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Euler products, Farey series and
the Riemann hypothesis

By S. KANEMITSU (lizuka) and M. YOSHIMOTO (Fukuoka)

Dedicated to Professor Dr. Kdlmdn Gydry on his siztieth birthday

Abstract. For an integrable even function f with average value fol f(u)du = 0 on
the unit interval we consider the error term E¢(x) = ngl) f(pv), where the summation
extends over all Farey points of order [z] through which we form the Mellin transform
F(s) = s((s) [{° Ef(x)z 5 !dz associated to f. We consider the equivalent assertions
to the RH in terms of Farey series through some special choices of f.

In §2, for f given as a Fourier cosine series, we shall establish a Hecke-like corre-
spondence between f(7) and F'(s) with Ramanujan-like expansion of f with respect to
the summatory functions of Ramanujan’s function.

Then we shall go on to study a class of gap Fourier series. In Theorem 3 we shall
consider the Weierstrass function f(u) with a prime power gap (fractal). In Theorems 4
and 5 we shall consider a class of Fourier series f containing as a subclass, Riemann’s
and Takagi’s function, respectively.

1. Introduction and statement of results

The purpose of the present paper is to examine the dynamical system-
atic aspect of the equivalence problem to the Riemann Hypothesis (RH)
in terms of Farey series (first posed by MIKOLAS [8], [9]) as enunciated
in Remark 3.2 of [7], thus flowing in a direction slightly different from,
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though in the same vein as, Parts I-IV [6], [15], [7] and [16]. (For the RH,
cf. the paragraph containing (9) below.)

To proceed we define the Farey series I, = Fj,) of order [z], [z] denot-
ing the integral part of x, to be the increasing sequence of irreducible frac-
tions p, between 0 and 1 (0 exclusive) with denominator < x. Then since
the number of p,’s with denominator n equals ¢(n) = > 4., (k=11
Euler’s function, (k,n) denoting the g.c.d. of k& and n, the total number
#F, of F equals

®(z) = ) ¢(n),
n<w
the summatory function of Euler’s function.

Now recall that if f € C!, then the Euler-Maclaurin sum formula

implies that

@(x) 1

1) > 1) =0(@) | St 5(70) = 100)
o
+T§M(n) | Binaf (w)du
where
2) M) = 3 uln)

denotes the summatory function of the Mobius function p(n), and By (u)
denotes the 1st periodic Bernoulli polynomial given by the saw-tooth
Fourier series

— 1 o= sin 2mnu
B S E it
1(w) 7 n

n=1

for u ¢ Z and By (u) = 0 for u € Z (Z denotes the ring of integers).
Bearing (1) in mind, we define the error term FEf(x) as in previous
papers by

P(z)

(3) By() = 3 1(p) = 2(0) / £ () du
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associated to an integrable “core” function f. In some earlier papers we
sometimes subtracted the second term 3(f(1) — f(0)), which can be taken
to be 0, since, on symmetry grounds, we may confine ourselves to even

functions f only,

(4) f(1=u) = f(u).

At this point giving an example is in order to get a general perspective.

Consider the discrete dynamical system {¢™(u)} on the unit interval
(for dynamical systems, see e.g. COLLETT and ECKMANN [1]) defined as
the iterates of the tent function

2u 0<
p(u) = 1
2=

p—l l\?\l—l

2—2u <u<

' (u) = p(u) and " (u) = p(¢"(u)) (n €N).
Then it can be shown [18] that the RH is equivalent to

®(x)

S @ () = 50(x) +O(xH),

This follows from a more general result that the RH is equivalent to

®(x)

1
> Tn(p) = @(g;)/ T (u)du + O (37°),
v=1 0
where
=3 g
—om
denotes the directly connected n tents of length 2%

Since T'(u) = limy_.o Tn(u) denotes the well-known Takagi function
(ref. [13]) given by the gap (lacunary) Fourier series

(5) T(u Z Z m cos 2m2™ (2n + 1)u,

m=0n=0

we are naturally led to consider the “infinite sum” of a discrete dynamical
system.
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In view of the remark on pp. 329-330 of [1] the Weierstrass function

flu) = i cos 23" u

n=—oo

is self-similar: f(Bu) = f(u) i.e. has a fractal figure as its graph.

We may say that in this paper we investigate the equivalence problem
in terms of “attractors” of a class of discrete dynamical systems putting
off the consideration of that side of affairs which is more directly related
to dynamical systems till [18].

