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A locally symmetric pseudo-Riemannian
structure on the tangent bundle

By NECULAI PAPAGHIUC (Iasi)

Dedicated to Professor V. Oproiu on the occasion of his 60-th birthday

Abstract. We consider a certain pseudo-Riemannian metric G on the tangent
bundle TM of a Riemannian manifold (M, g) and obtain necessary and sufficient con-
ditions for the pseudo-Riemannian manifold (7'M, G) to be a locally symmetric space.

1. Introduction

The tangent bundle TM of a Riemannian manifold (M, g) can be or-
ganized as a Riemannian or a pseudo-Riemannian manifold in many ways.
The most known such structures are given by the SASAKI metric (see [14],
[1], [7]) and the complete lift type pseudo-Riemannian metrics (see [15],
[16], [8]), both defined on T'M with the help of g. It is also known that
the tangent bundle 7'M of a Riemannian manifold (M, g) has a structure
of almost Kaehlerian manifold with the Sasaki metric and an almost com-
plex structure defined by the splitting of the tangent bundle to T'M into
the vertical and horizontal distributions VI'M, HT'M (the last one being
determined by the Levi Civita connection on M). However, this strucure
is Kaehler only in the case where the base manifold is locally Euclidean
([14], [1]). Note also that the SASAKI metric on T'M is locally symmetric
if and only if the base manifold is locally Euclidean. The Sasaki metric
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is rather rigid and it should be interesting to get another Riemannian or
pseudo-Riemannian metrics on 7'M, having some better properties. One
possibility is to consider some (pseudo-)Riemannian metrics involving the
natural lifts of the Riemannian metric g on M (for the definition and the
expression of the natural 1-st order lifts of the Riemannian metric g to
TM see [4], [5], [3])-

A particular case of such a Riemannian metric which can be consid-
ered is a slight generalization of the Sasaki metric and it has been studied
by V. OproO1U in [9]. The Riemannian metric G on T'M considered in [9]
has been defined by using the Levi Civita connection of the Riemannian
metric g on M and two smooth real valued functions u(t), v(t) depending
on the energy density only and such that u(¢) > 0 and u(t) + 2tv(t) > 0
for all t€[0, 00). Remark that the Sasaki metric can be obtained from G in
the case where u(t) =1, v(t) = 0 for all ¢t € [0,00). Next, V. OPROIU has
considered an almost complex structure J on T'M, related to the metric
G and has studied the conditions under which (T'M, G, J) is a Kaehler—
Einstein manifold. Note that in [9], the author excludes some important
cases which appeared, in a certain sense, as singular cases. Note also that
one of the cases excluded in [9] is when the Riemannian metric G on TM
is defined by using a certain Lagrangian L on the base manifold (M, g) de-
pending on the energy density only (i.e. the case when v(t) = w/(¢)). This
important case has been studied by V. OPROIU and the present author
in [11]. In [12], considering on T'M the Riemannian metric G defined in
[9], V. OPROIU and the present author have studied the conditions un-
der which the Riemannian manifold (T'M, G) or a tube around the zero
section in the Riemannian manifold (7'M, G) is a locally symmetric mani-
fold, without using the almost complex structure J. Roughly speaking, if
(TM,G) or a tube around the zero section in T'M is a locally symmetric
space, then (M, g) must have constant sectional curvature ¢ and T M must
carry a Kaehler-Einstein structure. Note that in the singular case studied
n [11] when v(t) = u/(t), the Riemannian manifold (7'M, G) cannot be a
locally symmetric space. On the other hand, in [8], V. OPROIU has defined
and studied a pseudo-Riemannian structure on the tangent bundle of a La-
grange manifold M, considering the pseudo-Riemannian metric G on TM
as being the complete lift of a quadratic form defined by the considered
Lagrangian L. Such a pseudo-Riemannian metric defines a pairing be-
tween the vertical and horizontal distributions VI'M and HT'M. Remark
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that this metric has signature (n,n) and the distributions VIT'M, HT M
are isotropic. Inspired from [9] and [8], in [13], we have considered another
special natural 1-st order lift G of g which defines a pseudo-Riemannian
metric on T'M (so that, in general, G is no longer obtained as the com-
plete lift by using a Lagrangian on M). This new metric G has been
defined by using also the Levi Civita connection of the Riemannian metric
g and two smooth real valued functions wu(t), v(t) such that u(t) > 0 and
u(t) + 2tv(t) > 0 for all ¢t € [0,00). Next we have studied necessary and
sufficient conditions for the pseudo-Riemannian manifold (T'M,G) to be
Ricci flat.

