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The quasiasymptotic expansion at zero
and generalized Watson lemma
for Colombeau generalized functions

By S. PILIPOVIC (Novi Sad), M. STOJANOVIC (Novi Sad)
and D. NIKOLIC-DESPOTOVIC (Novi Sad)

Abstract. Quasiasymptotic expansion at zero in the Colombeau algebra of gen-
eralized functions and its coherence with this notion for Schwartz distributions is given.
A version of the Watson lemma related to the expansion of the Laplace transforma-
tion of an appropriate generalized Colombeau function is proved. In particular, the
asymptotic expansion of §2 and the expansion of its Laplace transformation is given.

1. Introduction

Asymptotic analysis is an old subject (cf. [1]) which has a lot of appli-
cations in applied mathematics, physics and engineering. It approximates
integral expressions or solutions of differential equations.

Since a generalized function g is represented by an e-net of smooth
functions g. with the power order growth with respect to €, (¢ — 0), the
order growth of ¢ reflects in some sense its singularity. We found that the
singularity at zero is characterized through the analysis of the behaviour
of g-(ex) as ¢ — 0. This was already done for Schwartz distributions,
using the quasiasymptotics and quasiasymptotic expansion at zero [9], but
since the Colombeau space G contains elements which are no distributions
(62, for example) we reconsider the concept of quasiasymptotic expansion
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in G. Note that the quasiasymptotic behaviour in G is used in [8] for the
analysis of a non-linear Cauchy problem.

Generalized asymptotic expansion in the space of Schwartz distribu-
tions is studied in [1-3], [5], [9], (see also references in [9]), and the asymp-
totic expansion related to geometric optics in G is analyzed in [6].

The results of this paper are the following.

First, by using the definition of quasiasymptotic behaviour at zero
of Colombeau generalized functions [8], we derive the definition and the
properties of quasiasymptotic expansions at zero for Colombeau general-
ized functions. We compare this notion with the corresponding one for
Schwartz distributions. An f € D’ has a quasiasymptotic expansion if and
only if the embedded Colombeau generalized function has a quasiasymp-
totic expansion in G.

Second, we give an Abelian-type result for the Laplace transformation
of an f € G which has appropriate quasiasymptotic expansion. This is a
generalized version of the classical Watson lemma [1].

Third, we find the quasisasymptotic expansion of the generalized func-
tion §2 € G\ D’ and the asymptotic expansion of its Laplace transforma-
tion.

2. Preliminaries

Notation

Schwartz spaces of test functions and distributions on the real line R are
denoted by D and D', respectively; S is the space of rapidly decreasing
functions and its dual S’ is the space of tempered distributions. Also, we
use the notions D(2) and D’(2) where  is an open subset of R".

Let a € R. Denote

x*H ()
fat1(z) = Do+ 1)’
(@), a<-1,

where n is the smallest integer for which a+n > —1, and H is the Heaviside
function.

Recall that C*°(2) is a topological vector space whose topology is
given by a countable set of seminorms

() = sup { ¢ @)|: il <k, @ € U, keN}.
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Colombeau algebra of generalized functions

We define €y as the space of locally bounded functions R(¢) = R, :
(0,1) — C*°(9) such that for every k € N there exists a € R such that

sup {‘Rf;‘)(m)‘ il <k, xe Qk} =0(e"), (Qk CC Qg1, kflek = Q)

By N is denoted the space of all elements H, C £y; with the property
that for every k € N and a € R

sup {‘Rg’)(az) il <k, xe Qk} = 0(e").

The quotient space G = £y /N is a Colombeau space.

In an appropriate way (R. and H. above do not depend on z) are
defined spaces of moderate complex numbers &y, null spaces Ny, and the
space of generalized complex numbers C = &)/ Np.

It is easy to verify that G(12) is a differential algebra, where derivations
are defined by R(®) = [Rga)] ([-] denotes equivalence class).