Turning back to a general situation we also note that we may assume
f has its average value 0,

(6) / f(uydu =0

by considering f(u) — fol f(u)du instead of f.
For the core function f given as a Fourier cosine series (which is the
main object of our study)

oo

flu) = Z ¢(n) cos 2mnu,

n=0

average value 0 signifies that ¢(0) = 0, i.e.

(7) fu) =

¢(n) cos 2mnu.

WE

n=1

On the assumption of (4) and (6), the error term reduces to

P(x)

(8) B =3 S =3 M () 7 (5)-

Recall that the RH to the effect that the Riemann zeta-function ((s)

has no zeros on the critical line ®s = ¢ = 3 is equivalent to (cf. e.g. [3],
[14])

(9) M(z) = O(x?7°),
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through which we study the equivalence problem.
As a main tool define the Mellin transform F'(s) associated to f:

(10) F(s) = s((s) /100 Ey(x)z™ 5 tda

for o > 1, say.

The pair (f, F') (sometimes with subscripts) will always appear in this
context throughout in what follows. Namely, f and F' are in correspon-
dence as a Mellin transform pair through Ef(x).

In particular, if Ef(z) = (Mxa)(z) =Y, ., M (£) a(n) with suitable
a(n), then F(s) can be expressed as a Dirichlet series

(11) Fs=) 4

Conversely, if F(s) is given by (11), then Ey = M * a, and f can be
sometimes determined explicitly.

The principle which we apply to establishing equivalence is the fol-
lowing.

The Principle ([16], Lemma 1]). (i) If f is of Lipschitz class, then the
RH implies

E¢(xz) = (Main term) + O(ac%“)
or else we apply the Abelian theorem [17] to conclude the same.

(ii) Conversely, if E¢(z) = O(a:%“) and F(s) does not vanish for
o> %, then ((s) dose not vanish for o > %, which is equivalent to the RH.

We shall make frequent use of the following.

Notation.

* Lipschitz space A, = {f : [0,1] = C||f(u) — f(v)| < M|u —v|*
for an absolute constant M }.

* Ramanujan’s sum cx(n) = 321 cp <k, (=1 e?™nh/k to the modulus k.
* 02(n) ==y, d*, the sum-of-divisors function.
« With Bi(t) denoting the k-th Bernoulli polynomial, we let By (t) =

By ({t}) = Bi(t — [t]) be the k-th periodic Bernoulli polynomial.
* In Example 1 we shall use Sy(z) = 3> M (£) and ¢(z) = > logp,

n<x

pm<x

the von Mangoldt function (in particular, S_1(x) = ®(x), So(x) =1).
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2. Hecke-like correspondence and Euler product

In the special case where f(u) is given as a Fourier (cosine) series,
the pair (f, F) gives a Hecke-like correspondence, by which we mean an
analogy between our pair (in which the argument u of f runs through [0, 1]
only) and the Fourier expansion

f(r) = Z c(n)e*™™™ 1 € 'H (the upper half-plain)

n=1

of a modular (cusp) form f and the associated Hecke L-function
> a(n
P =37

n=1

(c.f. e.g. HECKE [2], OGG [10]).
More specifically, we have

Theorem 1. Suppose f(u) has the Fourier expansion

[M]8

(12) fu) =

c(n) cos 2mnu

n=1

satisfying the condition
(13) > le(n)|d(n) < oo,
n=1

where d(n) denotes the divisor function, then we have the Ramanujan-like
expansion [12]

(14) Ef(z) =) c(n)Cy(n),

where Cy(n) denotes the summatory function Cy(n) = >, ., cx(n) of
Ramanujan’s sum, and with

(15) a(n) =n Z c(nm)

m=1
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the generating Dirichlet series (11) has the expansion

(16) Znslzcnmzz n)oi—s(n

n=1 m=1

Conversely, if F(s) is given by (11), absolutely convergent for o > 1,
say then the Fourier coefficients of f are given by

(17) e(n) = % S “gf)a(km.

PROOF. By definition,

®(x)

Z Z cos27m— Zcos%mp,, = ZM( )

k<z h= mln
(h k) 1

by [15].
Hence .

which gives (14) after changing the order of summation.
Since

o0

By (x Z DI m—xZI O(x)

= m|n

by (13), this secures the problems of convergence, and

/1°° Ey(x) dm—o(/looa;—f’d;p>20(1) for o > 1,

s+l
whence it follows that F'(s) is absolutely convergent and (16) follows.

Conversely, by the Mellin inversion we deduce (17), where coefficients
are given by (17).

