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A Stein—Tomas restriction theorem for general measures

By THEMIS MITSIS (Jyviskyl)

Abstract. We prove a general Stein—Tomas type restriction theorem for measures
of given dimension and Fourier exponent.

1. Introduction

Let do be normalized surface measure on the (n — 1)-dimensional
sphere S"~!. For an integrable function f : S"~! — C, consider the
Fourier transform

fio©) = [ fw)e > tdota).
Sn—l
The classical Stein—Tomas restriction theorem is the following statement.

Theorem 1.1. For every p > 2(n+1)/(n — 1) there exists a constant
Cp,n > 0 such that

| fdolly < CpnllfllL2(do)
for all f € L?(do). Moreover, the above range of exponents is best possible.

This result has been extended to various more general situations where
the sphere is replaced by smooth manifolds satisfying certain curvature
hypotheses. For proofs and more details the reader may consult STEIN [2]
and the references contained there.
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The purpose of this paper is to prove an analogous restriction theorem
for general measures. By the term measure we will always mean a positive,
finite, compactly supported Borel measure in R™. For such a measure pu,
we denote by spt(u) its support. The Fourier transform of yu is defined by

ﬁ(£)=:J/62”“”5du(w)

Similarly, if f: R™ — C is a u-integrable function, we define

Fan(©) = [ fla)e > du(a).

Letting B(zx,r) be the closed ball of radius r centered at the point z, we
can state our main result as follows.

Theorem 1.2. Let u be a measure in R™ such that
w(B(z,r)) <r* VzeR" r>0

and
1

) <

for some 0 < o, 3 < n. Then for every p > 2(2n — 2.+ (3)/3, there exists
a constant C), , o3 > 0 such that

Ifdplly < Cpnall FlL2(d)

for all f € L*(du).

The example of a bounded flat hypersurface, in which case restriction
fails, makes it clear that the decay condition on /i is, in a certain sense,
indispensable and that no general restriction theorem can be based only
on dimensionality or even smoothness considerations. We will address this
issue again in Section 3.

Throughout this paper, z < y means x < Cy, where C' is a positive
constant depending on the context and whose value is irrelevant. Similarly,
x ~ymeans (x Sy &y < ). If Ais a subset of R™ then x4 is
the indicator function. Finally, we will denote a-dimensional Hausdorff
measure by H<.



A Stein—Tomas restriction theorem for general measures 91

2. The main result

Theorem 1.2 will be a consequence of the following

Proposition 2.1. Let p be a measure in R™ such that

(1) w(B(x,r)) <r®, VreR", r>0
and

- 1
(2) ()] < |€|T/2

for some 0 < «, 3 < n. Then for every p > 2(2n —2a.+ 3) /5

1 fllp S 11l

for all f in the Schwartz space S. Here p’ is the conjugate exponent
' =p/lp—1).
PROOF. Let fi(z) = fi(—z) and f(z) = f(—x). Then

fix fla) = fix f(~a).

Therefore, it is enough to show that || * f|l, < || fllp-
Let ¢ be a C* function which is equal to 1 when |z| > 1 and to 0
when |z| <1/2, and let ¢(z) = ¢(2z) — 1(x). Then

supp(¢) C {z:1/4 <|[z] <1}
and

Y p7z) =1, if|z| > 1.
j=0

We now decompose i as follows.

7=0

where
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We are going to estimate || K * f||o and || K * f]|2.
Using (2) and the support property of ¢ we get

_;B
3) 15 % Flloo < I lloollfll S 2772 [ f]1-

To estimate ||K; * fl2, let ¢j(x) = ¢(277z) and choose N > a. Then,
using the property of distribution functions and the fact that ¢ is rapidly
decreasing, we get

RO =165+ )] = | [ G316 - auty)
< Csz“/ dpa(y)

: Tt i)
-z | ({ 1+\2ﬂz Pk ZT})‘”
_chm <{y Y })

yil+2lE—y < w})

1
jino—ja dr
by (1) < Cn27"27 / /N

< 9i(n—a)

It follows that HIA( illoo < 270"=) . Therefore

~

(4) 1K flla = 1K Fll2 < 1K llocll Fll < 271 f 2.

