ty — sk, sk +2) =

ged(ty — sk, tx +2) =1 or 3.
If 31ty — s then [2(ty — si)] divides z + 1 and 3z + 1, and thus
[2(tx — sk)]’ =1 or 2. Accordingly,

tk—SkZQD or tk—Sk:D.
As we have already seen in the proof of Lemma 4, this implies
ar =0 or a =20,

and [14] implies again that k = 2. Now we obtain 120z + 1 = 910, which
is impossible modulo 4.

If t), — sp = 3zx then (2z;)" divides  + 1 and 9x + 3. Hence (2z;)’
divides 6, which implies a; = [, 20, 30J or 601, and this is possible only if
k=2. But for k=2, t;, — s =8 # 0 (mod 3).
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5) X1 =Rp+Cg:
We have

z+1 :6(tk —Sk)(tk —2)|:|, 3x+1 :2(tk —Sk)(sk —2)|:|,
ckxr +1=3(sp —2)(tx — 2)00.

This case is completely analogous to the case 4).

6) X1 =R+ P :
We have

r+1= (tk+3k)(tk+2)|j, 3zr+1= (tk+8k)(8k+2)|:|,
crr+1= (Sk + 2)(tk + Q)D

As in 4), we obtain that if 3 1 t5 + s, then (fx + si)" divides 2, and if
tr + sk = 3z then zfc divides 6. Hence, we have ax4; = [, 200, 300 or 601,
which is impossible for k > 2.

7) X1 =Ry + P, +Cy:
We have

x4+ 1= (tx +sk)(tr —2)0, 3x+ 1= (tx + si)(sr — 2)0,
x4+ 1= (s —2)(tr, —2)0.

This case is completely analogous to the case 6). O

Remark 1. Tt is easy to check that rank(E;(Q)) = 1, and from the
proof of the first statement of Theorem 2 (parts 1), 2) and 3)) it is
clear that all integer points on E; are given by (z,y) € {(—1,0), (0, £1),
(120, £6479)}. Hence Theorem 2 is true for k = 1.

Remark 2. As the coefficients of E} grow exponentially, the compu-
tation of the rank of Ej for large k is difficult. The following values
of rank(Ey(Q)) were computed using the programs SIMATH ([18]) and
mwrank ([5]):

k
rank(Fx(Q))

In the cases k£ = 8,10, the rank is computed assuming the Parity Con-
jecture. For k = 6,11,12, under the same conjecture, we obtained that
rank(Ey(Q)) is equal to 2 or 4. We also verified by SIMATH that for k = 3
and k = 4 (when rank(Fx(Q)) > 2) all integer points on Ej are given by
the values from Theorem 2.

8*

1 2 3 4 5 7 9 107
1 2 3 3 2 4 4 3 3
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Remark 3. Let us mention that BREMNER, STROEKER and TZANA-
KIS [4] proved recently a similar result as the first statement of our Theo-
rem 2 for the family of elliptic curves

1 1
Cy : y2—3x3+<k—2>x2+<k2—k+6>w,

under the assumptions rank(Cj(Q)) = 1 and Cx(Q)/Cr(Q),,.. = ((1,k)).

5. Proof of Theorem 2 (3 < k < 40)

We pointed out in Remark 2 that the coefficients of Ej are growing
very fast. Therefore, using SIMATH! we were able to compute the inte-
ger points of F(Q) only for k¥ < 4. However, the following elementary
argument gives us the proof of the second statement of Theorem 2.

Notice the following relations

13 co=0, 1 =8, cpyo=1cxs1 —c+8, ifk>0,

14 to=1, t1=05, tkyo=4bkr1 — g, if k>0,
15 so =1, s1 =3, Sgy2 =4Skr1 — Sk, it £ >0,

17
18

3cp+1=1; = 3cp=(tx +1)(tx — 1),
3(er —1) = (te + 2)(tk — 2),

(13)
(14)
(15)
(16) ck+l=s52 = c¢p=(sp+1)(sp—1),
(17)
(18)
(19) ek — 3= (sk +2)(sk — 2).

19

We have 8 | ¢ for any k > 0 by (13). Hence s and t; are odd. We have
further 3¢, — 1 by (16).

