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By PETER B. GILKEY (Eugene), RAINA IVANOVA (Hilo)
and TAN ZHANG (Murray)

Dedicated to the 80th birthday of Professor Lajos Tamdssy

Abstract. We construct a family of pseudo-Riemannian manifolds so that
the skew-symmetric curvature operator, the Jacobi operator, and the Szabd oper-
ator have constant eigenvalues on their domains of definition. This provides new
and non-trivial examples of Osserman, Szabd, and IP manifolds. We also study
when the associated Jordan normal form of these operators is constant.

1. Introduction

Let (M, g) be a pseudo-Riemannian manifold of signature (p,q). Let
R be the Riemann curvature:

R(Z1,22) ==V 2V, = V2,V 2 — V2, 2.,
R(Zy, 2y, Z3, Zy) = (R(Z1, Z2)Z3, Zy).

We can use R and VR to define several natural operators:

1. The Jacobi operator J(X) : Y — R(Y, X)X is a symmetric operator
with J(X)X = 0. It plays an important role in the study of geodesic
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sprays. Since J(cX) = ¢2J(X), the natural domains of definition for .J
are the pseudo-sphere bundles S*(M, g):={X € TM : (X, X)= +1}.

2. The Szabd operator S(X):Y — VxR(Y, X)X is a symmetric opera-
tor with §(X)X = 0. It plays an important role in the study of totally
isotropic manifolds (i.e. manifolds where the local isometry group acts
transitively on the unit sphere bundles). Since &(cX) = 36 (X), the
natural domains of definition for & are S*(M, g).

3. Let {X1, X2} be an oriented orthonormal basis for a non-degenerate
2 plane 7. The skew-symmetric curvature operator R(mw) : Y —
R(X1,X2)Y depends on the orientation of 7 but not on the particular
orthonormal basis chosen. The natural domains of definition for R(-)
are the oriented Grassmannians of timelike, mixed (signature (1,1)),
and spacelike 2 planes.

It is natural to ask what are the geometric constraints that are imposed
by assuming that the eigenvalues (or more generally the Jordan normal
form) of one of these 3 natural operators are constant on the appropriate
domains of definition.

The spectrum Spec(T') C C of a linear map T is the set of complex
eigenvalues of 7. Let (M, g) be a pseudo-Riemannian manifold. (M, g)
is said to be spacelike Osserman if Spec(J(-)) is constant on S+ (M, g),
(M, g) is said to be spacelike Szabd if Spec(S(+)) is constant on ST (M, g),
and (M, g) is said to be spacelike IP if Spec(R(m)) is constant on the
Grassmannian of oriented spacelike 2 planes in the tangent bundle T'M.
One defines timelike Osserman, timelike Szabo, timelike IP, and mized IP
similarly. The eigenvalue {0} plays a distinguished role. We say (M, g)
is nilpotent Osserman if Spec(J(X)) = {0} for all X, nilpotent Szabé and
nilpotent IP are defined similarly.

The names Osserman, Szabd, and IP are used because the seminal
papers for this subject in the Riemannian setting are due to OSSERMAN [13]
for the operator J(-), to SzaBO [16] for the operator &(-), to IvANOV and
PETROVA [10] and STANILOV and IVANOVA [11] for the operator R(-).
The spectral properties of the operators J(-) and R(-) have been studied
extensively; we refer to [4], [5] for a more complete historical discussion
and bibliography. By contrast, the operator &(+) has received considerably
less attention.
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Suppose p > 1 and ¢ > 1. Then the notions spacelike Osserman (resp.
spacelike Szabd) and timelike Osserman (resp. timelike Szabd) are equiva-
lent, so one simply says that (M, g) is Osserman (resp. Szabd). Similarly,
if p > 2 and if ¢ > 2, then spacelike, mixed, and timelike IP are equivalent
notions so (M, g) is said to be IP. See [5] for details. We shall use the
words “nilpotent”, “Osserman”, “Szabd”, and “IP” as adjectives. Thus,
for example, to say that a manifold is nilpotent Osserman Szabd IP means
that it is simultaneously nilpotent Szabd, nilpotent Osserman, and nilpo-
tent IP. We say that (M, g) is locally symmetric if VR = 0 and locally
homogeneous if the local isometries of (M, g) act transitively on M. We
say that (M, g) is Ricci flat if the Ricci tensor vanishes identically.