In the present note we study other geometric properties of the pseudo-
Riemannian metric G defined in [13]. In fact we study necessary and
sufficient conditions for the pseudo-Riemannian manifold ("M, G) to be
a locally symmetric space. The obtained main result is: The pseudo-
Riemannian manifold (T'M, G) is a locally symmetric space if and only if
the base manifold (M, g) is a locally symmetric space and the functions u
and v which appear in the expression of G are related by v = u’ (Theo-
rem 2). By using some known results from the Lagrange geometry (see [2],
[8], [11]), it is shown that the condition v = v’ is equivalent to the fact that
the considered pseudo-Riemannian metric G on T'M is the complete lift
of a quadratic form defined by the special Lagrangian L on M considered
n [11] (Corollary 3).

The manifolds, tensor fields and geometric objects we consider in this
paper, are assumed to be differentiable of class C*° (i.e. smooth). The well
known summation convention is used throughout this paper, the range for
the indices i, j, k, I, h, s, t, a, b being always{1,...,n}. We shall denote
by I'(T'M) the module of smooth vector fields on T'M.

2. The pseudo-Riemannian metric G on T M

Let (M, g) be a smooth n-dimensional Riemannian manifold, n > 1,
and denote its tangent bundle by 7 : TM— M. Recall that TM has
a structure of 2n-dimensional smooth manifold induced from the smooth
manifold structure of M. A local chart (U,¢) = (U,zt,...,2") of M
induces a local chart (r=1(U),®) = (r=Y(U),z, ..., 2", y*, ...,y") of
TM where the local coordinates x*, y*; i = 1,...,n are defined as follows.
The first n local coordinates 2 = x’o7; i =1,...,n of y € 771 (U) are the
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local coordinates in the local chart (U, ¢) of the base point 7(y) € U and
the last n local coordinates y%; i = 1,...,n are the vector space coordinates
of the same tangent vector y with respect to the natural local basis %;
i=1,...,n defined by (U, p).

This special structure of T'M allows us to introduce the notion of
M-tensor field on it (see [6]). An M-tensor field of type (p,q) on TM is
defined by sets of functions

i1 o o .
le.”]—q(:n,y), Wyeeyipy Jly- -y Jg=1,...,m

assigned to any induced local chart (771(U),®) on TM, such that the
change rule is that of the components of a tensor field of type (p,q) on
the base manifold, when a change of local charts on the base manifold
is performed. We shall use currently M-tensor fields defined on T'M.
Remark also that any ordinary tensor field on the base manifold may
be thought of as an M-tensor field on T'M, having the same type and
with the components in the induced local chart on T'M, equal to the local
coordinate components of the given tensor field in the chosen local chart
on the base manifold.

Recall that the Levi Civita connection V of g defines a direct sum
decomposition

TTM =VITMOHTM

of the tangent bundle to T'M into the vertical distribution VI'M = Ker T,

and the horizontal distribution HT'M. The vector fields (8%1, ce %)
define a local frame field for VI'M, and for HT' M we have the local frame
field (%, e %), where

0 = 9 B, 9.
ozt Ozt 0 gy

h h,k
o = Tiky

and T, (x) are the Christoffel symbols of g.

The distributions VI'M and HT M are isomorphic to each other and
it is possible to derive an almost complex structure on T'M which, together
with the Sasaki metric, determines a structure of almost Kaehlerian man-
ifold on T'M (see [1], [16]).

Consider now the energy density (kinetic energy)

1 1 1 Z. )
t= 5”?/”2 = 59r() (y,y) = §gik(9€)y y*, yer HU)
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of the tangent vector y, where g;, are the components of g in the local
chart (U, ). Let u,v : [0,00) — R be two real smooth functions such
that u(t) > 0 and u(t)+2tv(t) > 0 for all ¢ € [0, 00). Then we may consider
the following symmetric M-tensor field of type (0,2) on T'M, defined by
the components (see [9])

Gij = u(t)gij + v(t)goigoy,

where go; = gniy". The matrix (Gij) is symmetric and positive definite
and has the inverse with the entries

1 v
k= Lk Byt
u? u(u—i—Qtv)y Y

where ¢! are the components of the inverse of the matrix (g;;). The
components H* (x,7) define a symmetric M-tensor field of type (2,0) on
TM. We shall use also the components H;;(x,y) of a symmetric M-tensor
field of type (0,2) obtained from H* by “lowering” the indices, i.e.