Assume that (x,y) € Z?2 is a solution of (4). Put D; = ged(z + 1,
3z + 1), Dy = ged(z + 1,cpx + 1) and D3 = ged(3z + 1, cpx + 1). As
Dy =ged(x +1,3x + 1) = ged(x + 1,2), we have D; =1 if o + 1 is odd,
and Dy = 2 if z + 1 is even. We have further Dy = ged(x + 1, ¢,z 4+ 1) =

ISIMATH is presently the only available computer algebra system which is capable to
compute all integer points of elliptic curves. There is implemented the algorithm of
GEBEL, PETHS and ZIMMER [10].
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ged(x + 1,¢, — 1) and D3 = ged(3x + 1, cpxr + 1) = ged(3x + 1, ¢, — 3).
Hence D1, Dy and D3 are pairwise relatively prime.
Assume first D; = 1. Then there exist x1, 22,23 € Z such that

r+1= Doa?
3z + 1 = Dsz’
cr+1= Dngazg.
Eliminating « we obtain the following system of equations

3D2$% - Dgl‘% =2

Cl — 1
cprs — Dsxi = Dy
Similarly, if D; = 2, then (4) implies

x+1=2Dyx?
3z 4 1 = 2D322
cr+ 1= D2D3:1:§,
from which we obtain

3Dyx? — D3zl =1

cr — 1

2,22 — Dyx? =
1 3 D,

Hence, to find all integer solutions of (4), it is enough to find all integer
solutions of the systems of equations

(20) dle% — dgfﬁ% = jl,
(21) dgl'% - dgl’% = jg,
where

e dy = 3D, D5 is a square-free divisor of ¢, — 1 = (tr, + 2)(tx — 2)/3,

e dy = D3, D3 is a square-free divisor of ¢y —3 = (s +2) (s —2), which
is not divisible by 3,
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Cr— Ck—l)'

o (d37j17j2) - (Ck727 D21) or (d37j17j2) - (2ck7 1) Do

We expect that most of the systems (20)—(21) are not solvable. To
exclude as early as possible the unsolvable systems we considered the equa-
tions (20) and (21) separately modulo appropriate prime powers.

As 8 | ¢ and ¢ | d3, and dy and jo are odd, the equation (21) is
solvable modulo 8 only if —dyj2 =1 (mod 8).

Assume that equation (20) is solvable. Let p be an odd prime divisor
of dy. Then (20) implies

dlm% =j1 (mod p),

hence
(d1$1)2 = jidy (mod p),

ie. (j1;1> =1, where (;) denotes the Legendre symbol. Similarly, (21)
J2

implies ‘;3 = 1. If ¢ and r are odd prime divisors of d; and d3 respec-
tively, then we obtain the following conditions for the solvability of (20)
and (21): (#) =1 and (%ﬂg) =1

Let finally p; be an odd prime divisor of ja, such that ord,, (j2) is odd.
Then a necessary condition for solvability of equation (21) is: (d;—f?’> =1.

We performed this test for 3 < k£ <40 and we found that, apart from
the systems listed in the following table, all are unsolvable except those of
the form

378 — 23 =2,
cpry — x5 = cp — 1,
and this system is equivalent to the system (2) and (3) which is completely

solved by Theorem 1.

We considered in the case k = 19 equations (20) and (21), with the
values of dy, do, ds3, j1, j2 given in the table, modulo 5. We obtained

x? —4 2 (mod 5),

75
327 — 423 =1 (mod 5).
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k d17 d27 d37j17j2
19 251210975091, 44809, 3371344269872647091408, 2,40261110431

23/1 380631510488414383527682077,11263976658479,
253754340325609589018454720, 1, 1

23/2|19509779867757,11263976658479, 25375430325609589018454720,
1,19509779867761

23/3 58529339603283, 1, 126877170162804794509227360, 2,
6503259955919
35 20288310329233162249058888791445649852717,

2254256703248129138784320976827294428079,
13525540219488774832705925860963 766568480, 1, 1

37 187060083, 1489467623820555129,
1311942540724389723505929002667880175005208, 2,
21040446251556347115048521645334887

The first congruence implies 22 = 1, 2 or 3 (mod 5), and the second
congrunce implies 23 = 0, 2 or 4 (mod 5). Hence, 27 = 2 (mod 5), which
is a contradiction.

In the cases k = 23/3 and k = 35 we used arithmetical properties of
some real quadratic number fields.

In the case k = 23/3 we have d3 = 126877170162804794509227360.
The fundamental unit of the order Z[\/d3 | = Z[\/d2d3] is
£ = 11263976658481 + \/d3. By a theorem of NAGELL [15, Theorem 108a]
the base solution of the equation

l’% — 126877170126280479450922736022 = —6503259955919

satisfies 0 < xgo) < 1, which is impossible.

In the case k = 35 the fundamental unit of the order Z[v/didz] is
u + V/didz, where u = 6762770109744387416352962930481883284238. A
necessary condition for the solvability of the equation dyx? — dox3 = 1 is
that 2d;|(u + 1) (see [11]). But 1574'11 = ¢, and hence the last equation has
no solution. 0

In the remaining three cases k = 23/1, 23/2 and 37 all our methods
fail to work.
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