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Ishikawa and Mann iterative processes
with errors for generalized strongly
nonlinear implicit quasi-variational inequalities
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N. J. HUANG (Sichuan) and S. M. KANG (Chinju)

Abstract. In this paper, we prove some existence theorems of solutions and con-
vergence theorems of the Ishikawa and Mann iterative sequences with errors for a class
of generalized strongly nonlinear implicit quasivariational inequality probelms involv-
ing Lipschitzian generalized pseudo-contractive mappings in Hilbert spaces. Our results
improve and extend the main results of Verma.

1. Introduction

Variational inequality theory has become a rich source of inspiration
in pure and applied mathematics. Variational inequalities not only have
stimulated new results dealing with nonlinear partial differential equations,
but also have been used in a large variety of problems arising in mechan-
ics, physics, optimization and control, nonlinear programming, economics
and transportation equilibrium and engineering sciences, etc. In recent
years, variational inequalities have been generalized and applied in various
directions. For details, we refer to [1]-[7], [11]-[16], [18] and the references
therein.
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Recently, HUANG [3] and [4] constructed some new perturbed Ishikawa
and Mann iterative algorithms to approximate the solution of some gen-
eralized implicit quasi-variational inclusions (inequalities), which includes
many iterative algorithms for variational and quasi-variational inequality
problems as special cases.

On the other hand, Xu [17] revised the definitions of Ishikawa and
Mann iterative processes with errors and studied the convergence problem
of Ishikawa and Mann iterative processes with errors for approximating
the solution of the nonlinear strongly accretive operator equation.

Inspired and motivated by recent research works [3], [4], [16] and [17],
in this paper, we study a class of generalized strongly nonlinear implicit
quasivariational inequality problems, which include the nonlinear varia-
tional inequality problem of VERMA [16] as a special case. We prove
some existence theorems of solutions and convergence theorems of the
Ishikawa and Mann iterative sequences with errors for this class of gen-
eralized strongly nonlinear implicit quasivariational inequality problems
involving Lipschitzian generalized pseudo-contractive mappings in Hilbert
spaces. Our results extend and improve Theorems 2.1 and 2.2 of VERMA
[16] in the following two aspects:

(1) Extend the nonlinear variational inequality to the generalized strongly
nonlinear implicit quasivariational inequality.

(2) Replace the Mann iterative process by Ishikawa iterative process with
errors.

2. Preliminaries and lemmas

Let H be a real Hilbert space endowed with the norm || - || and inner
product (-, ), respectively. For a nonempty closed convex subset M C H,
let Py be the projection of H onto M. Let K : H — 2" be a set-valued
mapping with the nonempty closed and convex value, g : H — H and
N : H x H — H be two nonlinear mappings. We consider the following
problem:

Find g(z) € K(x) such that

(21) <£L’-N(]I,:L’),y—g($)> >0

for all y € K(z). The problem (2.1) is called the generalized strongly
nonlinear implicit quasivariational inequality problem.
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Some special cases of the problem (2.1) are as follows:

(I) If K(z) = m(x) + K for all x € H, where K is a nonempty closed
convex subset of H and m : H — H is a nonlinear mapping, then the
problem (2.1) is equivalent to finding z € H such that g(x) — m(z) € K
and

(2.2) (= N(z,z),y —g(x)) 20

for all y € m(z) + K. The problem (2.2) is called the strongly nonlinear
implicit quasivariational inequality problem.

(IT) If g = I, where I is the identity mapping, then the problem (2.1)
is equivalent to finding x € K (x) such that

(2.3) (x — N(xz,z),y —x) >0

for all y € K(x). The problem (2.3) is called the generalized strongly
nonlinear quasivariational inequality problem.

(III) If K(x) = K for all z € H, where K is a nonempty closed convex
subset of H, then the problem (2.1) is equivalent to finding x € H such
that g(z) € K and

(2.4) (= N(z,z),y —g(x)) 20

for all y € K.

(IV) If N(u,v) = Tu+ Sv for all u,v € H, where T, S : H — H are
two nonlinear mappings, then the problem (2.1) is equivalent to finding
x € H such that g(z) € K(z) and

(2.5) (x = Tax — S,y —g(x)) >0

for all y € K(x).

(V) If K(z) = K for all z € H, where K is a nonempty closed convex
subset of H, g = I and N(u,v) = Tu for all u,v € H, where T : H — H is
a nonlinear mapping, then the problem (2.1) is equivalent to finding x € H
such that

(2.6) (x —Tz,y—1z) >0
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for all y € K, which is the nonlinear variational inequality considered
recently by VERMA [16].