Now, (3) and (4) allow us to think of convolution with the kernel K; as an
operator from L' to L> and from L? to L?. Therefore, we can interpolate
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between (3) and (4) using the Riesz—Thorin theorem. This gives

1K # fllpey S A fllqe), 0<60<1,

where
p(0) =2/0, q(0) =2/(2—0), A(p) = 2i(n=0=i50-0),
Equivalently
1K fllp S 27002 £y, p>2,
where ) )
C(/rua)ﬁjp) — M _ é <1 _ ) .
D 2 D

93

Further, note that since K_, is a C*° function with compact support we

have
HK—oo*f”prS ||f||17’a pZQ

by Young’s inequality.
To complete the proof, notice that the sum

K oo f+Y Kjxf
J

converges pointwise to fi x f since f is a Schwartz function. Moreover,
the exponent ¢(n, «, 3, p) is negative provided that p > 2(2n — 2a + 3) /5.

Therefore

7% fllp < Koo fllp + > IK; * Fllp
=0

o0
S PCI fly S Sl

7=0
To prove Theorem 1.2, let f € L?(du) and g € S. Then
/ Fan(€)g(€)de = / 3 F @A) < 1302w 122

= £z < / @(y)ﬁ(y)dmw)w
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=nmmwm</ﬁ*mmmwmﬁwz

)1/2

< [ flle2aw (1 gllpllglle )™ < W12 gl

where the last inequality follows from Proposition 2.1. Since S is dense in
L? ., we conclude that

I fdplly S 11FI 22 dp) -

3. Remarks

1. Tt is a standard fact that the condition |fi(¢)| < |€/7%/2 implies
that the Hausdorff dimension of the support of u is at least $. This can
be shown using the formulas

I(x) = C(n, ) Eﬁﬁds

and
dimg (A) = sup{« : Ju, such that spt(p) C A, I,(n) < oo},

for all Borel sets A C R"™. Here

Ia(u)://fwcm(y)

|z — y|~

is the a-energy of © and dimy denotes Hausdorff dimension (see MATTI-
LA [1]).

Another natural notion of dimension is the so-called Fourier dimen-
sion, denoted by dimp. It is defined as the unique number in [0, n] such
that for any 0 < s < dimp A, there exists a non-zero measure p with
spt(p) € A and fi(€) < [€]7%/2, and that for dimp A < s < n, no such
measure exists. By the remarks above, we have that for any Borel set
A C R" dimgp A < dimyg A. Sets A for which dimp A = dimgy A are
called Salem sets.

We further note that |(¢)| < [¢]77/2 implies that u(B(z,r)) < r7/2.
To see this, choose ¢ € S such that ¢ > 0, ¢ = 1 on B(0,1) and g/g =0
outside B(0, §) for some 6 > 0. Let

%W@>=¢<“‘y).

r




A Stein—Tomas restriction theorem for general measures 95

Then
w(B(z,1) S / Do (W) dpa(y) = / B (O~ )

~ 1
- 4
<r /wsg 3008) a7

— B/2 b L e <802,
r /qu(s)r,ﬂm £

Thus, we obtain the following version of Theorem 1.2 if we only know the
rate of decay of [i.

Corollary 3.1. Let . be a measure in R™ such that

- 1
[1(&)] < W

for some 0 < 3 < n. Then for every p > 4n/[3, there exists a constant
Cpon,p > 0 such that

1fdully < Cpnpllfll L2 (ap

for all f € L*(du).

2. The argument for the L? estimate in the proof of Proposition 2.1
was based only on dimensionality considerations. This suggests that there
should be an L? bound for f@ valid under very general conditions. This
was first observed by STRICHARTZ [3] in a different context. He showed
that if p satisfies pu(B(x,r)) < r® then

1 / — 9 9
— |fdu(O2dE S NFI T2 0aum-
r B(xo.r) @)

sup

xoER™, r>0
His approach involved the fractional Hardy—Littlewood maximal function.
Here we will give a simple, direct proof of a more general result.

Theorem 3.1. Let p be a measure in R™ satistying p(B(xz, 1)) < h(r),
for some non-negative function h. Then there exists a constant C' > 0 such
that

/B L FOPE S hC
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for all zg € R™, r > 0, f € L*(dp).

ProoOF. We will prove the theorem in the case where B(zg,r) is cen-
tered at the origin. The general case then follows by multiplying f by a
character.

