
Publ. Math. Debrecen
42 / 1–2 (1993), 103–107

On weakly symmetric Riemannian spaces

By T. Q. BINH (Debrecen)

Dedicated to Professor Lajos Tamássy on his 70th birthday

1. Introduction

The notion of a weakly symmetric space, (WS)n, was introduced by
L. Tamássy and the present author [5]. This is a non-flat Riemannian
space Vn whose curvature tensor Rhijk satisfies the condition

(1) Rhijk,l = αlRhijk + βhRlijk + γiRhljk + σjRhilk + µkRhijl ,

Where α, β, γ, σ, µ are 1-forms which are nonzero simultaneously, and the
comma denotes covariant differentiation with respect to the metric tensor
of the space. In the case of β = γ = σ = µ = 1

2α a (WS)n is just a
pseudo-symmetric space (PS)n, which was introduced and investigated by
Chaki [1], so the notion of a (WS)n is a natural generalization of that of
a (PS)n.

M. C. Chaki and U. C. De [3] showed that: i) If a (PS)n is a decom-
posable space Vr × Vn−r(r ≥ 2, n − r ≥ 2), then one of the composition
spaces is flat and the other is a pseudo symmetric space. ii) If the metric
tensor of (PS)n (n ≥ 3) is positive definite and has cyclic Ricci tensor,
then the space is an Einstein space of zero scalar curvature.

In the present paper the above two results of Chaki and De are trans-
planted and generalized to a weakly symmetric Riemannian space. Using
the method of Chaki and De [3] we prove the following two theorems:

Theorem 1. If a (WS)n with α 6= 0 is a decomposable space Vr ×
Vn−r (r, n−r ≥ 2), then one of the composition spaces is flat and the other
is weakly symmetric; and conversely, if in a product space Vn = Vr×Vn−r

one of the composition spaces is flat and the other is weakly symmetric
with α 6= 0, then Vn is a (WS)n with α 6= 0.
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Theorem 2. If a (WS)n has cyclic Ricci tensor, moreover

(2) Ω = β + γ + σ + µ

is not orthogonal to

(3) Θ = α + γ + σ

and the cyclic sum
∑

(X,Y,Z)

α(X)Θ(Y )Θ(Z) is not zero for ∀X, Y, Z vector

fields, then the space is an Einstein space of zero scalar curvature.

In the special case of β = γ = σ = µ = 1
2α(6= 0) our (WS)n is

a (PS)n. In this case our theorems yield the ones of Chaki and De, yet
more, namely our Theorem 1 contains also the conversed statement, and
Theorem 2 does not use the positive definitness of the Riemannian metric.

2. Proof of Theorem 1

If a (WS)n is a product Vr × Vn−r, then local coordinates can be
found so that the metric takes the form (see also [3])

(4) ds2 =
r∑

a,b=1

gabdxadxb +
n∑

a,′b′=r+1

ga′b′dxa′dxb′ =
n∑

i,j=1

gijdxidxj ,

where gab are functions of x1, x2, ..., xr and ga′b′ are functions of xr+1, ..., xn

only; a, b, c, ... range from 1 to r and a′, b′, c′, ...range from r + 1 to n.
From (1) we get

(5) Rabcd,a′ = αa′Rabcd + βaRa′bcd + γbRaa′cd + σcRaba′d + pdRabca′ .

In view of (4) in this product space all Γk
ij must vanish, except if 1 ≤

i, j, k ≤ r, or else r + 1 ≤ i, j, k ≤ n. So so it follows that

Rabcd,a′ = Ra′bcd = Raa′cd = Raba′d = Rabca′ = 0 .

Hence equation (5) takes the form

(6) αa′Rabcd = 0 .

Similarly we get

(7) αaRa′b′c′d′ = 0 .

Since α 6= 0, all its components cannot vanish. Suppose αa′ 6= 0 for some
a′. Then from (6) it follows that Rabcd = 0 ∀a, b, c, d which means that
the decomposition factor Vr is flat. Similarly if αa is not zero for some a,
then Ra′b′c′d′ = 0 which implies the flatness of Vn−r.
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We now suppose that Vr is flat, i.e. Rabcd = 0. Then Ra′b′c′d′ 6= 0
for some a′, b′, c′, d′ because (WS)n is not flat. Hence form (7) we get
αa = 0, a = 1, ...r and then αf ′ 6= 0 for some f ′. Therefore (1) implies

Ra′b′c′d′,f ′ = αf ′Ra′b′c′d′ + βa′Rf ′b′c′d′ + γb′Ra′f ′c′d′

+ σc′Ra′b′f ′d′ + µd′Ra′b′c′f ′

which means that Vn−r is a (WS)n−r.
Turning to the conversed part of the theorem, consider a product

space Vr × Vn−r with ds2 as in (4). In this Vn all Rijkh and Rijkh,l vanish
except if 1 ≤ i, j, k, h, l ≤ r, or else r + 1 ≤ i, j, k, h, l ≤ n. Now assuming
that Vr is flat and that Vn−r = (WS)n−r , i.e. Ra′b′c′d′,e′ satisfies (1)
(with a nonvanishing α), then by extending α, β, γ, σ, µ from Vn−r to Vn =
Vr × Vn−r so that αa = βa = γa = σa = µa = 0 ∀a = 1, ...r, we can easily
see that Vn is a (WS)n.

3. Proof of Theorem 2

Transvecting (1) with ghk we have

(8) Rij,l = αlRij + βkRlijk + γiRlj + σjRil + µkRkilj .

Transvecting again with gij , by the symmetry of the Ricci tensor and by
(2) we obtain

(9) R, l = αlR + (βk + γk + σk + µk)Rkl = αlR + ΩkRkl.

Here βk, γk, ... denote the vector fields associated to β, γ, ... i.e. βk = gikβi
and so on. Consider now the second Bianchi identity

Rijkl,m + Rijlm,k + Rijmk,l = 0.

By transvecting with gjk we get

Ril,m + gjkRijlm,k −Rim,l = 0,

and transvecting again with gim we obtain

(10) R,l = 2gimRil,m .

A Riemannian space is said, by definition, to have a cyclic Ricci tensor if

(11) Rij,k + Rjk,i + Rki,j = 0.

Transvecting this with gij and taking into account (10) we get

(12) R,l = 0.
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Thus in the case of a cyclic Ricci tensor, from (9) and (12) we have

(13) αlR + ΩkRkl = 0.

Consider now the cyclic sum of Rij,k . From (8) , (11) and the first Bianchi
identity we have

(14) ΘkRij + ΘiRjk + ΘjRik = 0.

Multiplying (14) with Ωk and summing for k we get

(15) ΘkΩkRij + ΩkΘiRjk + ΩkΘjRki = 0.

Using (13), (15) takes the form

(16) ΛRij + R(Θiαj + Θjαi) = 0,

where Λ := ΩkΘk. Multiply now (16) with Θk and take the cyclic sum
over i, j, k. From (14) it follows

(17) R(αiΘjΘk + αjΘkΘi + αkΘiΘj) = 0.

Since condition
∑

(X,Y,Z)

α(X)Θ(Y )Θ(Z) 6= 0 in Theorem 2 is nothing but

αiΘjΘk + αjΘkΘi + αkΘiΘj 6= 0,

(17) yields

(18) R = 0.

Since Λ is the inner product of Θ and Ω, and Λ is not zero by our assump-
tion, we get from (16) that

Rij = 0.

(18) and (19) complete the proof.
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