The support of a generalized function H,supp H, is defined as the
complement of the largest open subset 2" such that Hp = 0.

It is said that f belongs to & as(R™) if for any k € N there exist a € R
and m € Ny such that

(1) sup sup((z)~"[0% fe(z)[) = O(€).

lal<k R"

(note (z) & (1 + |z[2)1/2).

The space of elements g of & p(R™) with the property that for ev-
ery k there exists m € N such that (1) holds for every a € R, is denoted
by Ni(R™). It is an ideal of & p(R™). The quotient space G,(R™) =
Eev (R™) /N (R™) is called Colombeau space of tempered generalized func-
tions. Note that G; is not a subspace of GG because

NR") N & m(RY) # Ny(R™),

but there is a canonical mapping: G;(R™) — G(R"), and [G.] = [G: +
N(R™)]. A

Let ¢ € D(R") and ¢ € S(R™) such that F(¢) =
¢ = 1 on be neighbourhood of zero. Put ¢c(z) = =5
e € (0,1). We call ¢ the “vision” function.
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If g € D', then by

(s 6 (T35)). zem

is denoted the representative of the corresponding element in G. Its class

is called Colombeau regularization of g and it is denoted by Cd g.

Quasiasymptotic behaviour

Let K be a set of positive measurable functions ¢ defined on (0, 1) with the
following property:

A7l < c(e) < Ae™, €€ (0,1)

for some A > 0 and r > 0.
The notion of quasiasymptotic behaviour at zero in G(€2) is introduced

in [8].
Let F' € G(Q). If for every ¢ € D(Q) there is Cy € C, Cy # 0, such
that
) F.(ex)
1 =
ei%l+< c(e) w(x)> o,

then it is said that F' has quasiasymptotics at zero with respect to c(e) € K.

The consequences of this definition are contained in Proposition 2 and
Proposition 3 of [8].

3. The quasiasymptotic expansion at zero
of Colombeau generalized functions

We denote by A the set N or a finite set of the form {1,2,..., N},
N eN.
Let ¢, € K, k € A, such that

(1) 1ir%c’z+(1£;7)—>o, k=1,...,N—1 (or k€N, if A =N)
E— k

and
P, =[P]€g(Q), keA.
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Then G = [G<] € G(2) has quasiasymptotic expansion (strong asymptotic
expansion) at zero and this equals Zke A P with respect to

{ck(e); ke A} if

(Ge — 2?21 Pye) (ex)

— 0, e = 07, in D'(Q) for every m € A

Cm ()
<(G€_ 262:1(1;)%5) () — 0, e — 0T for every z €, and every m e A).
In this case we write
(2) G(ex) *R° Z Py (ex) with respect to {cx(e); k € A}
keA
<G(f~:m) R Z Py (ex) with respect to {ck(e); k € A})
keA

and say that G has quasiasymptotic (strong asymptotic) expansion in the
Colombeau sense.

If G € Gi(R) and P € Gi(R), k € A, then with the same definitions
we obtain the quasiasymptotic expansion in G;(R).

One can simply prove that this definition does not depend on repre-
sentatives.

In the sequel (if no additional condition is given), we will allways
assume that {cx(e); k € A} is a subset of K satisfying (1).

Remark 1. Let G € G(R) (G € G,(R)) and P, € G(R) (P, € G¢(R)),
k € A. We define the strong asymptotic expansion at oo as follows:

G has strong asymptotic expansion at oo with respect to
{Ck(8); ke A} if

(Ge — Z?:l Pre) (%)
I
em ()
for every & > 0 and every m € A.
In this case we write

G (£> Y P (§> at oo with respect to {c; k € A}.
€ keA c

—0, €—0T,

We will use this definition in Proposition 3 below.
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Remark 2. We give a definition related to a special choice of Py, k € A.
Let ay, k € A be an increasing sequence of real numbers, and G = [G.] €
G ().