Let ¢ be a radial Schwartz function such that ¢ > 1 on B(0,1), (;AS =0
outside B(0,C), for some C > 0 and let ¢,(z) = ¢(x/r). Then

[ \Fdu©Pas < [ 16:©Fdn(-€)Pd = [ 16, (i) (o) P
B(0,r)

-/ \ [ o= wrwduty)
= // |6 (x = y)ldp(y) / |6 (@ — )| | () Pdp(y)da.

2
dx

For a fixed x we have

[ =ity =" [ it pian)
< 173l (BlaC/r)) £ " H(Cr)

Therefore
/ (Fap(€)[2de < rh(C)r) / ok / 3(r(@ — v))|dedp(y)
B(0,r)

= r"h(C/r)]| 6] / [f )P duy) < " h(C/r T (ap)- .

3. For expository reasons it will be convenient to make the following
definition. If 0 < «a,3 < n then the restriction exponent p(n,a, () is
defined by

p(n, o, ) = inf{g : (Y with p(B(x,r)) <r* and [a(€)]* < 1//¢]%)
(Vf € L2(dw) (| fdullg S 1 F11L2(am)}-
For general values of «, it is unknown whether Theorem 1.2 is optimal,

that is, whether p(n, a, 8) = 2(2n — 2a.+ (3)/5. We do, however, have the
following lower bound.
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Proposition 3.1. If 0 < «, 8 < n then

2n

o 8) > 2

PROOF. Let A = spt(u) and notice that u(B(z,r)) < r* implies that

u is absolutely continuous with respect to H* | A with bounded density.

Therefore yp = hH* | A for some h € L>(H® | A). Let € > 0 be such that

0<HY{x € A:h(x) >¢€}) <ooand put C ={x € A: h(x) > e}. Then
for H*-almost all x € C' (see MATTILA [1]) we have

Jim sup H(C' N B(z,71))

r re

> 2.

It follows that there exists xg € spt(u) such that

lim sup
'

pB@0T)) | oo
,rOé

Choose a sequence ry, such that 7, N\, 0, u(B(zo, 7)) >~ r{ and put

fk = XB(zo,m1)"

Now let ¢ be a Schwartz function which equals 1 on B(0,1) and define

or(z) = ¢ <x_x°> .

r

Suppose we have restriction for some exponent q. Then

it [ dute) = [ on, @) u@dn(o) = [ 6, (O Fidn(-6)de

— / e 20 G (1 €) Frdpu(—€) de

3

J’_Q
< 1Bl 1 Fuditlla S 7 Fillcam =i

Since r \, 0 we conclude that
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Note that the optimality of the range of exponents in the original
Stein—Tomas theorem is intimately related to the fact that do has two
special regularity properties: It is a rectifiable (n — 1)-dimensional mea-
sure and its Fourier transform has the best possible decay rate. Here, by
the term rectifiable measure, we mean a measure whose support can be
covered by a countable union (J;=, fi(R" ') of graphs of Lipschitz maps
fi : R*=1 — R” plus a set of zero (n — 1)-dimensional Hausdorff mea-
sure (the reader is refered to MATTILA [1] for a complete discussion of the
notion of rectifiability). It might, therefore, be of some interest to try to
determine the values of @ < n for which there exists a measure p in R™
such that

(5) w(B(x,r)) ~r*, xespt(p), 0<r<1
and

- 1
©) 6)) <

Clearly, the support of a measure satisfying the above conditions must be
a Salem set. It is, however, unknown whether any such measure exists for
non-integral values of &. On the other hand, we remark that if there exists
a measure p satisfying (5) and (6) with a < 2n/3 then the support of p
fails to be translation invariant in the sense that

px p({(y,2) o —y—zespt(u)}) =0, Vz € spt(p).
To see this, suppose that for some xg € spt(u) we have
px p({(y,2) 1 2o —y —z € spt(p)}) >0
and let ¢, » be as in the discussion preceding Corollary 3.1. Then

1 5 [ nBao 2 duty)dntz) = o o p(Blao. )

< / G () 5 5 1) (9) < 17 / o) [A(-€)[Pde

lrgl<o

~ 1
S G e
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for all » < 1, which is a contradiction.

No information on the nature of the geometric restrictions that (5)
and (6) impose on pu, other than the above-essentially trivial-remark, is
currently available.
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