We note that (17) is the Mdbius inversion of (15) and hence that (15)
and (17) are well-known Mobius inversion of infinite series. O
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We may summarize this Heck-like correspondence schematically as
follows.

=S cme e R =3 o

dynamical system generating Dirichlet series
generating Fourier series ~ zeta-function with
Euler product if a is multiplica-
tive
Ezample 1 (See [6]).
f(7) F(s) Ey(x)
> e(n)eminT > e(n)or_s(n) = > | (M xa)(x)
n=1 n=1 n=1
cos 27T 1 M(x)
=) .
> eI (R > 1) C(2)¢(s+2—-1) ((2)S2-1(z)
n=1
B, (1) (n€eN) By, ((s+2n—1) B2, S25—1(x)
log 2sin7r ¢'(s) ()

Remark 1. As in the above scheme, if a(n) is multiplicative, then F(s)
has an Euler product, and this new principle of Hecke-like correspondence
provides us with a powerful tool for attacking the problem of determining
the relation between f and F. A more thorough study in this direction
will be conducted elsewhere.

Although we state here the Fourier cosine series only, bearing in mind
an application to Farey series, we may consider more general Fourier series
in this respect.

We now state the main result on Euler product.

Theorem 2. Let f be given as the Fourier series (12):

flu) = Z ¢(n) cos 2mnu.

n=1
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Then if ¢(n) is multiplicative, > - |c¢(n)| < oo, and f(0)=>""; ¢(n) #0,
then we have for F' given by (16)

where

and

ﬁ(s) _ H GP(S)_ 1__1;;stp(1)_

where in the product p runs through all primes.

Ezxample 2.
(i) e(n) = p(n)n=*, Rz > 1.
1 ~ z 1 stz—1 -1
O F<s>=1;[(1—<p — )Tt

(i) ¢(n) = ¢p(n)n=%, Rz > 2.

_ ((s+2—-2) () — p—1
Gls) = ((s+z—1) H )_1;[(1+(p2—1)(p5+2‘1—1)>'

(iii) ¢(n) = ow(n)n™%, Rz > 1, Rw < Rz — 1.
1

G(s)=((s+2—1)((s+2—w—1), ﬁ(s):<(8+2z_w_1).

Remark 2. In view of the special form of the expression (16), Theo-
rem 2 is a finer decomposition than those obtained in [4] and [5], where
the power arguments case and powers of arithmetic functions case are
considered, respectively.
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3. Gap Fourier series as Weierstrass’, Riemann’s, and
Takagi’s function

In this section we consider core functions f given as gap (lacunary)
Fourier series, involving two kinds of parameters (a,b) or (k,1) ((k,1)),
where the first parameter in Greek alphabet can be complex while the last
one in alphabet is restricted to positive integers.

The first gap Fourier series that we consider is a Weierstrass function

fw) = fap(u) = i a” cos 2mb™u
n=0

with 0 < || < 1 and b € N, b > 1. We can treat only the special case
B = p™, a prime power.

Theorem 3 (Weierstrass function). Let p be a fixed prime, m € N,
and let f(u) = fo pm(u) be a Weierstrass function

[e.e]
flu) = Za" cos2mp™"u, 0 < |al < 1.
n=0

Then
1+« anz_ll pr1=s)

PO = =0 - aproo)

Further,

(i) ifm=1and0 < |a| < p~Y?;ifp=2,m>3o0rp=3, m >4, and
0<|al <@Y2=1)/(@™?-p'/?);orifp=2, m=2o0rp=3m=2,3
orp=>5,m>2, and 0 < |«| < p~™/2_ then we have

RH < Ej(z) = O(z%%*),

(i) ifm=1and p~ /2 < |a| < 1;ifp=2,m >3 orp=3, m >4,
and (p'/? —1)/(p"™/? —p'/?) < |a| < p~™/%; orifp=2, m =2 orp = 3,
m=23orp=>5 m>2, and p~™? < |a| < (p'/% = 1)/(p"/? — p'/?),
then we have

1 log o
T +

m log p

RH = Ey(z) = +O(z27e).

(1 —a)mlogp
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Theorem 4. Let f,;(u) be a gap Fourier series

o0

1
,{ = — 2mn!
fr(u) nz::l . cos2mniu
for Rk > 1, 1 € N. Then
(i) Fi, can be decomposed as
(18) Fia(s) = C(R)C(s + 5 = DFi(s),

with ]?’,{,l having an Fuler product

-1
(19 P =] (1 4y zpn<1—s>> .