Now, we recall the following two iterative processes due to ISHIKAWA [8]
and MANN [10], respectively.

(I) Let K be a nonempty convex subset of H and 7' : K — X be a
mapping. The sequence {z,} defined by

xg € K,
Tnt+1 = (1 - OCn)xn + anTyna
Yn = (1 - 571)1;71 + BnTxy

forn =0,1,2,... is called the Ishikawa iteration process, where {a,, } and
{Bn} are two real sequences in [0,1] satisfying some conditions.
(II) In particular, if £, = 0 for all n > 0, then {z,,} defined by

{l‘oEK,

Tnt1 = (1 — an)zy + apyTxy,

forn=20,1,2,... is called the Mann iteration process.

Recently, L1u [9] introduced the concepts of Ishikawa and Mann it-
erative processes with errors for nonlinear strongly accretive mappings as
follows:

(ITI) For a nonempty subset K of a Banach space X and a mapping
T : K — X, the sequence {z,} defined by

T € K,
Tn+1 = (1 - an)$n + anTyn + Un,
Yn = (1 - ﬂn)xn + ﬁnT"En + vp,

forn =0,1,2,... is called the Ishikawa iteration process with errors. Here
{un} and {v, } are two summable sequences in X (i.e., Y o |lun|| < 400
and Y ° o [lun]] < +00) and {a,} and {f,} are two sequences in [0,1]
satisfying certain restrictions.

(IV) In particular, if 3, = 0 and v, = 0 for all n > 0, the sequences
{z,} defined by

{l‘oEK,

Tnt1 = (1 — an)zn + apnTx, + upy
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for n =0,1,2,... is called the Mann iteration process with errors, where
{uy} is a summable sequence in X and {a,, } is a sequence in [0,1] satisfying
certain restrictions.
However, in a recent paper [17], Xu pointed out that the definitions of
L1u [9] are against the randomness of the errors and revised the definitions
of L1u [9] as follows:
(V) Let K be a nonempty convex subset of a Banach space X and
T : K — X be a mapping. For any given zy € K, the sequence {z,}
defined by
xg € K,
Tyl = nTn + BnTYn + Ynln,
Yn = QnTp + /BnTxn + ’A)/nvn
forn =0,1,2,... is called the Ishikawa iteration process with errors, where
{un} and {v,} are two bounded sequences in K, {a}, {Bn}, {7}, {Gn},
{B.} and {4, } are six sequences in [0,1] satisfying the conditions

an + By +vm =1, OA‘n"‘Bn"‘ﬁ’n:l

forn=0,1,2,.... R
(VI) In particular, if 5, = 4, = 0 for n = 0,1,2,..., the sequence
{z,} defined by

{ T € K,
Tp41 = Qpdp + /BnTxn + YnUn

forn=0,1,2,... is called the Mann iteration process with errors.
Clearly, the Ishikawa and Mann iteration processes are all special cases
of the Ishikawa process with errors.
For our main results, we need the following lemmas:

Lemma 2.1 ([2]). If K C H is a closed convex subset and x € H is a
given point, then z € K satisfies the inequality

<$ — %Y - 1:> >0
for all y € K if and only if
(2.7) x = Pgz,

where Py is the projection of H onto K.
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Lemma 2.2 ([2]). The mapping Pk defined by (2.7) is nonexpansive,
that is,
[Pru — Pro| < lu—wvl|

for all u,v € H.

Lemma 2.3 ([2]). If K(u) = m(u)+ K and K C H is a closed convex
subset, then for any u,v € H, we have

(2.8) PK(U)U = m(u) + PK(U - m(u))

Lemma 2.4 ([9]). Let a,, b, and ¢, be three nonnegative real se-
quences satisfying

(29) An+1 S (1 - tn)an + bn + ¢y

forn=20,1,2,... and

400 —+oo
€ [0,1], Ztn =400, by, =o0(t,), Z cp < +00.
n=0 n=0

Then lim a, =0.
n—-4o0o

By Lemma 2.1, we know that the generalized strongly nonlinear im-
plicit quasivariational inequality problem (2.1) has a unique solution if and
only if the mapping F': H — H defined by

F(z) =z = g(x) + Pgx)lg(x) — t(z — N(z,2))]

has a unique fixed point, where ¢ > 0 is a constant.

3. Main results

In this section, we prove some existence theorems of solutions and con-
vergence theorems of the Ishikawa and Mann iterative processes with errors
for the generalized strongly nonlinear implicit quasivariational inequal-
ity probelms (2.1) and (2.2) involving Lipschitzian generalized pseudo-
contractions in Hilbert spaces.