1 v
Hi: =g H¥a: = g — ———  g-a0s.
ij 9ik gij ugz] u(u + 2t’U) 90i90;

In the same vein we shall use the M-tensor fields on T'M defined by the
components

Gt =gMGig",  Gi=G" g, Hip=H"gp,

and remark that the matrix (H}) is the inverse of the matrix (G%) (see [9]).
The following pseudo-Riemannian metric of natural 1-st order lift type
may be considered on T'M (see [13])

(1) G = 2G¢ijida;j = 2(ugi; + vg()z-goj)Vyidxj,

where Vyi = dy’ + Fé—odxj is the absolute differential of y* with respect to
the Levi Civita connection V of g. Equivalently, we have

o 90 o 0
(o) =0 (a7 am) 0

o 9 o 0
(o57) = (57-27) = 6
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We note that, due to the above conditions satisfied by the functions wu(t),
v(t), the pseudo-Riemannian metric G defined by (1) is balanced, i.e. has
the signature (n,n), and both distributions V’I'M, HT M are isotropic. Re-
mark also that, in the particular case when the components G;; from the
expression (1) of G are obtained as in usual Lagrange geometry from a La-
grangian L on M, it follows that G coincides with the pseudo-Riemannian
metric studied by V. OPROIU in [8]. In the case where u(t) =1, v(t) =0
for all t € [0,00) we have G = ¢°, where ¢ denotes the complete lift of
the Riemannian metric g on M.

Observe that the system of 1-forms (dzl,...,dz", vyl ..., Vy") de-

) 0

fines a local frame of T*T M, dual to the local frame (%, e T BT

).

IZIJI the following we determine the Levi Civita connection V of the
pseudo-Riemannian metric G on T'M, where G is defined by (1). To do
this we need the following well known formulas for the brackets of the
vector fields a o i=1,.

175z17

O 0] _y O O _ 9 [0 O] o O
oy’ oy | 7 |y sxd | Yoyh? | datdxd | YU gyt

where Row = Rkwy and Rkw are the local coordinate components of the
curvature tensor field of V on M.

Recall that the Levi Civita connection V on the pseudo-Riemannian
manifold (7'M, G) is obtained from the formula

2G(VyY, Z) = X(G(Y, Z)) + Y(G(X, Z)) — Z(G(X,Y)) + G([X,Y], 2)
~Q(X,2),Y) - G(Y, 2], X); VX.,Y,Z e TD(TM).

Theorem 1. Let (M,g) be a Riemannian manifold. Then the Levi
Civita connection V of the pseudo-Riemannian manifold (T'M,G) has the

following expression in the local adapted frame (6%1, cee %, %, e 6%”):
0 0 n O n O
VWT Qwa n vaiiaT,a F”a h +P]’5xh’
) ) ) 1) 0
Vo—=P'— Vs —=I— 4+

507 Oxd 1 g 57 0xd  Wegh T T gy
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where the M-tensor fields P}, Q" Szhj are given by:

130 X1j)
u —v u v
Ph — ghi " g o ana
i 2 (901 j u+2tvg”y u+2tv§01903y )
/ / / 2
n U +w h h v o, VU—UV—0 h
O L PP Y, 5! g e
i 5o (90id5 + 90;07") + oYyt w(a 1 at) 9090y
h hk v h
Si5 = 9" Roikj + u+2th0ij0y ;

Ryii; denoting the local coordinate components of the Riemann—Christoffel
tensor Ofv on M and ROik:j = Rlik]-yl, Rgijg = Rlijkylyk.

3. A locally symmetric structure on (T'M, G)

In this section we shall study the necessary and sufficient conditions
under which the pseudo-Riemannian manifold (7'M, G) is a locally sym-
metric space. The curvature tensor field K of the Levi Civita connection
V of the pseudo-Riemannian metric G on T'M is defined by well known
formula

K(X,Y)Z =VxVyZ—VyVxZ—Vixy|Z X,Y,ZeT(TM).