D n=1

(ii) If 2Rk > | + 2 + max{\ — 1,0}, where

2log (1+2_%> (1—2—1%1)

A=0
or log 2

according as 1 <[ < 3 orl > 4, then we have
RH < Ly ,(z)= O(a:%JrE).
(iii) For I + 1 4+ max{\,0} < 2Rk < 1+ 2 + max{\ — 1,0}, we have

C(r)Fia (11— +1))

RH +— Efn,l(x) = (l — K4+ 1)C (%(l — K+ 1))

In particular, for k =2,1 =3

((2)F5 (2

RH <— Ef273(1') = 2( (2) )_ZU% +O($%+a)7
3

where

~ 2 5
()Lt ).

441

J;%(l_"ﬂ'f'l) + O(ZB%J’_E)



442 S. Kanemitsu and M. Yoshimoto

1

o0
Corollary. For k=1=2, f(u) is Riemann’s function Z1W cos 2mn?u,
n—

and
RH < Ey(z)=0(z2"%).

Theorem 5. For k = (k1,k2) € C%, 1 = (I1,l2) € N2, let fu1(u) be
the gap-Fourier series:

Flu) = Fualw) = 303 oo (2711 e cos 22 24 1),

m=0n=0

with Rr1 > 0, Rro > 1, 11, I € N. Then
(i) F1(s) can be decomposed, with F,, ;, as given by (18), as follows:

—K —las—k —K li—-1on(1—s
19 k2 190 2+12 1+2 1272212(1 )

Fn,l (5) = 1 — 92—+1 ) 1 — 2-lis—r1+l ‘ 14 92—*2 le—ll on(1—s)
n=

FK2,12 (5)

(ii) If 2Rk > lo + 2 and 2RkK1 > 11 + 1 + max{A,0}, with

2log (1 +2—%) (1 _ 2—“51)

log 2

)\1:0 or

according as 1 <1y < 3 orl; > 4, then we have
RH <= Ej(z) = O(z2*9).

(iii) For lo +1 < 2Rk < Iy + 2 and 2Rky > 13 + 1 + max{A1,0}, where A\
is as in (i), we have

RH <= E{(z) = (Main-term) + O($%+e>7
where

1 -2k 1 _9-lzso—kretl2 1 4 9—r1 le:ll on(1—s0)
1—-2—: . 1 —2-hso—rith . 1+ 2K Zln?:_ll on(l—so)

(Main-term) =

l250¢(50) ’

F,.(s) as given by (19), and sg = i(lg — Ky + 1).

)
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Corollary. For k1 =11 = ls = 1, ko = 2, f(u) is Takagi’s function
DN P m cos 272™(2n + 1)u, and

RH < Ej(z)=0(z2"%).

4. Proofs
Lemma 1 (Generalization of Lemma 2 [15]). Suppose that
(%) Es(x) = ca’ + O(ac%ﬁ) for every € > 0

holds. Then
(i) functions F(s) and F(s)/((s) are regular for o > %, s # f3,1,

(i) in the half-plane o > 3, ((s) can have zeros only at possible zeros
of F(s).

Lemma 2. (i) ([16, Lemma 1]) Let 0 < a < 1,0 < & < & < 1 and
f € A,. Then

&2
Y. flp)=0@) [ ft)dt+O (7).

§1<pr<&2 &

On the RH, the error term can be reduced to O(:E2*%O‘+E) for every € > 0,
where the range of integration is to be replaced by [n1,m2], n: = h(&)/®(x)
(i=1,2), for a > % And in particular, for any «a, 0 < o < 1, we have on
the RH -

Z flpy) = (I)(:c)/ f(t)dt + O(w2_%a+€).

51<pu§£2 m

(ii) ([17, Lemma 5]) Let {a(n)} be a complex sequence and F(s)
denote the generating function of a(n). Suppose that F(s) and a(n) satisfy
the following conditions:

(a) F(s) is absolutely convergent for o > o, with o, <1,

(b) F(s) is continued to an analytic function to the half-plane o > « with
finitely many singularities with % <a<l,

(c) F(s) < |t|*¢ for some r > 0 and every € > 0 uniformly in the region
a<o<l1,|tl >ty >0,
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(d) (p*a)(n) < nP*e for sum 3, 0 < B (< 04),
(e) there exists a non-negative number 0 satisfying

ZM<< (c—-1)7% aso—1.
n=1 ne
Then, on the RH(«), we have

xa)(n) = 1 F(s) x°ds zvre
S (o)) = g [ atds 40 (@)

n<zx

where

= mi 1-¢&, 1 -1
w= min {max{f+1-¢ 1+ (k- 1)¢, a+r}},
and the contour C encircle all singularities of F(s)/((s) in the strip
a<o<l.
In particular, in the special cases of Kk = 0 and = 0 we have w =
max{a, B}, and w = a + k(1 — «), respectively.