Let (z,y) = (x1,...,%p,Y1,...,Yp) be coordinates on the manifold
M =R, Let 9;;(x) = ¥;i(z) be a symmetric 2 tensor ¢ on RP. We de-
fine a non-degenerate pseudo-Riemannian metric g, of balanced signature
(p,p) on M by setting:

ds}, o=y da'ody' + ) tyj(z)da’ o da’. (1.1)
% %,

This is closely related to the so called “deformed complete lift” of a metric
on RP to TRP; we refer to [3], [12] for further details.
In Section 2, we will prove the following result:

Theorem 1.1. Let p > 2 and let ¢)(x) be a symmetric 2 tensor. Then
(M, gy) is:
1. a pseudo-Riemannian manifold of signature (p,p);
2. nilpotent Szabo Osserman IP;
3. Ricci flat and Einstein;

4. neither locally homogeneous nor locally symmetric for generic 1.

Nilpotent Osserman manifolds have been constructed previously [1],
[3], [4]. We can describe one family which arises from affine geometry as
follows. Let T';;*(z) be the Christoffel symbols of an arbitrary torsion free
connection V on RP. Let Ry be the associated curvature operator and
let Jy(X1) : Xo — Ry (X2, X1)X: be the associated Jacobi operator on
RP. We say that the connection V is nilpotent affine Osserman if for all
X € TRP, Spec(Jy (X)) = {0}, i.e. Jy(X)P =
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Following GARcia-Rio, KUPELI, and VAZQUEZ-LORENZO [4] (see
page 147), define an associated metric on M = R?P by setting:

dsg = da'ody’ — 2 ylyi¥(x)da’ o dad (1.2)
7 ijk

Then (M, ds%) is nilpotent Osserman if and only if V is nilpotent affine
Osserman. This metric is quite different in flavor from ours as the coef-
ficients depend on the y variables as well as on the x variables. There
does not seem to be any direct connection between the metrics defined in
equations (1.1) and (1.2).

Nilpotent IP manifolds have also been constructed previously [9]. How-
ever, comparatively little is known about Szabé manifolds — see [6], [7] for
some preliminary results in the algebraic setting. In particular, the man-
ifolds (M, gy) are the only known irreducible Szabé manifolds which are
not locally symmetric.

The eigenvalue structure does not determine the conjugacy class (i.e.
the real Jordan normal form) of a symmetric or skew-symmetric linear
operator in the higher signature setting. We will use the words “timelike”,
“spacelike”, and “Jordan” as adjectives. Thus, for example, to say (M, g)
is timelike Jordan IP means that the Jordan normal form of the skew-
symmetric curvature operator is constant on the Grassmannian of timelike
oriented 2-planes. We shall omit the accompanying adjectives ‘timelike and
spacelike’ if both apply. Thus (M, g) is Jordan Osserman means (M, g) is
both timelike Jordan Osserman and spacelike Jordan Osserman, i.e. the
Jordan normal form of J is constant on S (M, g) and on S~ (M, g).

There are no known timelike or spacelike Jordan Szabd manifolds
which are not locally symmetric. Section 3 is devoted to the proof of:

Theorem 1.2. If (M, gy) is not locally symmetric, then (M, gy) is
neither spacelike Jordan Szabé nor timelike Jordan Szabd.

It is useful to consider a subfamily of the metrics defined in equation
(1.1). Let f be a real-valued function on RP. In equation (1.1) we set
¥ = df odf and define

dsf: = Zda:i ody' + Z of ﬁdaci odx’. (1.3)

8.%‘ ox 7

]
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We can realize (M, g¢) as a hypersurface in a flat space. Let

{at, ..., ap,B1,..., Bp, v} and {af,... a5, 67,...,5,,7"} be a basis and
associated dual basis for vector spaces W and W*, respectively. We give
W the inner product of signature (p,p + 1):

dsjy == ajo B + -+ a0 By +7" 0"
Let F': M — W Dbe the isometric embedding:

F(x,y) := Z(%’Oli +viBi) + f(x)y-

)

The normal v to the hypersurface is given by v = —é%_ 0B; 4+, so the second
fundamental form of the embedding is

L(Z1, Zs) = Z1Zs(f). (1.4)
We define distributions
X :=span{dy,...,0;} and }Y:= span{d?,... ; Op

We then have L(Z1,7Z2) =01if Z; € Y or Zy € ) so the restriction Ly of
the second fundamental form L to the distribution X carries the essential
information. If, for example, we set f(z) =, g;27, then:

L)((af, af) = 25i5ij

so there are non-trivial examples where Ly is non-degenerate on M. In
Sections 4 and 5, we prove:
Theorem 1.3. Assume the quadratic form Ly is non-degenerate.
1. If p=2orifp >3 and if Ly is definite, then (M, g5) is:
(a) nilpotent Jordan Osserman;
(b) nilpotent spacelike and timelike Jordan IP;
(¢) not mixed Jordan IP.
2. If p > 3 and if Ly is indefinite, then (M, gy) is:
(a) neither spacelike Jordan Osserman nor timelike Jordan Osserman;
(b) nilpotent spacelike and timelike Jordan IP;
(¢) not mixed IP.
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So far, we have discussed the balanced (or neutral) signature p = g.
There are also results available when p # q. Give R(@:)
metric of signature (a,b). We shall prove in Section 6 that:

the canonical flat

Theorem 1.4. Assume the quadratic form Ly of (M, gs) is positive
definite. Let N := M x R and let gy be the product metric on N.

1. (N, gn) is a nilpotent Osserman Szabé IP manifold of signature
(p+a,q+0b).

2. For generic f, (N,gn) is
(a) neither spacelike Jordan Szabd,
(b

(c
(d) nor locally symmetric.

3. (N, gn) is not mixed Jordan IP.

4. Suppose that b= 0. Then (N, gn) is:

(a) neither timelike Jordan Osserman nor timelike Jordan IP;

nor timelike Jordan Szabo,

)
) nor locally homogeneous,
)

(b) spacelike Jordan Osserman and spacelike Jordan IP.
5. Suppose that a = 0. Then (N, gy) is:

(a) timelike Jordan Osserman and timelike Jordan IP;

(b) neither spacelike Jordan Osserman nor spacelike Jordan IP.
6. Suppose that a > 0 and b > 0. Then (N, gy) is:

a) neither timelike Jordan Osserman nor timelike Jordan IP;

b) neither spacelike Jordan Osserman nor spacelike Jordan IP.

Note. By Theorem 1.3, Jordan Osserman and Jordan IP are different
notions. By Theorem 1.4, timelike Jordan Osserman (resp. timelike Jordan
IP) and spacelike Jordan Osserman (resp. spacelike Jordan IP) are different
notions as well.

The higher order Jacobi operator was first defined by STANILOV and
VIDEV [14] in the Riemannian setting — we consider it here in the pseudo-
Riemannian setting. Let (M, g) be a pseudo- Riemannian manifold of
signature (r,s) and let Gr, (M, g) be the Grassmannian bundle of non-
degenerate subspaces of signature (r,s); we assume 0 < r <p, 0 < s < g,
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and 1 <r+s < m—1 to ensure Gr,, is non-empty and does not consist of
a single point; such values are said to be admissible and we restrict to such
values henceforth. The higher order Jacobi operator can be generalized to
the pseudo-Riemannian setting by setting:

J(m) = Z (e, ei)J(ei)

1<i<r+s

where {e1,...,e,4s} is an orthonormal frame for 7 € Gr, (M, g). One
says (M, g) is Osserman of type (r,s) if the eigenvalues are constant on
Gr, 5(M, g); the notion Jordan Osserman of type (r,s) is defined similarly.
We shall restrict to hypersurface metrics in the interests of notational
simplicity, more general results are available. We refer to [8] for the proof
of the following result (see also BONOME, CASTRO, and GARCIA-RIO [2]
for a related result in signature (2, 2)):

Theorem 1.5. Assume the quadratic form L, of (M, gy) is positive
definite. Give N := M x R(®?) the product metric gy of signature (5, q) =
(p+a,p+b). Then:

1. (N,gn) is Osserman of type (r,s) for every admissible (r,s).
2. (N,gn) is Jordan Osserman
(a) of types (r,0) and (p —r,q) ifa =0 and if 0 < r < p;
b) of types (0,s) and (p,q —s) if b=10 and if 0 < s < p;
(c) of types (r,0) and (p—7r,q) ifa >0 and ifa+2 <r < p;
(d) of types (0,s) and (p,G— s) ifb>0 and if b+2 < s <q.
3. (N, gn) is not Jordan Osserman for values of (r,s) not listed above
in (2).