The formal expression of K in the local frame (661:“ 8;8;1‘)7 i1=1,...,n,is
obtained by a straightforward computation
) ) )
K(—,— ) —=XXX! —
<5;U“ 5;103) ok Rid §ah

1 (& ph V% AR
+y <lekn’j + u+2tvlekO”y )

oy’
5§ &\ 0 )
K(—,— )= =XXY —
(2) <5(L‘Z7 51}]) ayk: kij 0yh’
o 09\ ¢ 5
K(l—,—)|—=YYX!h —
<6y”8y1>5m’f Rij §ah’

o 9\ 0 )
K=, 2) -2 —vyyr 2
<3y”8y1>0y’“ I oyt
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K(é9 5>5:YXX%.8

Ay’ 6ai ) bt oyt
® a o 0 0
K|(—, —)-—=YXY! —
<8y” 6309) dyk Fid §ah’
where the components XXX ,?ij, ... define M-tensor fields on TM and

have the following expressions
u —w

XXXh =RP 4+ —
kij k”+2w+2w)

(Rojord)" — Roiokd)),

h h v h v h
XXYi: = Ry + EQOkRoz‘j T w2 Rorijy
u —v
- (griRM. — g R
2(u + 2tv) (ng 00i — 9k OO])
v(u' —v) h n
~ Su(u 1 2t0) (90 90k Rio0; — 9oigor Lo, ),

a—2uv(u — )

YYX,}C‘U = du(u + 200)? (gojgik - gOigjk)yh
- M(giﬁf — gikd7)
(3)
m(gmgoms? — 90j90k07"),
VYY) = m(gmgoms? — 90;90k01")
+ M(gz‘kfﬁ - gjk(sih)v
YXX,?ij = RZij + BgOiRZOj + LgOiROjkoyh
u u(u + 2tv)
- —|-U2tv Rokijyh — MROjkoéf
+ MgikR&)j + mgmgOkRngv
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/

h u —v h h
Y XYV = 2(u+ 2tv)(gik6j 9307
v(u'—v) 5 my = 2uv(u'—v)
(3) m(90i90k5j — 9090k 0; )+ “du(ut2te)
1 1 v
o S R S )
ugmgoze i u+2tv90193ky u(u+2tv)90190390ky

and where we have denoted
(4) o = 2u(u+2tv)u” —3u(u')? — 20>V’ + 3uv?® — dtun’v' — 2t (u') v + 203,

In the following we shall study the conditions under which the pseudo-
Riemannian manifold (7'M, G) is a locally symmetric space i.e.

VK =0.

First of all, by using the expressions of the components of K given by
(2) and (3), by computing (V_s K) (-2;, -2)-2 we obtain
Sal Oy’ Oy’ / 0y

szl

o 9\ 0 w0
(V) <ayay> gyt A kg

where XYYV}, ; are the components of an M-tensor field of type (1,4) on
TM, given by

Xyyyh = O h s g —
(5) lkij — )(QOJZ' gOzj)(glk: Joigok)-

4u(u + 2tv

It can be checked that the last two factors from the expresion (5) of

XYYleij cannot vanish for all tangent vector ye7~1(U) (see [10]). Thus
we may conclude that the relation (V%K )( 821- , %)% = 0 is equivalent

to the condition
(6) v=u1'.

From now on we shall assume that the functions u and v satisfy the
condition (6).
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Remark. It is obvious that the condition (6) implies a = 0, where « is

given by (4). Then, from the condition (6) we obtain that the expression
(2) of the curvature tensor field K becomes simpler

( (6 6\ 0 5 uo )
(5;17” (m) 5ok~ Tthig 5o ¥ <VZR’“J ot ¥ VR0Y ) oy’

* (53) % -
% (5535 75 =
K <a§z , 5;;) 5(% = [Rﬁij + Z/goz‘RZgj + WQOiROjkoyh

9

o 9 0
K ., = —_— =
<3y“ (m) oy*

In order to obtain the other covariant derivatives of K, we shall denote,
for convenience,

/

Bl}clij =y <V1szg

Wleka]y >

and
h

533

By using these notations, we get by a straightforward computation that
only the following four covariant derivatives of K are not identical zero:

o 9 4] 1)
(V5 K) <(sx M> 5ok = ViR gt

< h s ph s h h s
VB = FlkBSZJ 1iBrsj — I'ljBris T L'isBrj-

VlBkz] +y (Rsthlsﬂij

(7)