First, we give some definitions.
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Definition 3.1. A mapping T : H — H is said to be generalized
pseudo-contractive if there exists a constant r > 0 such that

(3.1) 1Tz = Ty||* < r®|lz — y|I* + | T2 — Ty — (2 — y)|I?

for all x,y € H.

It is easy to check that (3.1) is equivalent to
(3-2) (Tz —Ty,x —y) <rlz—yl*

For r = 1 in (3.1), we get the usual concept of the pseudo-contractivity
of T introduced by BROWDER and PETRYSHYN in [1], i.e.,

|72 — Tyl < |l — yl]* + T2 — Ty — (& — y)|>

Definition 3.2. A mapping N : H x H — H is said to be
(1) generalized pseudo-contractive with respect to the first argument if
there exists a constant p > 0 such that

(N(u,) = N(v,),u—v) < pllu— o]

for all u,v € H.
(2) Lipschitz continuous with respect to the first argument if there
exists a constant s > 0 such that

IN(u,-) = N(v, )| < sllu— o]

for all u,v € H.

In a similar way, we can define Lipschitz continuity of N with respect
to the second argument.

Definition 3.3. Let K : H — 29 be a set-valued mapping such that,
for each z € H, K(x) is a nonempty closed convex subset of H. The
projection Pk, is said to be Lipschitz continuous if there exists a constant
& > 0 such that

1Pk (2)2 — Pzl < &llz =yl
for all z,y,z € H.
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Remark 3.1. In many important applications, K (u) has the following
form:
K(u) =m(u) + K,

where m : H — H is a single-valued mapping and K is a nonempty closed
convex subset of H. If m is Lipschitz continuous with constant A, then
it follows from Lemma 2.3 that Pk, is Lipschitz continuous with the
Lipschitz constant u = 2.

We now give the main results of this paper.

Theorem 3.1. Let H be a real Hilbert space and K : H — 2 be
a set-valued mapping with the nonempty closed and convex value. Let a
mapping N : Hx H — H be generalized pseudo-contractive with respect to
the first argument (with constant r) and Lipschitz continuous with respect
to the first and second arguments (with constants s and n, respectively).
Let g : H — H be a mapping such that I — g is Lipschitz continuous (with
constant §). Suppose that Py, is Lipschitz continuous (with constant ).
Let {u,} and {v,} be two bounded sequences in H and {ay,}, {Bn}, {7},
{6}, {Bn} and {4,} be six sequences in [0,1] satisfying the following
conditions:

(1) an+ﬁn+’7n:17 OA[n"‘Bn"_’?n:l) n207

(2)  lim B, = lim 3, = lim 4, =0,
+oo +oo
(3) Zﬁn:(}oa Z’}/n<00.
n=0 n=0
If the following conditions hold:

nth—1)+ 0 -r)
1—2r+s2—n?2

(3.3) ‘t -

\/[n(h— D+(1-m]P-010-2r+s>—n?)(2—h)h

< 1—2r+s%—n? ’
(3.4) n(h—1)+ (1 —7r)> /(1 —2r+s2—n2)(2 - h)h,
,'72
(3.5) s>r+-—, h+tn<l1l, h=~&+ 20,

2
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then there exists a unique x € H satisfying the generalized strongly non-
linear implicit quasivariational inequality (2.1) and

Tpn —x (N — 00),
where {x, } is the Ishikawa iteration process with errors defined as follows:

((xg € H,
Tnt1 = ann + Bp{yn — 9(yn)
(3.6) + P (y) [9Wn) = tyn + N (Y, )} + Yntin,
Yn = QpTy + Bn{xn —g(xy,)
+ Pr(z,)[9(2n) — ton +tN (20, 2,)]} 4 Anvn

forn=0,1,2,....

PRrROOF. We first prove that the generalized strongly nonlinear implic-
it quasivariational inequality (2.1) has a unique solution. By Lemma 2.1,
it is sufficient to prove the mapping defined by

F(z) =z —g(x) + Pg@)lg(z) — t(z — N(z,2))]

has a unique fixed point in H.
Let u, v be two arbitrary points in H. From Lemma 2.2 and the
Lipschitz continuity of P,y and I — g, we have

[1F(u) = F(u)|| = [lu — g(u) + Pr(ulg(u) — t(u — N(u,u))]
—{v=9(v) + Pxw)lg(v) —t(v — N(v,v))]}]
< lu—g(u) = (v —=g(v))|l
+ [1Pr uylg(u) — t(w — N (u, w))] = P (u[9(v) —t(v — N(v,0))]|
+ [ Pxc(uy[9(v) = t(v = N (v,0))] = Pre () [9(v) = t(v = N (v, v))]|
< 2fu—g(u) — (v —g(v))ll
+ [[[u —t(u = N(u,u)] = [v —t(v = N(v,0))]|| + &llu —v]|
= 20|lu —v[| + [[(1 =) (u—v) + (N (u, u) = N(v,0))[| + &[lu—v]|
< (A =) (u =) + (N (u,u) = N(v,u))|
+ t||N(v,u) — N(v,v)|| + (£ + 20)||u—v].