2. Nilpotent Jordan Szabé Osserman manifolds

We begin the proof of Theorem 1.1 by determining the curvature tensor
of (M, gw). Let wzg/k = 6]f¢zj and let wij/kl = 8,?8;01/%]
Lemma 2.1. Let Z, be vector fields on (M, g,,). We have:
1. V9! = 0;
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2. R(Zy,Z5,7Z3,Z4) =0 if one of the Z,, € Y for 1 <v < 4;
3. VR(Zy,Za,Z3,Zy; Z5) = 0 if one of the Z,, € Y for 1 <v <5;
4. R(OF,0%,08,0F) = —5(uyji + Yjrsa — Vingjt — Yivgin)-

PROOF. Let Z1 and Z5 be coordinate vector fields. We then have:
(V2,0 Zs) = %{ag(zl, Zo) + 208V, Zs) — Za(Z1,0V)} = 0.
Assertion (1) now follows. We use it to see
R(Z1,7,0],73) = (V2,V 2, = V2,V 2, — V7, 2,))0/, Z3) = 0. (2.1)

This proves assertion (2) if Zs € ); the curvature symmetries then show
that R(Zy,Zo, Z3,Z4) = 0 if any of the remaining vectors belong to ).
Since V87 = 0, we can covariantly differentiate equation (2.1) and get

V2, R(Zy, Z3,0Y, Zs) = 0; (2.2)

assertion (3) now follows from equation (2.2) and from the curvature sym-
metries.

Since (Vge07,07) = 0 and (Ve 07, 0F) = 5(Wins; + Yjnsi — Vi), we
have

. 1
Voz 0] = 3 Z(T/Jik/j + ki — Vijn)0p-
k

We complete the proof of the lemma by computing:

R(OF,0%,0,08) = (Vor Vor — Vo: V2 )%, )
1 Wi L ua
= 5({31' (Wjusk + Vrvyi = Yikg) = 05 Wivye + Vo si — Vi) 105, 0F)
1
= §<¢jl/l~u‘ + Vrisii — Vikgi — Cisik — Vrifig T Vikgi)- U

PROOF of Theorem 1.1. 1) It is clear from equation (1.1) that (M, gy)
is a pseudo-Riemannian manifold of signature (p, p).

2) We use Lemma 2.1 to see that

Y Cker(J(Z1)), Y Cker(R(Z1,22)), Y Cker(&(Zy)). (2.3)
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The distribution ) is a totally isotropic subspace of TpM of dimension
p, ie. (Y1,Y3) = 0 for all ¥3,Y; € Y. Consequently, Y+ =Y. Since
(R(Zl, Z2)Z3, 8?) =0 and (VZIR(ZQ, Zg)Z4, 6;") = 0, we have:

range(J(Z1)) € Y, range(R(Z1,7Z2)) C Y, range(&(Z1)) C Y. (2.4)
We use equations (2.3) and (2.4) to show
J(Z1)> =0, 6&(Z))*=0, and R(Zi,Z:)*=0. (2.5)
This shows that
Spec(J(Z1)) = {0}, Spec(&(Z1)) = {0}, and Spec(R(Z1, Z5)) = {0}

for any vector fields Z,. Consequently (M, gy) is nilpotent Jordan Szabé IP.
3) Let o be the Ricci tensor. Since o(Z, Z) = trace(J(Z)) and since
J(Z)*=0, o(Z,Z) = 0. We polarize to see that o = 0. Thus (M, gy) is
Ricci flat and Einstein.
4) Clearly, (M, gy) is generically neither locally homogeneous nor lo-
cally symmetric. Il

3. Jordan Szabd manifolds

Theorem 1.2 will follow from the following lemma:

Lemma 3.1. Let p > 2 and let P € M. If VRy(P) does not van-
ish identically, then rank(&(+)) is constant neither on S*(TpM) nor on
S™(TpM). Thus (M,gy) is neither spacelike Jordan Szabé nor timelike
Jordan Szabé.

PROOF. Suppose rank(S(-)) = r > 0 is constant on ST (TpM); the
timelike case is similar. Let VT be a maximal spacelike subspace of TpM
and let V™~ := (V1)L be the complementary timelike subspace. Let p* be
orthogonal projection on V. If Z € S*(V7), then we define:

S(2):=pT6(2)p".

We wish to show that rank&(Z) = r. Let {Zi,...,Z.} be tan-
gent vectors at P so {&(Z)Z,...,6(Z)Z,} is a basis for range(&(2)).
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As TpM = Y + VT, we may decompose Z; = VZ-+ + Y;, where Vf €
VFand Y; € Y. Since Y C ker&(Z), 6(2)Z; = 6(Z)V;" and thus
{8(2)VF,...,6(Z)V, } is a basis for range(&(Z)). As kerpt = V™ is
timelike, as ) is totally isotropic, and as range(&(Z)) C Y, the vectors

{p"6(2)p*Vi",. .., p"&(Z2)ptV, "}

are linearly independent. Consequently, rank(S(Z)) > r. Since the reverse
inequality is immediate, we have as desired that

rank(&(Z)) =r for Z € SP71.=ST(Vh).