Then G has quasiasymptotic expansion at zeroas » er ArFo, 41 with
respect to {ci(e); k € A} if there are complex numbers Ay # 0, k € A,
such that for any m € A

(Ge — Z?:l AkFak+1,e) (ex)

on(e) —0, &= 0" inD(Q)

where Ffyi1,c = fat+1 * ¢-2. We write

G(ex) “R° Z AiF,, +1(ex) with respect to {ck(e); k € A}.
keA

In an adequate way one defines the strong asymptotic expansion at

zero as ) on ArFo, 11
Proposition 1. If (2) holds, then

a) G'(ex) "= Z Pl (ex) with respect to {cx(e); k € A}.
keA

b)  pG(ex) TR Z ©(0)Py(ex) with respect to {ck(e); k€ A}
keA
where ¢ € C>*(R).
c) The strong asymptotic expansion at zero with respect to
{ck(e); k € A} implies the quasiasymptotic expansion at zero in the
Colombeau sense if for every compact set K CC ) and m € A there
exists €,, > 0 such that

i { 1Ge(en) =S Pre(en)] .
p{ () ; eQ,ee(O,sm)}< :

PROOF. Assertion a) is obvious, c) follows by Lebesgue’s theorem on
dominated convergence and b) follows from the equivalence of weak and
strong convergence in D’(Q) since for every ¢» € D(R), {¢(z)p(ex); € €
(0,1)} is a bounded set in D(R). O
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Recall [5] that if f € £ and

(f — Akfakﬂ) (ex) _,

=50, e — 0", forevery N €A,
CN(E)

then we say that

flex) & Z Ak fap+1(ex) at zero in D’
keA

with respect to the scale {cx(¢); k € A}.

The next assertion shows the coherence of quasiasymptotic expansions
in Colombeau and Schwartz spaces.

A measurable and positive function L defined on (0,M), M > 0, is
called slowly varying at O if

L(et)
20 L(e)

=1

uniformly for t € [a,b] C (0, M). A function of the form p(z) = z*L(x),
x € (0, M) is called a regularly varying function. O

Proposition 2. Let f(z) € £ (Q). Then f(ex) ¥ Y Ajfa,41(cx)
keA
with respect to {e** Ly (¢); k € A} if and only if

Cd f(ex) TR Z ApFo,+1(ex) with respect to {e** Ly (e); k € A}.
keA

PROOF. It is proved in [7] that an f € S’(R) has quasiasymptotic
behaviour at zero in the sense of convergence in S’ if and only if it has
quasiasymptotic behaviour at zero in the sense of convergence in D’.

The same result is true for the quasiasymptotic expansion at zero. If

f eS8 (R) then f(ex) ® 32 Ap fayt1(ex) with respect to {cp(e); k € A}
keA
in the sense of convergence in ' iff f(ex) W' 3 Ay fa,+1(e2) with respect
keA
to {ck(e); k € A} in the sense of convergence in D’.
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Let a € S, 7 >0, e >0. We have

<(f * On)(Ex) = 3k Am(fapt1 * dy)(ex) a(x)>

cm(g)

— <f(x) — Yoy Ak fay11(2)

ecm(€)

(Bat) # a(t/e>><x>>

and for n = &2

f * ¢82 Z;:n 1 Ak(fak+1 * ¢52)(€$) Ck(.%')>

< en(®)
<f ex) Ek 1Akfak+1 ex) / b2 (t (x—t/s)dt>
(=

f Zk: lAkfak'f'l(Ew)’ wa(l‘)>7

where
= /_OO bez(t)a(x — t/e)dt = /_OO d(t)a(x — et)dt.

Since {¢c;e € (0,1)} is a bounded set in S and ¥. — a in S, it follows

lim
e—0t

< (f % 9e2) () = 3k Ax(far1 * de2) (7). a<$>>

cm(€)
(o) 3 s a0
k=0
This implies the assertion in both directions.