PROOF of Theorem 2. We make use of the second equality of (16).
Writing

we apply the well-known formula

1— pl—l-l s—1
US—l(pl) = ( )

Then

F(s) = H o (Gpl(s) = Gp(1)p*7Y)

1— psfl

Gp(s)™t —p'3G,(1)~!
1 _plfs )

=[[Go()G,(1)

whence the result follows. O
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PRrROOF of Theorem 3. The proof consists of two stages, i.e. prov-
ing that f is of Lipschitz class and obtaining the Euler product, whence
establishing the zero free region of F\(s).

First we shall prove that
Case (1)if 0 < a < %, then f € Aq,

Case (2)ifa=p77,0< 79 <1, then f € A
and Case (3) if = %, then f € Aj_., for every € > 0.

For z,y € [0,1], we may classify the difference |x — y| according to

powers of p (the extremal case (x,y) = (0,1), (1,0) being clear):

1
pm+1§|x_y|<p7m7 m:071727"'
Let 0 < 7 <1 be fixed and let n be the variable of summation for
f(u). Then for 0 < n < m, we have

|cos 2mp"u — cos 2mp™v| < 2mp|u — v| < 2mp" T AETTIM |y — |,

while for n > m,
|cos 2mp™u — cos 2mp™v| < 2 < 2p™ Ty — v| < 2p" T u — v|".
Hence, on taking the sum of resulting geometric progression, we infer that

—(1—1)m __ TAp ApT )™
. Ap( p’)

A
—i—l_z)/\()\pT)m) u— | if Ap # 1,

) — F)] < 2( .

1—XAp

and
|f(u) — f(v)| < 2 <(m + 1)+ L) p D™y — | if Ap = 1.

Then, in Case (1)
[f(u) = f(v)] < Mlu— v,

T Ap
M =2 .
<1—)\p+1—)\>

Since we can take 7 = 1, we conclude that f € Ay.

with
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In Case (2),
|[f(u) = f(0)| < Mu —v[™

with

M=o Top n ap
ap—1 1—-a)’
so that f € A, .
Finally, in Case (3) considering the upper bound of the function

9(y) = (Wy +7+ p€1> p~ Y (y>0),

we obtain

[F(w) = F(0)] < Mefu—v['~*

for every € > 0, where

ME = max< 7T + L’ Lp(l—"_%) .
p—1" ecelogp

Hence we get necessarily part of our assertion.
Euler product representation (18) follows immediately from Theo-
rem 2 on noting that with the prescribed p

0 ifn mi
o(n) = { #p

ol ifn=pm™,

so that
1

G(s) = Gy(s) = T =)

It remains to examine a possible simple pole and non-vanishingness
of F(s) for o > 1.
The case where F'(s) has a simple pole at s =1+

log o
m logp

(ii) while the case where F(s) is regular (for o > 1) is stated in (i).
The condition is stated in terms of inequalities in « at the end of
each if-clause, and non vanishingness conditions are stated preceding them.
O

is stated in

PROOF of Theorem 4. Since

nrl ifn=m
c(n) = { .
0 otherwise,

l
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we have
. —LlS—KR )M 1
Gpls) = D p" = e
m=0 p
so that

as asserted in (19).

The proof is similar in nature to that of Theorem 3, i.e. we distinguish
the cases where F'(s) has a simple pole at s = l_"%l or not and find the
conditions for nonvanishing of F'(s), save for the necessity part to which
we apply an abelian theorem.

We shall illustrate the proof by the case k = 2 and [ = 3.