Since G is self-adjoint and p* is self-adjoint, &(Z) is a self-adjoint
map of V*. Let E, and E_ be the span of the eigenvectors with positive
and negative eigenvalues respectively; these are non-trivial as » > 0. Since
S is a self-adjoint map with constant rank, Fy and E_ are vector bundles
over SP~1. Since & is self-adjoint, and since &(Z)Z = 0,

E.(Z) LE_(Z) and Ei(Z)cC Zt=TyS""L.

Let N be the north pole of SP~1. Since SP~! — {N} is contractable,
there exists a section s; to E4 vanishing only at N. Since 6(—Z2) =
—6(2), E4(Z) = E_(—Z). Thus s_(Z) := s4(—Z) is a section to E_
which only vanishes at —N. Since £, L E_, we have s;(Z) L s_(2).
Consequently, the vector field

$(Z):=s54(2) +s-(2)

is nowhere vanishing on SP~1. Furthermore, we have that s(Z) = s(—Z2).
This contradicts a result of SZABO [16] and shows that » = 0. Hence, &(-)
vanishes identically on ST (TpM). Consequently, VR = 0 on TpM, see for
example [7]. O

4. Jordan Osserman manifolds

Let L be the second fundamental form of the hypersurface (M, g5) and
let R be the curvature tensor. We use Lemma 2.1 and equation (1.4) to
see

1
R(O7, 05,05, 07) = {070 (05 f - Ok f) + 070k (07 f - O f)
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— 07 OE(05f - O f) — 0507 (07 f - O f)}
=070 f-070;f — OF O f - 97O
= L(07F,07)L(95, 0F) — L(97, 0;)L(95, O ).

This agrees with the well known formula for the curvature of a hypersur-
face [5]:

R(Zh 227 Z3a Z4) = L(Z17 Z4)L(Z27 Z3) - L(Z17 Z3)L(Z27 Z4) (41)

Assertions (1a) and (2a) of Theorem 1.3 will follow from the following
lemma.

Lemma 4.1. Assume that Ly is non-degenerate on a non-empty con-
nected open subset O of M.

1. If p =2, then (O, g¢) is Jordan Osserman.
2. If p > 3 and if Ly is definite on O, then (O, gy) is Jordan Osserman.

3. If p> 3 and if Ly is indefinite on O, then (O, g¢) is neither spacelike
Jordan Osserman nor timelike Jordan Osserman.

PROOF. We use an argument motivated by results of STAVROV [15].
Let P € M and suppose Ly is non-degenerate on TpM. Let Z € ST(TpM).
We decompose Z = X +Y for X € X(P) and Y € Y(P). Since (Z,Z) # 0
and since ) is totally isotropic, X # 0. By Lemma 2.1, J(Z) = J(X). As
J(X)? =0, rank(J(X)) determines the Jordan normal form of J(X). Let
0# X € X(P). By equation (4.1), we have

(J(X1)Xa, X3) = L(X1, X1)L(X2, X3) — L(X1, X2)L(X1, X3).  (4.2)
We have J(X)d! =0 and J(X)X = 0. Thus
rank(J(X)) <p-—1.

Suppose first that L(X, X) # 0. We can then choose a basis
{X1,...,Xp} for X(P) so X; = X and so L(X;, X;) = €;0;;, where &; # 0
for 1 < i < p. We use equation (4.2) to show rank(J(X)) = p—1 by
computing:

(J(X)X»L,X]) = 62‘5151']‘ fOI" Z,j 2 2.
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Suppose next that L(X, X )=0. We can then choose a basis so L(X7, X2)=1
and so L(X7, X;)=0 for ¢ # 2. We show that rank(J(X))=1 by computing

(J(X)Xl,XZ) = —(522‘ and (J(X)XZ,X]) =0 fori 7& 2.
Consequently, if 0 # X € X, then:

1 if (X, X) =0. (4.3)

rank(J(X)) = {
Suppose Ly is definite. Let X # 0. Then L(X, X) # 0, so

rank(J(X)) = p— 1 by equation (4.3). This shows that (O, gf) is timelike
and spacelike Jordan Osserman. If p = 2, then p — 1 = 1. Equation (4.3)
implies rank(J(X)) = 1 and again (O, gf) is timelike and spacelike Jordan
Osserman. Finally, if Ly is indefinite and if p > 2, then rank(J(X)) =1
if L(X,X) =0 and rank(J(X)) = p—1# 1if L(X,X) # 0. Conse-
quently, (O, gr) is neither spacelike Jordan Osserman nor timelike Jordan
Osserman. O

5. Jordan IP manifolds

We complete the proof of Theorem 1.3 by proving

Lemma 5.1. Let p > 2. Assume that Ly is non-degenerate on a
non-empty connected open subset O of M. Then (O, gy) is

1. spacelike Jordan IP and timelike Jordan IP;
2. not mixed Jordan IP.

PRrROOF. We adopt arguments of [9] (see Section 5). Let {Z1, Z>} be
an orthonormal basis for a non-degenerate 2 plane in TpM for P € O.
We expand Z, = X, +Y, and use Lemma 2.1 to see R(7w) = R(X1, Xo).
As R(m)? = 0, rank(R (7)) determines the Jordan normal form. Equation
(4.1) implies

(R(m) X3, X4) = L(X1, X4)L(X2, X3) — L(X1, X3)L(X2, X4).  (5.1)

If 7 is spacelike or timelike, then 7 contains no null vectors and thus
{X1, X2} are linearly independent vectors. We extend this set to a basis



Szab6 Osserman IP pseudo-Riemannian manifolds 399

{X1,...,X,} for X(P). Since Ly (P) is non-degenerate, we can choose
a basis {X1,...,X,} for X(P) which is dual (with respect to L) to the
original basis, i.e. L(Xj, X;) = d;;. By equation (5.1),

1 ifi=2j=1,
(R(X1,X2) X1, Xj) =< -1 ifi=1,j=2,

0 otherwise.

It now follows that rank(R(w)) = rank(R(X1, X2)) = 2. Thus (O, gy) is
spacelike Jordan IP and timelike Jordan IP.
To see that (O, gy) is not mixed IP, we consider the following 2 planes:

71 :=span{d},0{} and ma(e) :=span{e 19} + ey, —c 10§ + <05},

respectively, where ¢ is a real parameter. The matrices giving the induced
inner products on m and m(e) are given by:

1 2 2 2
A= (O ) and Ay := ( +e2on €2012 ) ,
I onn €2012 —2+4 €209

where g;; 1= (97, 07). Since det(A41) = —1 and det(As) = —4 + O(e?), m
and 7y (g) are mixed 2 planes for € small. Since R(m) = 0 and R(m2(e)) =
c(e)R(07,05) # 0, R(m) and R(mz(e)) are not Jordan equivalent and
hence (O, g¢) is not mixed Jordan IP. O

6. Manifolds of signature p # ¢

PROOF of Theorem 1.4. Let N be the isometric product of R(%) with
(M, gy) this has signature (p+a,q+b). Let RN and RM be the curvature
tensors on N and M respectively. Let U, be tangent vectors on N. We
decompose U, = W, + Z,,, where W, is tangent to R®?) and Z, is tangent
to M. Since

RN(UL,Uy)Us = RM(Z,,25)Z3,  and

V0, RN (Uz, Us) = Vi RM(Zy, Zs),
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JNW) = JM(2), 8N (U) = 6M(Z), and RN (Uy,Us) = RM (21, Z5). We
use (2.5) to see that (N, gn) is nilpotent Osserman Szabé IP; this proves
assertion (1); assertions (2) and (3) follow from the corresponding asser-
tions for (M, gf).

Suppose that b = 0. Let 0 # U € T'N be spacelike. Expand U = W42
and Z=X+Y. If X =0, then Z € Y so (U,U) = (W, W) <0, which is
false. Thus X # 0 and by equation (4.3)

rank(J(U)) = rank(J(X)) =p — 1.

Thus (N, gn) is spacelike Jordan Osserman. One shows similarly that
(N, gn) is spacelike Jordan IP. This proves assertion (4b); assertion (Ha)
follows similarly.

Suppose b > 0. We can choose 0 # W € T(R(@) spacelike. Then
we have that rank(J(1W)) = 0. We can choose 0 # Z € T'M spacelike so
rank(J(Z)) = p— 1. Thus (N, gn) is not timelike Jordan Osserman. Sim-
ilarly, we may show that (IV, gn) is not timelike IP. This proves assertions
(5b) and (6b); the proof of assertion (6a) is similar. O
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