(3.7)
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Since N is generalized pseudo-contractive with respect to the first argu-
ment and Lipschitz continuous with respect to the first and second argu-
ments, respectively, we get

(1 =) (u = v) + (N (u,u) = N(v,u))||* = (1 = t)*|Ju — o>
4+ 2t(1—t){u — v, N(u,u) — N(v,u)) + t*|N(u, 1) — N(v,u)|?

(8:8) <[(1 =1)% 4 2t(1 — t)r]||u — v||* + 252 ||u — v||?
=[(1 —t)? +2t(1 — t)r + t*s%]||u — v|)?

and

(3.9) [N (v, u) = N(v,v)|| < nllu— vl

It follows from (3.7)~(3.9) that
(3.10) 1F(u) = F(o)|| < kllu—wvl|

for all u,v € H, where

k=1 —t)24+2t(1 —t)r + 252 +tn+h, h=E+26.

From (3.3)~(3.5), we know that 0 < k£ < 1 and so F has a unique fixed
point x € H, which is a unique solution of the generalized strongly non-
linear implicit quasivariational inequality problem (2.1).

Now, we prove that {z,} converges to z. In fact, it follows from (3.6)
and z = F(z) that

[Zn+1 — | = llanxn + Bafyn — 9(yn)
+ Priy[9(Wn) = tyn + N (Y, yn)]} + Yntin — |
= llann + Briyn — 9(yn) + Prc(y,) [9(yn) — tyn + N (Yn, yn)]}
+ Yntn — (@ + Bp{r — g(x) + Pr(2)[g(x) — tx + tN(z,2)]}
+ )|l
< apllzn — || + BullF(yn) — F(2)|| + yullun — z||.

(3.11)

From (3.10) and (3.11), it follows that

(3.12) [en1 — 2l < anllzn — 2l + kBnllyn — @[l + nllun — |-
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Similarly, we have
[y — 2|l = [|an@n + Bo{zn — 9(2n) + Pr(an)[9(zn) — tan
+IN(Tn, T0)|} + Fnvn — 2|
— (o — ) + uln — 9(n) + Prcienylgn) —
+ tN (0, 20)] — (€ — g(x) + Pr(y)[g(x) — to + tN(z,2)])}
+ An(vn — )
< al|zn — @[] + Bul|F(@0) = F(@)|| + Anlon — ||
< G|z — @] + kBnllzn — 2| + Fnllvn — ]|
= (Gn + kBp)ll2n — 2| + An|vn — 2.

(3.13)

It follows from (3.12) and (3.13) that
(3.14) znss — ol < anllzn — ol + kBallgn — ol + nlun — 2]
< (an + k&, Bn + k’2ﬁnﬁn))”$n - CL‘H + kﬂn’?n””n - $|| + ’YnHun - I‘H

Let
d = max{sup [[u, — 2|, sup v, — 2|}
n n

Then d < oo and (3.14) implies that
(3.15) Jonss — 2l < Agllzn — ]l + by + e,
where
Ap = ap + kBpbn + kB0 Bn, by = kdBun, cn = d.
Since 0 < k < 1, it follows from (1)~(3) that
(3.16)  Ap = apn +kByGn + k23,8, <1 B+ KBy =1~ (1 —k)B,.

From (3.15), (3.16) and Lemma 2.4, we know that {z,} convergs to the
solution z. This completes the proof. O

Remark 3.2. Theorem 3.1 extends and improves Theorems 2.1
and 2.2 of VERMA [16] in the following two aspects:
(1) Extend the nonlinear variational inequality problem (2.6) to the gen-

eralized strongly nonlinear implicit quasivariational inequality prob-
lem (2.1).
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(2) Replace the Mann iterative process by Ishikawa iterative process with
erTors.