In this case we have the Fuler product decomposition

(20) F(s) = Fa3(s) = C(2)¢(3s — 1)Fh3(s),

where

ﬁ273(5) = H (1 -|-p_3—1 +p—25) :

p

which is absolutely convergent for o > % and has no zeros there.
On the RH we have F(s) < [t|° for 0 > L, [t| > to > 0, ¢ > 0
arbitrary. Hence by Lemma 2, (ii) (noting that F'(s) has a simple pole at
2
S = §)

_ <(2) - 2 2 wHe
Ef(l') = ZC(%)FQ’?) <3>(L’ +O(x + )7

where w = max{~, } with v such that
(a*p)(n) < nYF=.
By (20) we obtain
(a % p)(n) < 0173(n) < ns*e,

so that we may take v = % and the necessity part follows.
The sufficiency part follows from Lemma 1 since F(s) # 0 for o > 3.
O
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PRrOOF of Corollary to Theorem 4. This follows in the same way as
that for Theorem 4 on account of

€(2)¢(2s)¢(s +1)
C(2s+2)

F(S) == F272(S) == 75 0

fora>%. O

PROOF of Theorem 5 and its Corollary. The Euler product decom-
position follows from

9—kK1n2 H p—ngnp ifn = 2l1n2 H plgnp
C(n) = pF£2 p#2
0 otherwise,

and the proof is similar to that for Theorem 4 (Fy i(s) = Fi(s) if k1 =
Ro = KR, llzlgzl)
We shall sketch the proof of Corollary to Theorem 5. In this case

31—2—5"1
F(s) = Fa),a,2)(5) = 5ﬁ§(2)4(5 +1),
which is non-zero for o > %
Hence Lemma 2, (ii) applies. O
References

[1] P. COLLET and J.-P. ECKMANN, Iterated maps on the interval as dynamical sys-
tems, Birkhauser, 1980.

[2] E. HECKE, Lectures on Dirichlet series, modular functions and quadratic forms,
Vandenhoeck € Ruprecht, 1983.

[3] A. Ivi¢, The Riemann zeta-function, Wiley-Interscience, 1985.

[4] S. KANEMITSU and W. RECKNAGEL, Power arguments of multiplicative functions
and related topics, Unpublished manuscript, 1992 (a survey was given at 1993 Eger
Conference).

[6] S. KANEMITSU and W. RECKNAGEL, Multiple products of multiplicative functions,
Unpublished manuscript, 1992.

[6] S. KANEMITSU and M. YOSHIMOTO, Farey series and the Riemann hypothesis,
Acta Arith. 75 (1996), 351-374.

[7] S. KANEMITSU and M YOSHIMOTO, Farey series and th Riemann hypothesis, III,
The Ramanujan J. 1 (1997), 363-378.

[8] M. MikoLAsS, Farey series and their connection with the prime number problem, I,
Acta Sci. Math. (Szeged) 13 (1949), 93-117.



Euler products, Farey series and the Riemann hypothesis 449

[9] M. MiKoOLAs, Farey series and their connection with the prime number problem, II,
Acta Sci. Math. (Szeged) 14 (1951), 5-21.

[10] A. Oca, Modular forms and Dirichlet series, Benjamin, 1969.

[11] M. R. SCHROEDER, Number Theory in Science and Communication, 3rd edn,
Springer-Verlag, Berlin, 1997.

[12] W. ScuwARz and J. SPILKER, Arithmetical functios, LMS Lect. Notes Ser. 184,
CUP, 1994.

[13] T. TAKAGI, A simple example of the continuous function without derivative, Proc.
Phys.-Math. Soc. Japan, Ser. II 1 (1903), 176-177; Collected Papers, Iwanami,
1973, 5-6.

[14] E. C. TrTcHMARSH, The theory of the Riemann Zeta-Function, Ozford UP, 1948,;
2nd edn (rev. by D. R. Heath-Brown), Ozford UP, 1986.

[15] M. YOSHIMOTO, Farey series and the Riemann hypothesis, II, Acta Math. Hung.
78 (1998), 287-304.

[16] M. YosHIMOTO, Farey series and the Riemann hypothesis, IV (to appear).

[17] M. YOSHIMOTO, Abelian theorems, Farey series and the Riemann hypothesis (to
appear).

[18] M. YosHIMOTO, Discrete dynamical systems, Farey series and the Riemann hypo-
thesis, (in preparation).

[19] A. ZvyeMUND, Trigonometric series, 2nd edn, Cambridge UP, 1959.

SHIGERU KANEMITSU

GRADUATE SCHOOL OF ADVANCED TECHNOLOGY
UNIVERSITY OF KINKI

IIZUKA, FUKUOKA 820-0011

JAPAN

E-mail: kanemitu@fuk.kindai.ac.jp

MASAMI YOSHIMOTO

GRADUATE SCHOOL OF MATHEMATICS
KYUSHU UNIVERSITY

FUKUOKA 812-8581

JAPAN

E-mail: ma396031@math.kyushu-u.ac.jp

(Received September 7, 1999)