4. Generalized Watson lemma

The Laplace transformation £, for an element G € G;(R) supported
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by [0,00) is defined in [4] by

£,(G)(p) = / PG (a)n(x)dz| . Rep >0,
R

where G, is a representative of G, and n € C§°(R) has the properties
In] <1;n=1on[-a/2,00) and n =0 on (—o0, —a) for some a > 0.

We will use the notation £ for the usual distributional or classical
Laplace transformation (if it exists).

It is well known that

(3) Eg(Fa-l—l,s)()‘) = ['(fa-i-l * ¢62)()‘> = ﬁ(fa-l—l)ﬁ((bsQ)()‘)
— (—iA)"""LL(¢)(£2)), ReA > 0.

We will give an Abelian-type result for the Laplace transformation in G;
by using the quasiasymptotic expansion given in Remark 2.

Proposition 3. Let ai, kK € N, be an increasing sequence of complex
numbers, Ay, k € N, be a sequence of real numbers and let c(e), k € N,
be a sequence in K which satisfies (1).

Assume that G € G¢(R), supp G C [0,00) and G has a representative
G. with the property supp G. C [—be, 00), € < g¢, for some b > 0. Let

G(ex) *R° ZAkFakH(ex) with respect to {cr(e), k € N}.
k=1

Then

X

L,(G) <7> s iAki"‘k“ [ 1 L(6)(34)] (5) at oo,
k=1

9 9

with respect to {ci(e); k € N}.

PROOF. We again use the fact that
f(ex) & Z Aj fa,+1(ex) with respect to {ci(e);k € A}
k=1

in the sense of convergence in S’ if and only if this holds in the sense of
convergence in D',
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Let a = 2b and 7 be defined as above. We have
x
G.(z) =1 (g) G.(z), z€R, ¢<ep.

This implies

5260 (2) = =5 [ e Getwm () ntwya

ec(e)

= 1) /ep“GE(ue)n(u)n(us)du, p > 0.

c(e
R

Thus, if GZ((;‘)E) converges in 8’ as ¢ — 0T, then by using the fact that
£4(Ge)(2)

ec(e)

{e7P¥n(ue)n(u); € € (0,1)} is bounded in S it follows that

converges as € — 07 for every p > 0, Rep > 0.
By applying (3) and previous arguments to

ch(e)! ( ) ZAkﬁ Foy+1) ( )] VN €N,

we obtain
s.e.C. = . —op—l
Ly(G) (g) SR ZAk <—2§> ’ [(Lo) ()] (g) at 0o,
k=1
with respect to {cg; k € N}. O

In the next proposition we define an element of G\ D’ which we call §2.
Note that “various squares of 6” can be defined in this way.

Proposition 4. Let 62 = [E%qﬁz(g%)], where ¢ € C§°, [¢=1
[am¢(x)de =0, m=1,...,N, N € N. Then
a) 6%(ex) qgc k#k [ o® <€ )} (ex)
=0

with respect to the scale {e73%™ m =0,1,...,N}.

() S ec(E)o](2). we

k=0
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with respect to the scale {e737™; m =0,1,...,N}.

PROOF. a) Let

Wk = /xkqbQ(x)dx, kE < N.

We have (as e — 0%)

Eis (614¢2 <g> _ % (g) 4+ {%d)@-i{i) (Z))

x ¢(z)de — 0, seN.

with respect to the scale {¢3t™; m =0,1,...,N}.

b) Let m < N. We have

) (2) = e (2 (5)) (2)]
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and

1 1, (et 1 — KEE (k) (€L
mﬁ ;4¢ (e2> - ;42(—1) ﬁ@f’ ) (z) — 0,
x>0, ase — 0F.

This implies

et (50 (5)) ()

xz>0,e— 0T, and

L£,(5%) (g) Se i(_nki’; [52’%’% <¢ <;2)> (t)} (g) at 0o,

k=0

with respect to the scale {¢=3t™; m =0,1,...,N}.
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