From Theorem 3.1 and Remark 3.1, we have the following result:

Theorem 3.2. Let H be a real Hilbert space and K be a nonempty
closed convex subset of H. Let a mapping N : H x H — H be generalized
pseudo-contractive with respect to the first argument (with constant r)
and Lipschitz continuous with respect to the first and second arguments
(with constants s and n, respectively). Suppose that a mapping m: H—H
is Lipschitz continuous (with constant pn > 0) and g : H — H is a mapping
such that I — g is Lipschitz continuous (with constant §). Let {u,} and
{v,} be two bounded sequences in H and {an}, {Bn}, {7}, {Gn}, {On}
and {4, } be six sequences in [0, 1] satisfying the conditions (1)~(3) of The-
orem 3.1. If the conditions (3.3)~(3.5) hold for £ = 2y, then there exists
a unique x € H satisfying the strongly nonlinear implicit quasivariational
inequality (2.2) and

T —x (N — 00),

where {x,,} is the Ishikawa iteration process with errors defined as follows:
xo € H,
Tpt1 = Onn + Bnfyn = 9(yn) +m(yn)
+ Prlg(yn) = tyn + N (yn, yn) = m(yn)]} + yntin,
Yn = G + Bpfwn — g(wn) +ml(an)
L + Prlg(zy) — top, + tN (2, n) — m(zn)]} + Ynvn

form=0,1,2,....

From Theorems 3.1 and 3.2, we have the following results:

Theorem 3.3. Let H, K, N, g and Pk, be the same as in The-
orem 3.1. Let {an}, {8}, {an} and {3,} be four sequences in [0,1]
satisfying the following conditions:

(1) an4+Bn=1 an+8=1, n>0,

(2)  lim B, = lim 3, =0,

+oo
(3) Z B, = 0.
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If the conditions (3.3)~(3.5) hold, then there exists x € H satisfy-
ing the generalized strongly nonlinear implicit quasivariational inequality
problem (2.1) and

Tn — 1 (N — 00),

where the Ishikawa iteration process {x,} is defined by
To € H,
Tt = OnTn + Budyn = 9(Un) + Prc(y)[9(n) = tyn + N (yn, yn)]},
Yn = Gy + Br{n — 9(€n) + Prc(a,)9(2n) = tan + tN (20, 2)]}
form=20,1,2,....

Theorem 3.4. Let H, K, N, g and m be the same as in Theorem 3.2.
Let {an}, {Bn}, {dn} and {3,} be four sequences in [0,1] satisfying the
conditions (1)~(3) of Theorem 3.3. If the conditions (3.3)~(3.5) hold for
& = 2u, then there exists x € H satisfying the strongly nonlinear implicit
quasivariational inequality problem (2.2) and

Tn —x (N — 00),
where the Ishikawa iteration process {x,} is defined by
((xg € H,
Tnt1 = anZn + Bpl{yn — 9(Yn) + m(yn)
+ Pr[9(Yn) = tyn + tN(Yn, yn) — m(yn)]},
\ + PK[g(l'n) —lx, + tN('Ina mn) - m(xn)]}
form=0,1,2,....

Theorem 3.5. Let H, K, N, g and Pk ,) be the same as in Theo-
rem 3.1. Let {u,} be a bounded sequence in H and {ay,}, {8} and {v,}
be three sequences in |0, 1] satisfying the following conditions:

(1) an+ﬁn+7n:17 n >0,

(2) lim 3, =0,

+oo +oo
(3) Zﬂn:oo, Z’yn<oo.
n=0 n=0
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If the conditions (3.3)~(3.5) hold, then there exists a unique x € H satisfy-
ing the generalized strongly nonlinear implicit quasivariational inequality
(2.1) and

Tp —x (n— 00),
where {x,} is the Mann iteration process with errors defined as follows:

ro € H,
Tpt1 = QpTy + ﬂn{xn - g(CCn)
+ PK(:rn)[g(xn) —tr, + tN(xnu xn)] + YnUn

form=20,1,2,....

Theorem 3.6. Let H, K, N, g and m be the same as in Theorem 3.2.
Let {uy} be a bounded sequence in H and {«a,}, {6,} and {~,} be three
sequences in [0, 1] satisfying the conditions (1)~(3) of Theorem 3.5. If the
conditions (3.3)~(3.5) hold for £ = 2u, then there exists a unique x € H
satisfying the strongly nonlinear implicit quasivariational inequality (2.2)
and
Tn —x (N — 00),

where {x,} is the Mann iteration process with errors defined as follows:

xo € H,
Tpil = QpnTp + ﬁn{xn - g(xn) + m(xn)
+ Prlg(zn) — txy + tN (2, 2n) — m(zn)]} + Yntn

form=20,1,2,....
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