/
h u h 9
kngftl_‘_Rksz Gl R?zy ztl)<6a - u+ 2t/ goay >]8yh’
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5§ 6 ) u/ h
(V2K) (MM) e {VIR’“” ks

ul

+u + 2tu’

5 &\ 8 R
(V%K) ((5.1” 5.%’J> Giy’“ = |:le]“']‘ + EQOkleOij
(7) '

. 0
h
Vi Ryoijy ] ayh

u . h 0
TR ] o
o9 4§\ 6 ‘oo
(V(S K) <8y (5;07) 5$k - |:lesz gOilekoj
o (u’)2 ] 10
WVIROMJ:U + mgmvl}%ojkoy :| W

From a careful examination of the formulas (7), it follows that the
pseudo-Riemannian manifold (T'M, G) is locally symmetric if and only if
the following conditions are satisfied

i) ViR, =0,
® { (2)

(1)) ReyRy; — Ry Riy + R Ry — RG;Riy = 0.
Due to the Ricci identity for the curvature tensor field R,ﬂ ; we get that
the condition (8)(i2) is satisfied whenever the condition (8)(7) is satisfied.

Thus, we obtain the main result of this paper:

Theorem 2. Let (M, g) be a Riemannian manifold and consider the
pseudo-Riemannian manifold (T'M,G), where G is given by (1). Then
(TM,QG) is a locally symmetric space if and only if the functions u(t),
v(t) satisfy the condition v = u' and the base manifold (M, g) is a locally
symmetric space.

Finally, we describe a geometric interpretation of the condition v =
u' in the expression (1) of the pseudo-Riemannian metric G by using a
Lagrangian function L : T'"M —1R defined by

) L= / u(t)dt,
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where u : Ry = [0, 00)—R is a smooth function such that u(t) > 0, V¢>0
(see [11]). As in usual Lagrange geometry (see [2], [7], [8]), we obtain the
symmetric M-tensor field of type (0,2) on T'M, defined by the components

oL
Y Oyioyd

Hence it follows that the condition (6) is fulfilled if and only if G;; are
obtained from the Lagrangian L defined by (9).

(10) = ug;; + U/gOiQOj-

Remarks. (i) In [11], V. OPROIU and the present author have proved
that the usual nonlinear connection determined by the Euler-Lagrange
equations asociated to the Lagrangian L defined by (9) coincides with the
nonlinear connection defined by the Levi Civita connection V of g (see
Proposition 1 from [11]).

(ii) Taking into account remark (i), it follows that the condition
v = o' in the expression (1) of G is equivalent to the fact that the
pseudo-Riemannian metric G defined on T'M coincides with the pseudo-
Riemannian metric h¢, where h¢ is the complete lift of the quadratic form
h = Gij(z,y)dz'dz? and where G;; are defined by (10) (see [8]). In the
particular case when u(t) =1 for all ¢ € [0,00) we have G = ¢¢, where ¢°
is the complete lift of the Riemannian metric g on M.

(#ii) By using the results obtained by V. OPROIU in [8] and the above
remarks, the pseudo-Riemannian metric G = 2Giijidmj, where Gj; are
defined by (10) (i.e. G is the complete lift of the quadratic form h =
Gijdxdz?), we see that (T M, G) is a locally symmetric space if and only
if the base manifold (M, g) is a locally symmetric space. In particular, the
pseudo-Riemannian manifold (7'M, ¢¢) is a locally symmetric space if and
only if (M, g) is a locally symmetric space.

From the above remarks it follows that Theorem 2 can be formu-
lated by

Corollary 3. Let (M, g) be a Riemannian manifold and consider the
pseudo-Riemannian manifold (T'M,G), where G is defined by (1). Then
(TM,QG) is a locally symmetric space if and only if the base manifold
(M, g) is a locally symmetric space and the pseudo-Riemannian metric G
is the complete lift of the quadratic form h = G;;(z,y)dz'dx?, where G;;
are obtained as in usual Lagrange geometry by (10), considering on the
base manifold the Lagrangian L defined by (9).

The author thanks the referee for his helpful remarks and corrections,
leading to a general improvement of the paper.
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